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1130 Scientific Subroutine Package
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Program Number 1130-CM-02X

The Scientific Subroutine Package (SSP) is a collection of
121 FORTRAN subroutines divided, for the sake of presen-
tation, into three groups: statistics, matrix manipulation,
and other mathematics. It is a collection of input/output-
free computational building blocks that can be combined
with a user's input, output, or computational routines to
meet his needs. The package can be applied to the solution
of many problems in industry, science, and engineering.
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INTRODUCTION

The IBM 1130 Scientific Subroutine Package makes
available a mathematical and statistical subroutine
library. The user may supplement or modify the
collection to meet his needs. This library includes
a wide variety of subroutines to perform the func-
tions listed below, but is not intended to be exhaus-
tive in terms of either functions performed or
methods used.

AREAS OF APPLICATION

Individual subroutines, or a combination of them,
can be used to carry out the listed functions in the
following areas:

Statistics

Analysis of variance (factorial design)
Correlation analysis

Multiple linear regression

Polynomial regression

Canonical correlation

Factor analysis (principal components,
varimax)

Discriminant analysis (many groups)
Time series analysis

Data screening and analysis
Nonparametric tests

Random number generation (uniform, normal)

Matrix Manipulation

o Inversion

e Eigenvalues and eigenvectors (real symmetric
case)

e Simultaneous linear algebraic equations

e Transpositions

e Matrix arithmetic (addition, product, efc.)

® Partitioning

e Tabulation and sorting of rows or columns

e Elementary operations on rows or columns

Other Mathematical Areas

Integration of given or tabulated functions
Integration of first-order differential
equations

Fourier analysis of given or tabulated functions
Bessel and modified Bessel function evaluation
Gamma function evaluation

Legendre function evaluation

Elliptic, exponential, sine, cosine, Fresnel
integrals

Finding real roots of a given function

Finding real and complex roots of a real poly-
nomial

Polynomial arithmetic (addition, division, etc.)
Polynomial evaluation, integration, differen-
tiation

CHARACTERISTICS

Some of the characteristics of the Scientific Subrou-
tine Package are:

All subroutines are free of input/output state-
ments.

Subroutines do not contain fixed maximum di-
mensions for the data arrays named in their
calling sequences,

All subroutines are written in 1130 FORTRAN,
Many matrix manipulation subroutines handle
symmetric and diagonal matrices (stored in
economical, compressed formats) as well as
general matrices. This can result in consid-
erable saving in data storage for large arrays.
The use of the more complex subroutines (or
groups of them) is illustrated in the program
documentation by sample main programs with
input/output.

All subroutines are documented uniformly.

Introduction 1



DESIGN PHILOSOPHY

CHOICE OF ALGORITHMS

The algorithms in SSP have been chosen after con-
sidering questions of storage, accuracy, and past
experience with the algorithm. Conservation of
storage has been the primary criterion except in
those situations where other considerations out-
weighed that of storage. As a result, many com-
promises have been made both with respect to level
of sophistication and execution time., One such com-
promise is the use of the Runge~Kutta integration
technique rather than predictor-corrector methods.
A departure from the primary criterion of storage
is illustrated by the algorithm for matrix inversion.
If only row pivoting had been used, the subroutine
would not have required working storage and would
have needed fewer FORTRAN statements for imple-
mentation. However, pivoting on both rows and
columns was chosen because of the accuracy require~
ment for matrix inversion in statistical operations.

PROGRAMMING

The subroutines in SSP have been programmed in
1130 FORTRAN. Many of the larger functions such
as those in statistics have been programmed as a
series or sequence of subroutines.

An example of the use of sequences of subroutines
is the statistical function called factor analysis.
Factor analysis is a method of analyzing the inter-
correlations within a set of variables. - It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller num-
ber of basic categories; namely, factors. In the
Scientific Subroutine Package, factor analysis is
normally performed by calling the following five
subroutines in sequence:

1. CORRE - to find means, standard deviations,
and correlation matrix :

2. EIGEN - to compute eigenvalues and associ-
ated eigenvectors of the correlation matrix

3. TRACE - to select the eigenvalues that are
greater than or equal to the control value specified
by the user

4, LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the
factor matrix

The multiple use of subroutines is illustrated by
the fact that subroutine CORRE is also utilized in
the multiple linear regression and canonical corre-
lation. Subroutine EIGEN is used in canonical cor-
relation as a third level subroutine.
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OVERALL RULES OF USAGE

GENERAL RULES

All subroutines in the Scientific Subroutine Package
(SSP) are entered by means of the standard FORTRAN
CALL statement. These subroutines are purely
computational in nature and do not contain any refer-
ences to input/output devices. The user must there~
fore furnish, as part of his program, whatever input/
output and other operations are necessary for the
total solution of his problem. In addition, the user
must define by DIMENSION statements all matrices
to be operated on by SSP subroutines as well as those
matrices utilized in his program. The subroutines
contained in SSP are no different from any user-
supplied subroutine. All of the normal rules of
FORTRAN concerning subroutines must, therefore,
be adhered to with the exception that the dimensioned
areas in the SSP subroutine are not required to be
the same as those in the calling program.

The CALL statement transfers control to the sub-
routine and replaces the dummy variables in that
subroutine with the value of the actual arguments
that appear in the CALL statement if the argument is
a constant or a variable;” When the argument is an
array or function subprogram name, the address of
the array or subprogram is transmitted to the called
subroutine,

The arguments in a CALL statement must agree
in order, number, and type with the corresponding
arguments in the subroutine. A number may be
passed to a subroutine either as a variable name in
the argument list or as a constant in the argument
list. For example, if the programmer wishes to add
matrix ARL to matrix AR2 in order to form matrix
AR3 using the SSP subroutine GMADD and if AR1 and
AR2 are both matrices with ten rows and twenty col-
umns, either of the two following methods could be
used:

Method 1 . .

CALL GMADD(AR1, AR2, AR3, 10, 20)
Method 2 .

N =10

M= 20

CALL GMADD(AR1,AR2, AR3,N, M)

Many of the subroutines in SSP require the name
of a user function subprogram or a FORTRAN-
supplied function name as part of the argument list

in the CALL statement. If the user's program con-
tains such a CALL, the function name appearing in
the argument list must also appear in an EXTERNAL
statement at the beginning of that program,

For example, the SSP subroutine RK2 integrates
a function furnished by the user. It is therefore
necessary for the user to program the function and
give the name of the function to RK2 as a parameter
in the CALL statement. If the user wished to inte-
grate the function g-‘,g = 3,0x + 2,0Y, his main pro-
gram might look like:

EXTERNAL DERY

CALL RK2(DERY, .....)

RETURN
END

His function subprogram could be:
FUNCTION DERY (X,Y)

DERY=3, 0%X+2,0*Y
RETURN
END

The user's main program gives the name of the
programmed function to RK2 by including that name
in the CALL statement and in an EXTERNAL state-
ment, RK2, in turn, goes to the function DERY
each time it requires a value for the derivative. The
subroutine RK2 is not modified by the programmer.
The dummy function name FUN in subroutine RK2is,
in effect, replaced by the name appearing in the
user's CALL statement during execution of the sub-
routine.

MATRIX OPERATIONS

Special consideration must be given to the subrou-
tines that perform matrix operations. These sub-
routines have two characteristics that affect the
format of the data in storage--variable dimension-
ing and data storage compression.

Variable Dimensioning

Those subroutines that deal with matrices can oper-
ate on any size array limited, in most cases, only

by the available core storage and numerical analysis
considerations. The subroutines do not contain fixed
maximum dimensions for data arrays named in their
calling sequence. The variable dimension capability
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has been implemented in SSP by using a vector stor-
age approach. Under this approach, each column of
a matrix is immediately followed in storage by the
next column, Vector storage and two-dimensional
storage resulf in the same layout of data in core, so
long as the number of rows and columns in the ma-
trix are the same as those in the user's dimension
statement, If, however, the matrix is smaller than
the dimensioned area, the two forms of storage are
not compatible, '

Consider the layout of data storage when operat-
ing on a 5 by 5 array of numbers in an area dimen-
sioned as 10 by 10. If the programmer has been
using double subscripted variables in the normal
FORTRAN sense, the 25 elements of data will ap-
pear as shown in Figure 1. FORTRAN stores double
subscripted data by column based on the column
length specified in the DIMENSION statement. Thus,
in the example, sequential core locations would con-
tain data elements 1 to 5, five blank locations, data
elements 6 to 10, five blank locations, etc. The
matrix subroutines take a vector approach in storing
arrays by colummn, which means that they assume the
data is stored as shown in Figure 2.

Column
1 2 3 4 S5 6 7 8 9 10

Y w e av ae @

2 @ m a2 an @

1@ ® an as (@9

@ @ e an @9

Row 2 (5) (10) (15) (20) (25)
i
8
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Figure 1. Double subscripted data storage
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Figure 2. Vector storage

As has been stated previously, for the case where
the dimensioned area is the same as the matrix size,
the two approaches will have the same data storage
layout and the user can proceed in a regular double
subscripted fashion. If, however, he is operating in
a mode where the dimensioned area is larger than
the arrays and if he wishes to use the SSP subrou~-
tines, he must be certain that his data is stored in
the vector fashion illustrated by Figure 2. A sub-
routine called ARRAY is available in SSP to change
from one form of storage to the other. In addition,

a subroutine called LOC is available to assist in
referencing elements in an array stored in the vee-
tor fashion.

Storage Compression

Many subroutines in SSP can operate on compressed
forms of matrices, as well as the normal form.,
Using this capability, which is called "'storage
mode'", considerable savings in data storage can be
obtained for special forms of large arrays., The
three modes of storage are termed general, sym-~
metric, and diagonal. In this context, general mode
is one in which all elements of the matrix are in
storage., Symmetric mode is one in which only the
upper triangular portion of the matrix is retained
columnwise in sequential locations in storage. (The
assumption is made that the corresponding elements
in the lower triangle have the same value.) Diagonal
mode is one in which only the diagonal elements of
the matrix are retained in sequential locations in
storage. (The off-diagonal elements are assumed to
be zero.) This capability has been implemented us-
ing the vector storage approach., To illustrate the
effect of the storage mode capability, refer to Fig-
ure 3. A symmetric matrix is shown in Figure 3A.
If this array is to be manipulated using the SSP ma-
trix subroutines with storage mode capability, then
the array may be stored as shown in Figure 3B.
This is the upper triangular portion of the array and
corresponds to a storage mode code of 1. Symmetric
matrices of order N may be stored in a vector only
N*(N+1)/2 locations rather than N*N locations. For
larger matrices, this will be a saving of almost one
half,

The effect of storage mode when dealing with
diagonal matrices is even more pronounced. Diago-
nal matrices of order N may be stored in a vector
only N locations long. Figure 3C shows a 3 by 3
diagonal matrix. If this array is to be manipulated
using the SSP matrix subroutines with storage mode
capability, then only the diagonal elements of the
array need be stored. This is shown in Figure 3D
and corresponds to a storage mode code of 2.

General matrices of order N by M require a vec-
tor N*M long and use a storage mode code of 0.

<
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Figure 3. Storage mode

Thus, if the programmer wishes to use SSP subrou-
tines on matrix A, which is general, matrix B,
which is symmetric, and matrix C, which is diago-
nal, and all matrices are 10 by 10 or smaller, the
dimension statement in his program could be:

DIMENSION A(100), B(55), C(10)

Matrix Element References

Subroutine LOC in the Scientific Subroutine Package
may be used to reference elements within a matrix
that is stored in a vector fashion and may involve
storage mode compression. The calling sequence
for LOC is:

CALL LOC (1, J, 1J, N, M, MS)

The capabilities of subroutine LOC are as follows:
If reference is required to the element at row I and
column J of matrix A whose dimensions are N by M
and if the storage mode code is MS, then a CALL to
the LOC subroutine as shown above will result in the

computation of the subscript IJ such that A(LJ) is the
desired element. The parameters represented by I,
J, N, M, MS can either be integer variables or infe-
ger constants, The parameter represented by IJ is
an integer variable, Note that the user must dimen-
sion the array A as a single subscripted variable to
meet the restrictions of some FORTRAN systems.
To illustrate the use of LOC: If reference is re-
quired to the element at row 2, column 2 of the 3 by
3 symmetric matrix illustrated in Figure 3A and
stored as shown in Figure 3B (storage mode code 1),
the sequence might be:

CALL LOC (2, 2, 1J, 3, 3, 1)

The value of IJ computed by LOC would be 3; mean~-
ing that the proper element is the third element in
the specially stored symmetric matrix (Figure 3B).
If the storage mode code is for a symmetric matrix
where only the upper triangular portion is retained
in storage and if I and J refer to an element in the
lower triangular portion, IJ will contain the sub-
script for the corresponding element in the retained
upper triangle, Thus if the user wanted the element
in row 3, column 1 of the matrix shown in Figure 3A
and the array was stored as in Figure 3B, the state~
ment:

CALL LOC (3, 1, 17, 3, 3, 1)

would result in IJ having the value of 4; that is, the
fourth element in Figure 3B. If a matrix is stored
as shown in Figure 3D (storage mode 2) and LOC is
used to compute the subscript for an off-diagonal
element (I not equal to J), the result in IJ will be
zero. This is due to the fact that the element does
not exist in storage. In this situation, the user must
not utilize IJ as a subscript. Following is an illus-
tration of how to take care of this condition and also
handle the case where the current storage mode is
unknown.

If the user wishes to set a variable X equal to the
element in the third row and fourth column of a 10 by
10 array named A for either a symmetric, diagonal,
or general matrix, the required program can be
implemented for any storage mode MS as follows:

CALL LOC (3, 4, 1J, 10, 10, MS)
X = 0.0
IF (17)20, 30, 20

20 X = A(L)
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MS is assumed to have been set at 0, 1, or 2 at
some earlier point in the program. This sequence
would then set the proper value for X given any
storage mode that might be encountered. The sec-
ond and third statements take care of the off-diagonal
condition for a matrix with a storage mode of 2.

As a special case, LOC can be used to compute
the total length of an array in storage with a state-
ment such as:

CALL LOC (N, M, 1J, N, M, MS)

For example, if the user has a 3 by 3 matrix whose
storage mode is 1 (Figure 3B), the statement:

CALL LOC (3, 3, 17, 3, 3, 1)

will result in IJ being set to 6. This is not only the
proper subscript to reference element 3, 3 but is
also the actual length of the vector in storage.

The information contained in the fifth parameter
(number of columns) in the calling sequence for LOC
is not actually used in the calculations performed by
LOC. I has been included in the calling sequence
in case the user wishes to expand LOC to cover
other forms of data storage.

4
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PROGRAM MODIFICATION

OPTIMIZATION OF TIME

The subroutines in SSP are designed to conserve
storage. If the user wishes to exchange space for
time, there are several ways in which SSP may be
modified to effect this end. For example, many of
the subroutines in SSP make use of LOC subroutine
to handle vector storage and storage mode referenc-
ing. The execution time of these subroutines can be
substantially reduced by implementing LOC in As-
sembler Language., (The distributed version of

LOC is implemented in FORTRAN,) Another ap-
proach is to incorporate the function of LOC within
each subroutine and thus avoid the "setup' costs of
repeated calls to ILOC. This has the effect of reduc-
ing execution time but at some cost in subroutine
storage and in the ease with which other modes of
storage such as triangular matrix storage or stor-
age by row rather than by column can be imple-
menfed, Figure 4 shows how matrix addition and
the LOC capabilities can be implemented within the
same subroutine.

In the mathematical area, the user may find it
desirable to implement entirely different algorithms
for integration. The use of techniques that auto-
matically adjust the integration interval depending
on the rate of change of the function will often have
the effect of reducing total execution time,

EXTENDED PRECISION

The accuracy of the computations in many of the
SSP subroutines is highly dependent upon the num-
ber of significant digits available for arithmetic
operations. Matrix inversion, integration, and
many of the statistical subroutines fall into this
category. All of the subroutines will compile cor-
rectly for extended precision by placing the *EX-
TENDED PRECISION control card at the appropriate
place in the deck. Note that 1130 FORTRAN does
not allow the intermixing of regular and extended
precision in the same program.

SUBROUTINE MACX(AsBoRyNeM,MSA,PSE)
DIMENSION A{1)e¢BI(1),R(1}

TEST FCR SAME STORAGE MCDE

IF(MSA-MSB) 3051Cs30

anOe oeo

COMPUTE VECTOR LEMGTH

10 ND=NeK

IF(MSA~1) 24422423
22 ND=(ND+N}/2

GD TC 24
23 ND=N

[aXaXsl

ADD MATRICES CF SAME STORAGE MODE
24 CO 25 I=1.NOC
25 RII)=ACI)+BLI)
RETURN

GET STORAGE MCDE CF GUTPUT MATRIX

oo0

30 MTEST=MSA=MSH

MSR=

IFIMTEST) 35,35,22
32 PSR=1
35 DO 60 J=1.M

CO 60 I=1eN

con

LOCATE ELEMENT IN GUTPUT BATRIX

KXz=1

MS=MSR

60 TO &5
40 IJR=IR

LCCATE ELEMENT IN MATRIX A

con

KX=0

MSsMSA

G0 TO 65
45 1Ja=1R

AEL=0,0

IF{1JA) 46,48:46
46 AEL=AL1JA)

LOCATE ELEMENT IN MATRIX B

can

48 KX=1

MS=MSB

€0 TC 65
50 1JB=IR

BEL=0.0

IF{1JB) 55,6055
55 BEL=BI{IJE)

ADD MATRICES CF CIFFERENT STCRAGE MCDES

noo

€0 RUIJR)SAEL+BEL
RETURN

IN LINE LOC

acmn

65 IF(FS-1) 70,75,9C
70 IR=Ke{J-11+1
6C TC 95
75 IFUI-d) £0,85,85
20 IR=1+0JsJ-J1/2
60 TG 95
85 IRag+{1u1-11/2
60 TC 95
90 IR=0
IF (I~} 95,92,95
9z IR=1
95 IFIKX) 40,4550
ENC

Figure 4. Inline LOC
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FORMAT OF THE DOCUMENTATION

The major portion of this manual consists of the
documentation for the individual subroutines and the
sample programs.

SUBROUTINE DESCRIPTIONS

A guide to the subroutines, designed to aid in locat-
ing any particular subroutine, is given in the pages
that follow. Each of the subroutine descriptions
contains a program listing and, in some cases, a
mathematical description. If there are restrictions
on the ranges of values that the parameters may
take, these are included under the remarks section
of each subroutine description. References to books
and periodicals will be found under the method sec-
tion of the description. The mathematical descrip-
tion pages do not, in most cases, indicate the
derivation of the mathematics. They are intended to
indicate what mathematical operations are actually
being performed in the subroutines. Some of the
major statistical functions are performed by a se-
quence of SSP subroutines. An abstract describing
this sequence will be found just before the descrip-
tion of the first subroutine that is specific to this
function.

SAMPLE PROGRAM DESCRIPTIONS

The sample program listings are given in Appendix
D. They are immediately preceded by a guide to
aid in locating the sample program calling a particu-
lar SSP subroutine or (where applicable) typical
user-written subroutine. Each sample program
consists of a detailed description including informa-
tion on the problem, the program, input, output,
program modification, operating instructions, error
messages, and machine listings of the programs,
input data and output results. Timings for these
programs is given in Appendix C. The sample pro-
grams have been chosen to (1) illustrate a sequence
of SSP subroutines, (2) illustrate the use of a com-
plex subroutine, or (3) show the way in which one
member of a large set of related subroutines might
be used.

As part of the development of the sample pro-
grams, some special sample subroutines have been

implemented that may prove useful to the program-
mer. These include:

HIST - Print a histogram of frequencies

MATIN - Read an input matrix into storage in
vector form for use by SSP matrix sub-
routines

PLOT - Plot several variables versus a base
variable

MXOUT - Print a matrix stored in the SSP vector
format

Listings of the above subroutines are included in the
sample program documentation in this manual,

- The sample programs all require 8K words of
core for execution and several of them require (in
addition) the overlay capabilities of the Disk Monitor,

MACHINE CONFIGURATION

The machine configuration necessary to run SSP/1130
is dependent upon the use that is to be made of the
package. All of the subroutines are 1I/0 free, com-
pile to less than 1500 words of core, and are, there-
fore, configuration independent. However, many of
the routines are intended to be used in conjunction
with other subroutines or to solve problems using
large arrays of data. For this reason, many of the
subroutines are not useful with less than 8K words

of core.

The following items should be taken into consider-
ation when deciding upon the applicability of this
package to a particular machine configuration:

1. The size of problem which may be executed on
a given 1130 depends upon the number of subroutines
used, the size of the compiled subroutines, the size
of the compiled main program, the size of the con-
trol program, and the data storage requirements.

2. SSP/1130 programs will be distributed in card
form only.

3. Several of the sample problems require 8K
words of core and the use of the Disk Monitor, and
the remaining sample problems require 8K words of
core.

It is possible to estimate program sizes by using
the manual Core Requirements for 1130 FORTRAN
(C20-1641) in conjunction with the core size listing
found in Appendix A.

(1]



GUIDE TO SUBROUTINES

STATISTICS
Data Screening
TALLY--totals, means, standard
deviations, minimums, and

maximums

BOUND--selection of observations within
bounds

SUBST --subset selection from observation
matrix

ABSNT —-detection of missing data
TAB1--tabulation of data (1 variable)
TAB2--tabulation of data (2 variables)
SUBMX--build subset matrix

Elementary Statistics

MOMEN--first four moments
TTSTT --tests on population means
Correlation

CORRE--means, standard deviations, and
correlations

Multiple Linear Regression

ORDER--rearrangement of inter-
correlations

MULTR--multiple regression and
correlation

Polynomial Regression

GDATA--data generation

Canonical Correlation

CANOR--canonical correlation

NROOT --eigenvalues and eigenvectors of
a special nonsymmetric matrix

Page

13

14

15

16
16
18

20

20

21

23

25

26

28

30

32

Analysis of Variance

AVDAT --data storage allocation
AVCAL--Z and A operation
MEANQ--mean square operation

Discriminant Analysis

DMATX--means and dispersion matrix
DISCR ~-discriminant functions

Factor Analysis

TRACE--cumulative percentage of
eigenvalues

LOAD--factor loading
VARMX-~-varimax rotation
Time Series
AUTO--autocovariances
CROSS--crosscovariances

SMO--application of filter coefficients
(weights)

EXSMO--triple exponential smoothing

Nonparametric Statistics

CHISQ-- xz test for a contingency table
UTEST--Maun-Whitney U-~test

TWOAV--Friedman two-way analysis of
variance

QT EST --Cochran Q-test
SRANK--Spearman rank correlation
KRANK--Kendall rank correlation

WTEST--Kendall coefficient of
concordance

Page

34
35

36

38

39

41

42

43

46
47

48

49

50
52

53

54
55
56

58
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RANK--rank observations

TIE--calculation of ties in ranked
observations

10

Page
59

59

Random Number Generators

RANDU--uniform random numbers

GAUSS--normal random numbers

Page

60

60
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MATHEMATICS OPERATIONS
Special Matrix Operations

MINV--matrix inversion

EIGEN--eigenvalues and eigenvectors of a
real, symmetric matrix

Matrices
GMADD--add two general matrices
GMSUB--subtract two general matrices
GMPRD--product of two general matrices
GMTRA--transpose of a general matrix

GTPRD--transpose product of two general
matrices

MADD--add two matrices
MSUB--subtract two matrices
MPRD--matrix product (row into column)
MTRA --transpose a matrix
TPRD--transpose product

MATA --transpose product of matrix by
itself

SADD--add scalar to matrix
SSUB--subtract scalar from a matrix
SMPY--matrix multiplied by a scalar

SDIV--matrix divided by a scalar

RADD--add row of one matrix to row of
another matrix

CADD--add column of one matrix to col-
umn of another matrix

SRMA--scalar multiply row and add to
another row

SCMA--scalar multiply column and add to

another column

RINT --interchange two rows

Page

61

62

64
64
65
65

66

66
67
67
68
68

69

69
70
70
71

71

72

72

73

CINT --interchange two columns
RSUM--sum the rows of a matrix
CSUM--sum the columns of a matrix
RTAB--tabulate the rows of a matrix
CTAB--tabulate the columns of a matrix
RSRT--sort matrix rows

CSRT--sort matrix columns

RCUT --partition row-wise

CCUT --partition column-wise
RTIE--adjoin two matrices row-wise
CTIE--adjoin two matrices column-wise
MCPY--matrix copy

XCPY --copy submatrix from given matrix
RCPY --copy row of matrix into vector:
CCPY--copy column of matrix into vector
DCPY --copy diagonal of matrix into vector
SCLA--matrix clear and add scalar
DCLA--replace diagonal with scalar
MSTR--storage conversion

MFUN--matrix transformation by a
function

RECP--reciprocal function for MFUN

LOC-~location in compressed-stored
matrix

ARRAY--vector storage-double dimen-
sioned storage conversion

Integration and Differentiation

QSF--integral of equidistantly tabulated
function by Simpson's Rule

QATR--integral of given function by
trapezoidal rule using Romberg's
extrapolation method
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74
74
75
75
76
77
78
79
79
80
80
81
81
82
82
83
83
84
84

85

85

86

86

87

88
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Ordinary Differential Equations

RK1--integral of first-order differential 90
equation by Runge-Kutta method

RK2--tabulated integral of first-order 91
differential equation by Runge-Kutta
method

RKGS--solution of a system of first-order 99

differential equations with given
initial values by the Runge-Kutta
method

Fourier Analysis

FORIF --Fourier analysis of a given func- 95
tion

FORIT --Fourier analysis of a tabulated 96
function

Special Operations and Functions

GAMMA --gamma function 97
LEP--Legendre polynomial 98
BESJr-J Bessel function 99
BESY--Y Bessel function 101
BESI--I Bessel function 103
BESK--K Bessel function 104
CEL1--elliptic integral of the first kind 105

CEL2--elliptic integral of the second kind 106

EXPI--exponential integral 108
SICI--sine cosine integral 110
C8--Fresnel integrals 112

Linear Equations

SIMQ--solution of simultaneous linear, 115
algebraic equations
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Nonlinear Equations

RTWI--refine estimate of root by
Wegstein's iteration

RTMI--determine root within a range by
Mueller's iteration

RTNI--refine estimate of root by
Newton's iteration

Roots of Polynomial

POLRT --real and complex roots of a real
' polynomial

Polynomial Operations

PADD--add two polynomials

PADDM--multiply polynomial by constant
and add to another polynomial

PCLA--replace one polynomial by another

PSUB--subtract one polynomial from
another

PMPY --multiply two polynomials
PDIV--divide one polynomial by another

PQSD~-—quadratic synthetic division of a
polynomial

PVAL--value of a polynomial

PVSUB--substitute variable of polynomial
by another polynomial

PCLD~-complete linear synthetic division

PILD--evaluate polynomial and its first
derivative

PDER--derivative of a polynomial
PINT --integral of a polynomial

PGCD--greatest common divisor of two
polynomials

PNORM--normalize coefficient vector of
polynomial
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SUBROUTINE LISTINGS AND WRITEUPS

The following pages give the subroutine listings,
Wherever necessary, additional explanatory matter
on the routine, or a discussion of the underlying
mathematics has been included.

Statistics - Data Screening

TALLY

Purpose:
Calculate total, mean, standard deviation, mini-
mum, maximum for each variable in a set (or a
subset) of observations.

Usage:
CALL TALLY(A,S, TOTAL,AVER, SD, VMIN,
VMAX, NO, NV)

Description of parameters:
A - Observation matrix, NO by NV
S ~ Input vector indicating subset of A,
Ouly those observations with a non-
zero S(J) are considered. Vector
length is NO.

TOTAL - Output vector of totals of each vari-
able. Vector length is NV.

AVER - Output vector of averages of each
variable. Vector length is NV,

SD - Output vector of standard deviations
of each variable. Vector length is
NV.

VMIN - Output vector of minima of each
variable. Vector length is NV,

VMAX - Output vector of maxima of each

variable, Vector length is NV,

LR V] ~ -

NO - Number of observations.
NV - Number of variables for each obser-
vation.
Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

All observations corresponding to a non-zero
element in S vector are analyzed for each vari-
able in matrix A, Totals are accumulated and
minimum and maximum values are found. Fol-
lowing this, means and standard deviations are
calculated. The divisor for standard deviation
is one less than the number of observations
used.

SUBROUTINE TALLY{ A9SeTOTAL,AVER,SD,VMIN,VMAX,ND,NV) TALLY 1
DIMENSTON A1) ¢SUYYoTOTAL 11D o AVERLLY,SDCL) JVMING1) ,¥MAX (L} TALLY 2
CLEAR OUTPUT VECTORS AND INITIALIZE VMIN,VMAX TALLY 3
DO 1 K=1,NV TALLY &
TOTAL(K)=0.0 TALLY S
AVER([K)30.0 TALLY &
SDIK1=0.0 TAULLY 7
VMINI(K)=1,.0E£38 TALLY R
VMAX(K}=-1,0E38 TALLY 9
TEST SUBSET VECTOR TALLY tn
SCNY=0.0 TALLY t1
DO 7 J=1,NO TAtLY 12
1J=J=N0 TALLY 13
IFIStINY 2,742 TALLY 16
SCNT=SCNT+1,0 TALLY 15
CALCULATE TOTAL, MINIMA, MAXIMA TALLY 16
00 6 E=1,Nv TALLY 17
14=1J+#ND TALLY 18
VOTALU1)=TOTALLT} +ALT ) TALLY 19
TELACEI)=VMINIT)) F,4,6 TALLY 70
VRINCII=ALLS) TALLY 21
IFEALTJI=VHAXITY) 6,65 TALLY 27
VHAKLI}=ALT14) TALLY 23
SDUTI=SDUT)+ALIJ) *ALEY) TALLY 74
CONTINUE TALLY 25
CALCULATE MEANS AND STANDARO DEVIATIONS TALLY 26
oD 8 I=1,NV TaLLy 27
AVER(I)=TOTALL 1)/ SCNY TALLY 28
SD(L}=SQRT{ARSL(SDI1I-TDTALLI)#TOTALLT}/SCNTI/(SCNT-1.001) TALLY 29
RETURN TALLY 30
END TALLY 3t
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BOUND

Purpose:

Select from a set (or a subset) of observations
the number of observations under, between and
over two given bounds for each variable.

Usage:

CALL BOUND (A, S, BLO, BHI, UNDER, BETW,
OVER, NO,NV)

Description of parameters:

A -
S -

BLO -

BHI -

UNDER

BETW

OVER -

14

Observation matrix, NO by NV
Vector indicating subset of A, Only
those observations with a non-zero
S(J) are considered. Vector length
is NO.

Input vector of lower bounds on all
variables, Vector length is NV,
Input vector of upper bounds on ail
variables. Vector length is NV,
Output vector indicating, for each
variable, number of observations
under lower bounds. Vector length
is NV,

Output vector indicating, for each
variable, number of observations
equal to or between lower and upper
bounds. Vector length is NV,
Output vector indicating, for each
variable, number of observations
over upper bounds. Vector length
is NV.

NO -
NV -

Remarks:
None.

Number of observations
Number of variables for each obser-
vation

Subroutines and function subprograms required:

None.

Method:;

Each row (observation) of matrix A with corre-
sponding non-zero element in S vector is tested.
Observations are compared with specified lower
and upper variable bounds and a count is kept in
vectors under, between, and over.

SUBROUTINE BOUND{ Ay SyBLOyBHT yUNDER ¢ BETH,OVERyNOsNV ) ABUND

1

OIMENSION AU1)9SU11.ALOCL),BHICL) JUNDERCL) +BETW(1),OVERI]) BOUND 2

c CLEAR QUTPUT VECTORS. BOUND 3
0D 1 K=lyNV BOUND &
UGNDERIK)=0.0 ADUND 5
BETW(K}=0.0 AQUND &

1 OVER(K)=0.,0 8OUND T

c TEST SUBSET VECTOR AOUND 8
N0 8 J=1,4ND BOUND 9
1J=J-NO ROUND 19
IF(S1J)) 2,8.2 ROUND L1

c COMPARE OBSERVATIONS WITH BOUNDS BOUND 12
2 DO T Isl4NV BOUND 13
1J=LJeND BOIND 16
TFLALIJ)~BLOLI)} S543,3 BOUND 1S

3 IF(ALIDI=BRILTD) 44446 AQUND 16

[ BOUND 17

QUNT
4 BETWII)=BETWII)#1 .0
Q¢ 10 7

5 UNDER( [)=UNDERITI}¢L.0

60 10 7
6 OVER(IIOVER{I}+L .0
7 CONTINUE
8 CONTINUE

RETURN

END

BOAUND 13
BOUND 19
BOUND 20
ROUND 2}
BOUND 22
AOUND 23
ROUND 24
ROUND 25
BOUND 24

&




SUBST

Purpose:

Derive a subset vecfor indicating which observa-
tions in a set have satisfied certain conditions on
the variables.

Usage:

CALL SUBST (A, C,R, B, 3,NO,NV,NC)
Parameter B must be defined by an external
statement in the calling program.

Description of parameters:
A -~ Observation matrix, NO by NV

C =

Input matrix, 3 by NC, of conditions to be
considered. The first element of each
column of C represents the number of the
variable (column of the matrix A) to be
tested, the second element of each column
is a relational code as follows:

1. for less than

2. for less than or equal to

3. for equal to

4. for not equal to

5. for greater than or equal fo

6. for greater than
The third element of each column is a
quantity to be used for comparison with
the observation values. For example, the
following column in C:

2.
5.
92.5

causes the second variable to be tested
for greater than or equal to 92.5.
Working vector used to store intermediate
results of above tests on a single observa-
tion. If condition is satisfied, R(I) is set
to 1. I it is not, R(I) is set to 0. Vector
length is NC.
Name of subroutine fo be supplied by the
user. It consists of a Boolean expression
linking the intermediate values stored in
vector R. The Boolean operators are
v¥t for 'and', '+' for 'or'. Example:

SUBROUTINE BOOL (R, T)

DIMENSION R(3)

T=R@1)*R(2)}+R(3))

RETURN

END
The above expression is tested for

R(1).AND. (R(2). OR. R(3))

S - Output vector indicating, for each obser-
vation, whether or not proposition B is
satisfied, If it is, S() is non-zero. If it
is not, S({I) is zero. Vector length is NO.

NO - Number of observations.

NV - Number of variables.

NC - Number of basic conditions to be satisfied.

Subroutines and function subprograms required:

B The name of actual subroutine supplied by
the user may be different (e.g., BOOL),
but subroutine SUBST always calls it as B.
In order for subroutine SUBST to do this,
the name of the user-supplied subroutine
must be defined by an EXTERNAL state-
ment in the calling program., The name
must also be listed in the "CALL SUBST"
statement. (See usage above.)

Method:
The following is done for each observation.
Condition matrix is analyzed to determine which
variables are fo be examined. Intermediate
vector R is formed. The Boolean expression
(in subroutine B) is then evaluated to derive the
element in subset vector S corresponding to the
observation.

SUBROUTINE SUBSTUA¢CeRyBe Sy NOsNV,NC) suBsT
DIMENSION A{1).CLL1I.RELI.SID) SUBST

00 9 I=1,NO suBsSY
1Q=1-NO SUBST

K==2 SURST

D0 8 J=1yNC SuBSY

c CLEAR R VECTOR suBsT
R{J)=0,0 SupsST

c LOCATE ELEMENT IN DBSERVATION MAVRIX AND RELATIONAL COOE suast
KaKe3 SuBsv
12=C(K) susst
1A=1Q¢ 1 28NO SUBST
160=CiK+1} SURST

[ FORM R VECTOR suBST
Q=ALIAY-CIXKe2) SURST L5

GO TO{142939455¢5)4160 SuUBsST Lo

1 IFIQ) 7488 suBst 17

2 IFIQ) 7,748 SUBST 18

3 IFIQ} 84748 Susst 19

4 IFLQ) TeB47 suBsT 2n

S 1F(Q) 8477 SUBST 21

6 IFLQ) 84847 SyssT 22

T RUJI=L.0 SuBsST 23

8 CONTINUF SUBST 24

[ CALCULATE S VECTNR SuUBST 25
9 CALL B{R.S({I}) SUBST 26
RETURN SURST 27

END SUBST 24

-
PUNEIOD NP NP N —
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ABSNT

Purpose:
Test missing or zero values for each observa-
tion in matrix A.

Usage:
CALL ABSNT (A, S,NO,NV)

Description of parameters:
A ~ Observation matrix, NO by NV.
S ~ Output vector of length NO indicating the
following codes for each observation:
1 There is not 2 missing or zero
value.
0 At least one value is missing or
Zero.
NO - Number of observations.
NV - Number of variables for each observa-
tion.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
A test is made for each row (observation) of the
matrix A, If there is not a missing or zero
value, 1 is placed in S(J). If at least one value
is missing or zero, 0 is placed in S(J).

SURROUTINE ABSNT{ A,S, NNV ABSNT 1
DIMENSTUN ALL),S01) ABSNT 2
DN 20 J=14N0 AHSNT 3
IRENEST) AHSNT 4
51J1=1.0 ABSNT S
00 10 L=1,NV ABSNT 6
14=144N0 ABSNT 7
IFLALIJIE 10,5,17 ABSNY 8
5 stay=0 ARSNT 9
G0 T 20 ABSNT 1IN
10 CONTINUE ARSNT 11
20 CONT[NUF ABSNT 12
RETURN ABSNT 11
END ABSNT 14

16

TAB1

This subroutine tabulates for a selected variable in
an observation matrix, the frequencies and percent
frequencies over class intervals. Interval size is
computed as follows:

UBO4 - UBO
k= —mo—5 M
UBO,_ - 2
2
where UBO1 = given lower bound
UBO2 = given number of intervals
UBO3 = given upper bound

If UBO; = UBOg, the subroutine finds and uses the
minimum and maximum values of the variable.

A table lookup is used to obtain the frequency
of the i-th class interval for the variable, where
i=1, 2, ..., UBOZ. Then, each frequency is
divided by the number of observations, n, to obtain
the percent frequency:

100F,
1

P, =— (2)

In addition, the following statistics are calculated
for the variable:

Total: T = X.. 3)

1 Y

TMp

where j = selected variable

Mean: X =-—E— 4)
Standard deviation:
n n
- n-1

Subroutine TAB1

Purpose:
Tabulate for one variable in an observation ma-
trix (or a matrix subset), the frequency and
percent frequency over given class intervals.
In addition, calculate for the same variable the
total, average, standard deviation, minimum,
and maximum.

®



CALL TAB1 (A, S, NOVAR, UBO, FREQ, PCT,

Description of parameters:

Observation matrix, NO by NV.
Input vector giving subset of A,

Only those observations with a cor-
responding non-zero S(J)are consid-
ered. Vector length is NO.

The variable to be tabulated.

Input vector giving lower limit,
number of intervals and upper limit
of variable to be tabulated in UBO(1),
UBO(2) and UBO(3) respectively. If
lower limit is equal to upper limit,
the program uses the minimum and
maximum values of the variable.
Number of intervals, UBO(2), must
include two cells for values under
and above limits, Vector length

is 3.

Output vector of frequencies. Vec-
tor length is UBO(2).

Output vector of relative frequen-
cies. Vector length is UBO(2).
Output vector of summary statistics,
i.e., total, average, standard devi-
ation, minimum and maximum.
Vector length is 5.

Number of observations.

Number of variables for each ob-
servation.

Usage:
STATS,NO,NV)
A -
S -
NOVAR -
UBO -
FREQ -
PCT -
STATS -
NO -
NV -

Remarks:
None.

Subroutines and function subprograms required:

None.

Method:

The interval size is calculated from the given
information or optionally from the minimum
and maximum values for variable NOVAR. The
frequencies and percent frequencies are then
calculated along with summary statistics. The
divisor for standard deviation is one less than
the number of ocbservations used.

SUBROUTINE TABL(A+SsNOVAR+UBOsFREQIPCTSTATSINOSNV) TABL 1

DIMENSION A{114S(1),UBO(3}sFREQI1)WPCT(1IsSTATSIS) TAB1 MO7
DIMENSION wBO{3T TABL MOL
D0 5 Ix1,3 TABL MO2
5 WBOIl1)=yROt 1) TABL M0O3
CALCULATE MIN AND MAX TAB1 3
VMIN=140E38 TA81
VMAX=a],0E38 TABL 5
1JaNO® {NOVAR=1) TAB) 6
DO 30 J=1l,NO TAB1 7
1J=1Jd+1 TABL 8
IF(S{J)) 1093010 TAB1 9
10 IF(A(TJ)=VMIN) 15920420 TABL 10
15 VMIN®A{1J) TABL 11
20 IF{ALI))=VMAX) 304304525 Tapl 12
25 VMAX=A(1J) TABY 13
30 CONTINUE TABl 14
STATS4)=VMIN TAB1 15
STATS(5)avMAX TABl 16
DETERMINE LIMITS TABl 17
IF(UBD(1)=UBO(3)) 40435440 TABL 18
35 UBO(1)=yMIN TAB1 19
UBO (3 ) mVMAX TABl 20
40 INN=UBO(2) TABl 21
CLEAR OUTPUT AREAS TABl 22
00 45 I=ulsINN TaBr 23
FREQ{1)=0.0 TAB1 24
4% PCT(1)»0.,0 TAB1 25
DO 50 1=1,3 TAB1 26
80 STATS(1}=0,0 TABl 27
CALCULATE INTERVAL SIZE TABL 28
SINT=ABS({UBO(3)=UBD{1))/(UBO{2)1=2.0)) TAB1 29
TEST SUBSET VECTOR TAB1 230
SCNT=0e0 TAB1 31
1JsNQ# [ NOVAR=1) TaBl 32
BO 75 JsleNO TABT 23
1Jelel TAB1l 34
IF(StJY) 8575955 TAB1 35
35 SCNT=SCNT+1e0 TABLl 36
DEVELOP TOTAL AND FREQUENCIES TAB1 37
STATS(1)=STATS(1}+A(L)) TAB1 38
STATS(3)=STATS(3)+A(I #ALL) TAB1 239
TEMP=UBO({1)=SINT TAB1 40
INTX®INN=~1 TAB1 4l
DO 60 1s1sINTX TAB1 42
TEMP=TEMP+SINT TABL 43
IFLALTIJ)=TEMP) 70960460 TABL &
60 CONTINUE . TABL 45
IF(A(TI))=TEMP} 75965465 TAB1 46
65 FREQ{INN)*FREQIINN)+1+0 TAB1 47
GO 10 78 TABL 48
70 FREQII)V=FREQII)+140 TABL 49
75 CONTINUE TABYl SO
CALCULATE RELATIVE FREQUENCIES TAB1 51
DO_80 I=1sINN TABL 32
80 PCT{I1=FREQ(1!#10040/SCNT TAB1 53
CALCULATE MEAN AND STANDARD DEVIATION TABY 54
IF(SCNT=140} 85+85,90 TAB1 55
85 STATS{2)=0.0 TAB1 56
STATS(3)=0,0 tAB1 57
GO TO 95 TABl 58
90 STATS(21=STATS(1) /SCNT TABl 59
STATS(3)eSORT{ABS((STATS(3)=STATS(1)#STATS(1)/SCNT}/(5CNT=14011) TABL 60
95 DO 100 [=1,3 TABL MO4
100 UBO(I)=wBO(1} TAB1 MC5
RETURN
END TABY MO6&
TAB1 62
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TAB2

This subroutine performs a two-way classification of
the frequency, percent frequency, and other statis-
tics over given class intervals, for two selected
variables in an observation matrix,

Interval size for each variable is computed as
follows:

_ UBO3j - UBOlj

ch UBO,, - 2 &
where UBO1j = given lower bound
UBO2j = given number of intervals
U'BO3j = given upper bound
j=1,2

K UBOq; = UBOg;i, the subroutine finds and uses the
minimum and maximum values of the jth variable.

A frequency tabulation is then made for each pair
of observations in.a two-way table as shown in
Figure 5.

Symbols 2 and < in Figure 5 indicate that a count
is classified into a particular interval if the data
point is greater than or equal to the lower limit of
that interval but less than the upper limit of the
same interval,

Then, each entry in the frequency matrix, Fy;, is
divided by the number of observations, N, to obtain
the percent frequency:

100F,,
P~

@)

where i 1, 2, ..., UBO

21
12, ..., UBO22

i

As data are classified into the frequency matrix, the
following intermediate results are accumulated for
each class interval of both variables:

1, Number of data points, n

n
2. Sum of data points, ) X,
i=1
n
. 2
3. Sum of data points squared, E Xi
i=1

From these, the following statistics are calculated
for each class interval:

18

X,
i

M=

Mean; X = A=t 3)

<AL

Standard deviation:

n n

. 2 2
2% '(.Z Xi) A
i=1 i=1

s = n-1 ’ “)

Frequency matrix

Fia | Fao
lower <
bound
Fo1
2
[
=)
o
]
>
&
=
upper
bound 2
AN
< > < >
lower upper
bound bound

Second variable

Figure 5. Fréquency matrix

Subroutine TAB2

Purpose:
Perform a two-way classification for two vari-
ables in an observation matrix (or a matrix sub-
set) of the frequency, percent frequency, and
other statistics over given class intervals,

Usage:
CALL TAB2(A,S,NOV,UBO, FREQ, PCT,
STAT1,STAT2,NO,NV)

Description of parameters

A -~ Observation matrix, NO by NV

S - Input vector giving subset of A,
Only those observations with a cor-
responding non-zero S(J) are con~
sidered. Vector length is NO.

NOV - Variables to be cross-tabulated.
NOV(1) is variable 1, NOV(2) is
variable 2. Vector length is 2.



@

UBO - 3 by 2 matrix giving lower limit,
number of intervals, and upper
limit of both variables to be tabu-
lated (first column for variable 1,
second column for variable 2). I
lower limit is equal to upper limit
for variable 1, the program uses the
minimum and maximum values on
each variable. Number of intervals
must include two cells for under and
above limits.

FREQ - Output matrix of frequencies in the
two-way classification, Order of
matrix is INT1 by INT2, where INT1
is the number of intervals of vari-
able 1 and INT2 is the number of in-
tervals of variable 2. INT1 and
INT2 must be specified in the second
position of respective column of UBO
matrix.

PCT - Output matrix of percent frequen-
cies, same order as FREQ.

STAT1 - Oufput matrix summarizing totals,
means, and standard deviations for
each class interval of variable 1.
Order of matrix is 3 by INT1.

STAT2 - Same as STAT1 but over variable 2.
Order of matrix is 3 by INT2.

NO - Number of observations.
NV - Number of variables for each obser-
vation.
Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Interval sizes for both variables are calculated
from the given information or optionally from
the minimum and maximum values. The fre-
quency and percent frequency matrices are
developed. Matrices STAT1 and STAT2 sum-
marizing totals, means, and standard deviations
are then calculated. The divisor for standard
deviation is one less than the number of obser-
vations used in each class inferval.
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k3

SUBROUTINE TAB2(A+SsNOVIUBGIFREGIPCTSTATLISTATZ 4NOWAY)
DIMENSION A(11+S{11sNOVI2}4UBOI2+2)+FREQIL)4PCTILIWSTATI()
15TAT2{2)+SINT(2)

DIMENSION WBO(352)

DO & I=143

DO 5 J=1,2

WBOUT+J}=UBO(TsJ)

DETERMINE LIMITS

00 40 [21,2
IF{UBO(141)=UBO(3+11)40+10440
VMIN=1.0£38

VMAX==1,0E38

1J=NO*(NOVII)=1)

DO 33 J=1,4NO

11441

IF(S(J)) 15435415
IF(ALTIJ)=VMIN} 20925425
VMIN=ALTJY

IF{ALTII=VMAX) 35438430
VMAXwA{T)

CONTINUE

UBO(1s1)avMIN

UBO (31 )2VMAX

CONTINUE

CALCULATE INTERVAL S1Z%
BO 50 1=1,2
SINTI1)=ABS{{UBO(34+1)1=UBO(1e1))/({UBDI2+1)=240))

CLEAR OUTPUT AREAS
INT1=UBO(241)
INT2=URO{2+2)
INTTSINT1#INT2
DO 5% [=1,INTT
FREG(1)=0.0
PCTITI=0,0
INTY=3#INT]

DO 60 Iw14INTY
STATI(I)=0.0
INTZa3%INT2

DO &% 1w1,4INTZ
STAT2(1)=040

TEST SUBSET VECTOR
SCNT#040
INTYsINT1=1
INTXsINT2=)
1JeNO*INOV(1}=1)
1JXeNO* (NOV(2)=1}

0O 95 J=14NO
1Je1J42

1JXa 1 X+
IFISII)) T049%970
SCNT=SCNT+140

CALCULATE FREQUENCIES
TEMP1aUBO{141)=SINT(1)

BO 75 tY=slsINTY
TEMPL1eTEMPI4SINTI1)
IF(ALTJI=TEMPL) B0+ 7575
CONTINUE

1YsINT]

1¥Ye38{1Yal)s1
STATLUIYYISTATLUIVY)+A(1D)
138425042
STATI{IYY)#STATLI(IYY 4140
1YYelYY+l
STATLUIYYI=STATL(IYY I +ALTIDI#ALL Y
TEMP2=URG(142)=SINT(2)

00 85 IX®1sINTX
TEMB2aTEMP24SINT( 2}
IF(A{IJX)=TEMP2) 90,85485
CONTINUE

IX=INT2

TJFsINTI®(IX=1)+1Y
FREQ(IJF)sFREGIIJFI+1+0
IX=38{Ix=11+1
STAT2(IX)=STAT2(IX)1+AL1IX)
IX=1X+1
STAT2{IX)nSTAT2(IX)+140 -
IX=1X41
STAT2UIX)=STAT2{IXI+ALTJXIRALLIIX)
CONTINUE

CALCULATE PERCENT FREQUENCIES
DO 100 I=14INTT
PCT(I)=FREQ(T1%100,0/SCNT
' CA&CULATE TOTALS» MEANSs STANDARD DEVIATIONS
XYaw
D0 120 Is1sINT]

IXYuIXY43

1SDwIXY+]
TEMP1ESTATLLIXY)
SUM=STATY{ IXY~1)
IF{TEMP1=1,0) 120,105+110
STATL(I5D 200

GO TO 118
SYATY(I1SD)IuSQRT(ABSI{STATL(1SD)=SyMeSUM/TFMPL) /{ TEMP1~140) 1)
STATL(IXY)=SUM/TEMPL

CONT INUE

IXXw=

BO 140 I=14INT2

1XX=1XX+3

15D=1XX+1
TEMP2eSTAT2(IXX)
SUMaSTAT2 (IXX=])
IFITEMP2=1,0) 14041259130
STAT2(15D}e0.0

GO TO 135
STAT2{1SDV=SORT(ARSUISTAT? (I1SDI=SUMSSUM/TEMP2} / ITEMP2=140)))
STATZ2LIXX)=SUM/TEMP2
CONTINUE

DO 180 1=143

DO 150 Jsl42
URD{TeJ)=WROLT )

RETURN

END
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SUBMX

Purpose:

Based on vector S derived from subroutine

SUBST

or ABSNT, this subroutine copies from

a larger matrix of observation data a subset

matrix

of those observations which have satis-

fied certain condition. This subroutine is nor-
mally used prior to statistical analyses (e.g.,
multiple regression, factor analysis).

Usage:

CALL SUBMX (A, D, S, NO, NV, N)

Description of parameters:
A - TInput matrix of observations, NO by NV,
D - Output matrix of observations, N by NV,
S - Input vector of length NO containing the
codes derived from subroutine SUBST
or ABSNT.
NO -~ Number of observations.
NV - Number of variables.
N - Output variable containing the number of
non-zero codes in vector S.
Remarks:
Matrix D can be in the same location as matrix
A,
Subroutines and function subprograms required:
None.
Method:
If S(I) contains a non-zero code, I-th observa-
tion is copied from the input matrix to the output
matrix,
SUBRDUTINE SURMX (AsDySeNI, NV, N} SupMx 1

OTMENSION Al1)
L=0

LL=d

00 20 J=14NV
B0 15 1=1,N0
L=sLel

IF{SLINY 19, 15, IO SUBMX

1C LL=aLl+t
OtLLI=ALLY

15 CONTINUF

20 CONTINUF

COUNT NDN-ZER) CODLS IN YFLTIRK S SHAMX

N=n
w80 =100

TEISUENY 30, 30, 75 SURMX

25 N=N¢1

30 CONTINUE
RETURN
END

20

Of 11,5011 SUBMX
SUBMX
SUBMX
SURMX
SUBMX
SupMX

SUBMX
SURMX
SURMX
SUBMX

SURMX
SURMX

TRE NN OO DI AP W

SuamMx 17
SURAMX 13
SURMX 19
SURNX 20

Statistics - Elementary

MOMEN

This subroutine computes four moments for grouped
data Fi, Fg, oo, Fyon equal class intervals. The
number of class intervals is computed as follows:

n = (UBO; - UBO,)/UBO, (1)
where UBO1 = given lower bound
UBO2 = given class interval
Ul':!»O3 = given upper bound

and the fotal frequency as follows:

n
T= ) F, 2)

where Fi = frequency count in i-th interval.
Then, the following are computed:

First Moment (Mean):

F, [UBo1 + (i-0.5) U'.BOz]

n
=1
ANS, = T 3)

l j=th Moment (Variance):

4)
n .
s _ J
T F, [UBOl + (1-0.5) UBO, ANsl]
-1

ANS]. = T

i=2,3, 4

These moments are biased and not corrected for
grouping

\n

o
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Subroutine MOMEN

Purpose:
To find the first four moments for grouped data
on equal class intervals.

Usage:
CALL MOMEN (F, UBO,NOP, ANS)

Description of Parameters:

F - Grouped data (frequencies). Given as a
vector of length (UBO(3)-UBO(1))/
UBO(@2)

UBO - 3 cell vector, UBO(1) is lower bound
and UBO(8) upper bound on data,
UBO(2) is class interval. Note that
UBO(3) must be greater than UBO(1).

NOP - Option parameter. K NOP = 1,
ANS(1) = MEAN, I NOP = 2,
ANS(2) = second moment, I NOP = 3,
ANS(3) = third moment, If NOP = 4,
ANS(4) = fourth moment, If NOP = 5,
all four moments are filled in,

ANS - Output vector of length 4 into which
moments are put.

Remarks:
Note that the first moment is not central but the
value of the mean itself. The mean is always
calculated. Moments are biased and not cor-
rected for grouping.

Subroutines and function subprograms required:
None.

Method:;
Refer to M. G. Kendall, '"The Advanced Theory
of Statistics', V.1, Hafner Publishing Company,
1958, Chapter 3.

SUBROUTINE MOMEN (FsUBQINOPsANS} MOMEN 1
OIMENSION F{1)sUBO(3)sANS(0) MOMENMO 1

0O 100 I=l.4 MOMEN 3

100 ANS(11=040 WOMEN &

< CALCULATE THE NUMBER OF CLASS INTERVALS MUMEN 5
N={UBQ{3)=UBO(1)}/UBO(2}+0.5 MOMENMO2

C CALCULATE TOTAL FREGUENCY MOMEN 7
7=0.0 HOMEN 8

00 11C I=1eN MAMEN 1

110 T=T+F(1) MOMEN 17
IF{NOP-51 130, 127, 11S MOMEN 11

115 NOP=S MOMEN 12
120 Jusp=] MOMEN 3
GO0 Tn 150 MOMFN 14

130 JuMp=2 MMEN 15
[4 FIRST MOMENT MAMEN 1%
156 DO 160 T=1N° MOMFN 17
fFI=1 MOMEN R

160 ANST1}=ANSTL)+F I )*(UANIII+(FT=2,51%yan(2)y MOMEN 19
ANSTL)=ANSLEI/T MOMEN 219

6N TN {350,2G0425 0, 307,200), NIP MOMEN 21

c SFCIND MOMENT HOMEN 27
200 00 210 I=1,N MOMFN 23
Fi=1 MOMFN 24

210 ANS(21=ANS{2)+F (I I*(JANTTIH4IFI-D.51%URNI2I-ANS( 1)} ee2 MOMEN 25
ANS{21=ANS(21/T MOMFN 2h

G T 1299,390), JudP MOMEN 27

3 THIRN MOMENT MOMEN 28
250 D0 250 1=1.N MAMEN 79
Fl=1 MOMFN 310

264G ANSEI)SANS{3)+F (T 1 LURNIEFe(FT=N. 818 3T 7)-ANSI 1)1 s} MOMEN 31
ANS(3)=ANS{3}/T YOMEN 37

61 TO 1300,3501, Juwe MAMEN 33

C FIOURTH MOMENT MOMFN 34
3NN MG =148 MOMEN 35
Fi=1 MOMFN 34

30 ALSU4) =ANS(4) $F LT IS (UATIIISLFI-T 518021 -ANSTLY ) ¥ 20 MOMFN 37
ANS(4LI=ANS (&} /T MOMFN 39

150 RFTURN _OMFM 39
(0] MIMEY &0

TTSTT

This subroutine computes certain t-statistics on the
means of populations under various hypotheses.

The sample means of Al, Ag, e,y ANA and By,
By, «.., Byp are normally found by the following
formulas:

NA
2N
T - i=1

NB
2.8
. 5 - L

NA NB @
and the corresponding sample variances by:

NB
Y ® -8’
2 i=1

SB = ~NB -1 )

NA
=2
PR
2 =1

SA T =—Fa -1

uand ¢r2 stand respectively for population mean and
variance in the following hypotheses:
Hypothesis: kp = A; A = a given value (Option 1):

Let B = estimate ofu g and set NA =1 (A is stored
in location A),

The subroutine computes:

ANS = B -A, \, NB  (t-statistic) 3)
SB
NDF = NB -1 (degrees of freedom) (4)

Hypothesis: g AT Mg ai = 612?" (Option 2).

The subroutine computes:

B-& _ 1

ANS = =— t-statistic 5
3 o1 ( ) (5)
NA ° NB

NDF = NA + NB - 2 (degrees of freedom) (6)

2 2
_ (NA -1)SA” + (NB - 1) SB
where S—‘/ NA ¥ - "N

lHypothesis: My = By (ai ¥ 0-123)(0ption 3):

The subroutine computes:

B-3A

ANS = (t-statistic) (8)

3]

sa? s’
NA NB
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. sa’  gg®

26, B
NDF =

NA _NB -2
2\2 2\ 2
SA° SB MNB+1)
NA NA+1) + NB /
(degrees of freedom)

Note: The program returns a rounded NDF, not a
truncated NDF,

Hypothesis: u p = up (n0 assumption on 02) (Option 4):

The subroutine computes:

ANS = 2. /KB

D (t-statistic) (10)

(degrees of freedom) (11)

where D=B - A (12)
NB 2
Z (Bi-A. D)
SD = i=1 13
= NB - 1 (13)
NA = NB

Subroutine TTSTT

Purpose:
To find certain T -statistics on the means of

populations.

Usage:
CALL TTSTT (A,NA, B,NB,NOP,NDF, ANS)

Description of parameters:

A - Input vector of length NA containing
data.
NA - Number of observations in A,
B - Input vector of length NB containing
data.
NB - Number of observations in B.
NOP - Options for various hypotheses:
NOP=1--- That population mean of
B = given value A.
(Set NA=1,)
NOP=2--- That population mean of
B = population mean of A,
given that the variance of
B = the variance of A,

22

NOP=3~~- That population mean of
B = population mean of A,
given that the variance of
B is not equal to the vari-
ance of A,

NOP=4--~ That population mean of
B = population mean of A,
given no information about
variances of A and B.
(Set NA=NB.)

NDF - Output variable containing degrees of
freedom associated with T -statistic
calculated.

ANS - T-statistic for given hypothesis,

Remarks:
NA and NB must be greater than 1, except that
NA=1 in option 1. NA and NB must be the same
in option 4. If NOP is other than 1, 2, 3 or 4,
degrees of freedom and T -statistic will not be
calculated. NDF and ANS will be set to zero,

Subroutines and function subprograms required:
None.

Method:

Refer to Ostle, Bernard, 'Statistics inResearch',
Iowa State College Press, 1954, Chapter 5.

SUBROUTINE TTSTT (A,NA,B,NB,NOP,NDF,ANS) TTISTT

1

DIMENSION A(1),B11) Tisyy 2

4 INITTALIZATIIN TISTT 3
NOF=0 TISIT &
ANS=0.0 TISIT 5

[ CALCULATE THE MEAN OF A TISYT &
AMEAN=0,0 TISTT 7

00 112 i=1,NA TYSTT &

110 AMEAN=AMEAN+ALT) TTSTY 9
FNASNA YTSTY 1n
AMEAN=AMEAN/FNA TTISTT 11

c CALCULATE THE MEAN OF H TISTT 12
115 BMEAN=0.0 TISYT 11
NU 120 T=1,NB TISTT 16

120 BMEAN=BMEAN+H{T) TISTY 15
FNB=NY TISTT (s
BMEAN=RMEAN/FNB TISTT 17
1F{NDP~4) 122, 130, 200 TISTY 18

122 IFENUP-1) 206, 135, 125 TISTT 19
C CALCULATE THE VAWEANCE OF & TYSTY 20
125 SA2=0.9 TYSTT 21
00 132 I=s]1,NA TISTY 27

130 SA2=5A42¢{A{1)-AMFAN)*2 TTSTT 23
SA225A2/{FNA-1.01 TISTY 24

c CALCULAYE THE VARIANCE NF R TYSTT 25
135 SP2=0.0 . TISTT 24
no 147 I=1,NB TISTY 77

140 SK2=SH2+{B(I)-HMFAN)e*2 TYSTT 28
St2=Sb2/(FNB-L.0) ) TISTT 29

GI1 TN (150, 16041700, NOP TYSTY 392

c WPTION | TYSTT 31
150 ANS=((HMEAN-AMEAN)/SQRTISA2) $SIRTIFNA} TTISTT 32
NDF =NH=| TISTY 33

Gu T 200 TISTY 36

< NPTION 7 TISTY 3%
E60 NUF sNA+NH-2 TISTIT 36
FNOF=NOF TISYY 37
S=SIRTILIFNA-1.0) $SAP+{FNA-L. V) 4SHIV/FNDF) TTISTT 34

ANS={ { AMEAN<AMFAN}/S)® L, N/SIRTILLO/FNACLLO/FNAT) TISTT 39

Gu 111 200 TTISTY 40

4 IPTION 3 TISTY &)
170 ANS={AMEAN=AMEANI /SORTISA2/FNAESH2/FNR) TISTT 42
AL=[SAZ /FNASSR2/- N ee ) TISTT 43
AZ=USAZ/FNAISEI /L FNACL.O)+(SHR2/FNRISS2/{FNBOL.O) TTSTY &4
NOF=AL/A2~2.G40.5 TISTY &5

Gl T 200 TESTY 45

4 UPTINN 4 TISTT &7
180 S0=7.0 TTISTY 48
DI AMFAN-AMEAN TISTT 49

N 190 T=14Nn TTSTT 50

190 SU=SDe(ROTI-A{T)-D)xe) TISTY 51
SU=SYRTISU/IENA-L .2 TTSYT S2

ANS =L/ SD) #SORTIT NB) TISTY 53
NOF=N4- TISTT S4

200 QF Ty TYSTY 5%
+ND TYISTT S¢

®



Statistics - Correlation

CORRE

This subroutine calculates means, standard devia-
tions, sums of cross-products of deviations from
means, and product moment correlation coeificients
from input data Xij, wherei=1, 2, ..., nimplies
observations and j =1, 2, ..., m implies variables.

The following equations are used to calculate
these statistics:

Sums of cross-products of deviations:

n

S = 3 (Xij - Tj) (Xik - Tk)
=1
n n
¥ (xij - Tj) ) (x]k - Tk) )
=1 i=1

n

where j=1, 2, ..., mk=1, 2, ..., m

m
2 5y
i=1

T T @)

(These temporary means T; are subtracted
from the data in equation (I) to obtain compu-
tational accuracy.)

n

2 5

Means: X, = =1 3)
] n

wherej=1, 2, ..., m

Correlation coefficients:

S.
k
r. = 1 )
ik S.. S
)| kk
wherej=1, 2, ..., m;k=1, 2, ..., m
Standard deviations:
‘/S..
s, =— 3L )

J n-1

wherej=1, 2, ..., m

Subroutine CORRE

Purpose:
Compute means, standard deviations, sums of
cross-products of deviations, and correlation
coefficients,

Usage:
CALL CORRE (N, M, IO, X, XBAR, STD, RX, R,
B,D,T)

Description of parameters:

N - Number of observations.
M - Number of variables.
I0 ~ Option code for input data.

0 If data are to be read in from
input device in the special sub-
routine named data., (See
"subroutines and function sub-
programs required' below.)

1 If all data are already in core.

X - I I0=0, the value of X is 0.0.
If I0=1, X is the input matrix (N by
M) containing data.

XBAR - Output vector of length M containing

means,

STD - Output vector of length M containing
standard deviations.

RX ~ Output matrix (M by M) containing

sums of cross-products of deviations
from means.

R = Output matrix (only upper triangular
portion of the symmetric matrix of
M by M) containing correlation coef-
ticients. (Storage mode of 1)

B ~ Output vector of length M containing
the diagonal of the matrix of sums of
cross-products of deviations from

means.
D - Working vector of length M.
T - Working vector of length M.
Remarks:
None,

Subroutines and function subprograms required:
DATA(M,D) - This subroutine must be pro-
vided by the user. -

(1) I I0=0, this subroutine is
expected to furnish an ob-
servation in vector D from
an external input device.
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(2) If I0=1, this subroutine is
not used by CORRE but
must exist in job deck, If
user has not supplied a
subroutine named DATA,
the following is suggested.

SUBROUTINE DATA

RETURN
END
Method:
Product-moment correlation coefficients are
computed.

SUBROUTINE CORRE (NsMsI109XsXBAR»STDsRXsReBsDsT) CCRRE 1
DIMENSION X{1)sXBARI1)sSTO(1)sRXI1IsR(2I4BI1)¢DI1) T} CCRRE 2
INITIALIZATION CCRRE 3

DO 100 JmlyM CCRRE &
BlJI=0.0 CCRRE 5

100 T{J)=0.0 CCRRE 6
Ka{MuM+M) /2 CORRE 7

DO 102 I=lsK CCRRE 8
102 R{1)=0.0 CORRE 9
FN=N CCRRE 10
L=0 CCRRE 11
IF{10) 105, 1274 105 CCRRE 12
DATA ARE ALREADY IN CORE CCRRE 13

105 DO 108 J=lsM CORRE 14
DO 107 Ix1sN CORRE 15
CCRRE 16

LuL+l

107 TtI=T(H+X(L) CORRE 17
XBAR(J) =T (J) CCRRE 18

108 T(JI=T(JI}/FN CCRRE 19
DO 115 TslN CCRRE 20
JKnO CORRE 21
Lel=N CCRRE 22

DO 110 JaleM CORRE 23
L=L+N CCRRE 24
DEJI=X{LI=T(J} CCRRE 25

110 B(JI=B( ) +D(J) CORRE 26
0O 115 JsleM CCRRE 27

DO 115 K=1eJ CCRRE 28
JKJK+1 CCRRE 29

115 R(JKI=R{JK)+DIJ)#D(K) CCRRE 30
Go To 205 CCRRE 31
READ OBSERVATIONS AND CALCULATE TEMPORARY CCRRE 32

MEANS FROM THESE DATA IN T(J) CCRRE 32

127 IF(N=M) 130, 130, 135 CORRE 34
130 KK=N CCRRE 35
GO TO 137 CCRRE, 36

135 KK=M CORRE 37
137 DO 140 I=14KK CORRE 38
CALL DATA {MyD) CCRRE 39

DO 140 J=1M CCRRE 40
T(II=T (3 +0( ) CCRRE 41
LeL+1 CORRE 42

140 RX(LI=D(J) CCRRE 43
FKK=KX CCRRE 44

DO 150 JeloM CCRRE 45
XBAR(J) =T {4} 'CORRE 46

150 T(J)eT{J)/FKRK CORRE 47
CALCULATE SUMS OF CROSS~PRODUCTS OF DEVIATIONS CORRE 48

FROM TEMPORARY MEANS FOR M OBSERVATIONS CORRE 49

L=0 CCRRE 50

DO 180 T=1.KK CORREMO6
K0 CORRE 52

DO 170 J=leM CORRE 53
Lo+l CCRRE 54

170 D(JI=RX(L}I=T(J} CORRE 55
DO 180 JalsM CORRE 56
B{JY=B{.J1+D{J} CCRRE 57

£0 180 K=led CORRE 58
JK=JK+1 CCRRE 59

180 R(JKI=R(JK)+D(JI#DIK) CORRE 60
IF{N=KK) 205+ 205» 185 CORRE 61
READ THE REST OF OBSERVATIONS ONE AT A TIMEs SuM CCRRE 62

THE OBSERVATIONs AND CALCULATE SUMS OF CROSS= CORRE 63
PRODUCTS OF DEVIATIONS FROM TEMPORARY MEANS CORRE 64

185 KKeN=KK CCRRE 68
DO 200 I=1,KK CCRRE 66
JK=0 CORRE 67
CALL DATA (MaD) CCRRE 68

DO 190 Jul,M CCRRE 69
XBAR(J}sXBAR(J)+D{J) CCRRE 70
NEJI=plII=T (I} CCRRE 71

190 BLJI=B(JI+DIJ) CORRE 72
00 200 J=1eM CORRE 73

DO 200 Kelyl CCRRE 74
JKaJK+1 CORRE 75

200 REJKI=RIJIK)+D(JI#DIK} CCRRE 76
CALCULATE MEANS CCRRE 77

205 JKe=0 CCRRE 78
DO 210 J=leM CCRRE 79
XBAR(J) =XBAR(J} /PN CCRRE 80
ADJUST SUMS OF CROSS~PRODUCTS OF DEVIATIONS CCRRE 81

FROM TEMPORARY MEANS CCRRE 82

DO 210 Kelsy CCRRE 83
JKaJK+1 CCRRE 84

210 R(IKI=R(IK) =B (J)#B(K)/FN CCRRE 85
CALCULATE CORRELATION COEFFICIENTS CCRRE 86

JKa0 CCRRE 87

DO 220 J=1,M CORRE 88
IK=JK+Y CCRRE 89
220 STD(J)= SORT( ABS(R(JK))) CCRRE 90
DO 230 JslaM CCRRE 91

DO 230 KxJo¥ CCRRE 92
K=+ (K#K=K) /2 CCRRE 93
LeM#(J=1) +K CCRRE 94

RX (L) =R (JK) CORRE 95
LaM#{K=1)+) CORRE 96

24
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RX{L)®R{JK) CORRE 97.
IF(STOLJI#STDIK) ) 225842224225 CCRREMO1
222 R(JK)=0,0 CORREMO2
60 TO 230 CGRREMO3
225 RIJKYERIJK)/(STDLII#STD(K]) CCRREMO4
230 CONTINUE CCRREMOS
CALCULATE STANDARD DEVIATIONS CORRE 99
FNaSORT (FN=140) CCRREL00
D0 240 JsleM CCRRE101
240 STD(JINSTOLI)/FN CCRRE102
COPY THE DIAGONAL OF THE MATRIX OF SUMS OF CROSS=PRODUCTS OF  CCRRE103
DEVIATIONS FROM MEANS. CCRRELO4
Lt Conat108
D8 250, 1eten CORRELQT
108

250 B(I1)=RX(L) CORRE
RETURN CCRRE109
END CORREL10

Statistics - Multiple Linear Regression

In the Scientific Subroutine Package, multiple linear
regression is normally performed by calling four
subroutines in sequence.

1. CORRE - to find means, standard deviations,
and correlation matrix

2. ORDER - to choose a dependent variable and
a subset of independent variables from a larger set
of variables

3. MINV - to invert the correlation matrix of the
subset selected by ORDER

4. MULTR - to compute the regression coeffi-
cients, bO, by, b2’ R o) and various confidence
measures

The subroutine CORRE works in either of two
ways; (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see "Subroutines Required' in
the description of subroutine CORRE).

m’
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ORDER

Purpose:

Construct from a larger matrix of correlation
coefficients a subset matrix of intercorrelations
among independent variables and a vector of
intercorrelations of independent variables with
dependent variable. This subroutine is normal-
ly used in the performance of multiple and poly-
nomial regression analyses.

Usage:

CALL ORDER (M, R, NDEP, K, ISAVE, RX, RY)

Description of parameters:

M ~ Number of variables and order of
matrix R.
R - Input matrix containing correlation

coefficients, This subroutine ex-
pects only upper triangular portion
of the symmetric matrix to be stored
(by column) inR. (Storage modeof 1.)

NDEP -~ The subscript number of the depend-
ent variable.

K - Number of independent variables to
be included in the forthcoming re-
gression,

ISAVE - Input vector of length K+1 confaining,

in ascending order, the subscript
numbers of K independent variables
to be included in the forthcoming re-
gression,

Upon returning to the calling rou-
tine, this vector contains, in addi-
tion, the subscript number of the
dependent variable in K+ 1 position.

RX = OQutput matrix (K by K) containing
intercorrelations among independent
variables to be used in forthcoming
regression.

RY - Output vector of length K containing
intercorrelations of independent
variables with dependent variables.

Remarks:

None.

Subroutines and function subprograms required:

None.

Method:

no

12

~

123
12%

(2%

127

128
129
130

oo

From the subscript numbers of the variables to
be included in the forthcoming regression, the
subroutine constructs the matrix RX and the
vector RY.

SUBROUTINE ORDER (MyRyNDEP4Ky ISAVERX,RY] ORCER 1
DBIMENSINN RIL1, ISAVETL) RX{1},RYI1) OROER 2

COPY INTERCORRELATINNS NF INDEPENDENT VARTABLES ORDER 3

WITH DEPENDENT VARIAALE ORDER 4
MM=( ORDER 5
DO 130 J=1.K ORDER &
L2=[SAVE(S) ORPER 7
EFUNDEP-L2) 1224 123, 123 ORDER 9
L=NDEP+(L28L2-L2) /2 ORDER 9
GO TN 125 RDER 10
L=L2+{NDEPSNDEP-NDEP}/2 ORDEP 11
RY(J)=RIL} ORDER 12

COPY A SUBSET MATRIX NF INTFRCURRELATIONS AMONG OROER 13

INDEPENDENT VARLABLES ORDER 14
0N 130 I=1,K DRDER 15
L1=[SAVELI} NRDER 15
IFIL1-L2) 127y 2R, 128 OROFR 17
LeL1+{L2%L2-12}72 ARDER 1%
G0 1O 129 RRER 19
L=L2+(L1*L1-L1)V /2 ORDER 20
MM=uM+ L NRDER 21
RX{YM) =RLL) NRDER 22

PLACE YHE SUBSCRIPT NUMAER NF THE DEPENDFNY NRDFR 23

VARTABLE IN ISAVE(K+1} ORDER 24
TSAVE(K+1)=NDEP ORDER 25
RETURN ORDER 24
END NRDF®R 27
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MULTR

This subroutine performs a multiple regression
analysis for a dependent variable and a set of inde~
pendent variables.

Beta weights are calculated using the following
equation:

_ -1
f= 2 Ty Ty M
i=1

where r, = intercorrelation of ith independent

variable with dependent variable
ri-j1 = the inverse of intercorrelation r,,

i,j=1, 2, ..., k imply independent
variables

Ty and rij_1 are input to this subroutine.

Then, the regression coefficients are calculated as
follows:

b, = B .—L )

where sy = standard deviation of dependent variable

[]
I

standard deviation of ' independent
variable

1, 2, ...,k

s
I

sy and sj are input to this subroutine.

The intercept is found by the following equation:
— k —
b’ =Y -~ b. . X, 3
0 E i ©
=1

where Y = mean of dependent variable

= mean of jth independent variable

Tial

and }_(j are input to this subroutine.

Multiple correlation coefficient, R, is found first
by calculating the coefficient of determination by the
following equation:

k

2 _

R = Z 6iriy 4)
i=1

26

and taking the square root of Rz:

The sum of 8quares attributable to the regression is
found by: ‘

SSAR = RZ + D )
vy

where D = sum of squares of deviations from
mean for dependent variable

Dyy is input to this subroutine.

The sum of squares of deviations from the regres-
sion is obtained by:

SSDR = D__ - SSAR )
vy

Then, the F-value for the analysis of variance is
calculated as follows:
SSAR/k

F = SOR/@k1) -

SSAR(n-k-1)
SSDR(k) @)

Certain other statistics are calculated as follows:

Variance and standard error of estimate:
2 SSDR
5y.12...k = nk-1 ®

where n = number of observations

- [&? (10)

5.12...k v.12...k

Standard deviations of regression coefficients:

-1

i, g2
S = [ D, " Syia..k )
j i

sum of squares of deviations from mean
for jt independent variable. Dj;5 is in-
put to this subroutine.

where D_,
1

j=1,2, oo, k

Computed t:
%
tj = q (12)
J
j=1,2, ..., k

e

i p
b



Subroutine MULTR

Purpose:

Perform a multiple linear regression analysis

for a dependent variable and a set of independent
variables. This subroutine is normally used in
the performance of multiple and polynomial re-
gression analyses.

Usage:

CALL MULTR (N, K, XBAR, STD, D, RX, RY,
ISAVE, B, SB, T, ANS)

Description of parameters:

N -
K -
a
XBAR -
STD -
D -
RX -
{f" RY -
ISAVE -
B -
SB -
T -
ANS -

Number of observations,

Number of independent variables in
this regression.

Input vector of length M containing
means of all variables. M is num-
ber of variables in observations.
Input vector of length M containing
standard deviations of all variables.
Input vector of length M containing
the diagonal of the matrix of sums of
cross-products of deviations from
means for all variables.

Input matrix (K by K) containing the
inverse of intercorrelations among
independent variables.

Input vector of length K containing
intercorrelations of independent vari-
ables with dependent variable.

Input vector of length K+ 1 containing
subscripts of independent variables in
ascending order. The subscript of the
dependent variable is stored in the
last, K+1, position.

Output vector of length K containing
regression coefficients.

Output vector of length K containing
standard deviations of regression co-
efficients.

Output vector of length K containing
T -values.

Output vector of length 10 containing
the following information:

ANS(1) Intercept

ANS(2) Multiple correlation coeffi-
cient

ANS(3) Standard error of estimate

ANS(4) Sum of squares attributable

to regression (SSAR)

ANS(5)

ANS(6)
ANS(T)

ANS(8)

ANS(9)
ANS(10)

Remarks:
N must be greater than K+1,

Degrees of freedom associ-
ated with SSAR

Mean square of SSAR

Sum of squares of deviations
from regression (SSDR)
Degrees of freedom associ-
ated with SSDR

Mean square of SSDR
F-value

Subroutines and function subprograms required:

None.

Method:
The Gauss-Jordan method is used in the solution
of the normal equations. Refer fo W. W. Cooley
and P. R. Lohnes, "™Multivariate Procedures
for' the Behavioral Sciences', John Wiley and
Sons, 1962, Chapter 3, and B. Ostle, 'Statistics
in Research', The Iowa State College Press,

100

110

12

-

12

N

130

135

1954, Chapter 8.

SUBROUTINE MULTR (NsKeXBARsSTDsDsRXeRY 2 ISAVE+BeSBeTsANS)
OIMENSION XBARU1)sSTDI11sDI1)sRXCIIoRY (LI o ISAVE(LIoB(2)95BI1)
1

Tt1)2ANS(10}

MM=K+]

BETA WEIGHTS
BO 100 J=leK
B{J12040
DD 110 J=14K
Llske{a-1}
B0 110 TalyK
LaLle]
BUJ =Bl JIeRY{I)OXCL)
RMz),0
80=0.0
Ll=ISAVE(MM™)

COEFFICIENT OF DETERMINATION

BO 120 =1,k
RMaRMeBLEYSRY{ )
REGRFSSION COEFFICIENTS
L=ISAVELD)
BLI¥=B{L)*(STDIL1 }/STOIL)Y
INTERCEPY
BD=g0+RIT)&XBARIL )
BO=XxBARIL1}-BO

SUM NF SQUARES ATTRIBUTABLE YO REGRFSSINN

SSAR=RMSD(LL}

MULYIPLE CORRELATIAN COEFFICIENT

RM= $QaT( AHSIRM) )

SUM 0IF SQUARES OF DEVIATINNG FROM REGRFSSINN

SSDR=D{1L1)-SSAR
VARTANCE OF ES TIMATE

FNay-K=-1

SY=SSOR/FN

STANDARD DEVIATINNS NF REGRESSTUN COFFFINIFNTS

a0 130 J=1,K
Ll=ks{J=-1)+J
L=]SAVELJ)

SBLJ1= SQRT( ABSUIRX{LLI/O{L}I®SY))

COMPUTED T-VAL UES
TL4r=RLH/583(0)

STANDARD ERROR OF ESTIMATE

SY= SQRT{ ABS(SY))
F VALUE
FK=K
SSARM=SSAR/FK
SSDRM=SSDR/FN
F=SSARM/SSDRM
ANS(11=80
ANS(212RM
ANS(31=SY
ANS(4}=3S5SAR
ANS{5)=FK
ANS(6) =5SARN
ANS{T73=SSOR
ANS(9)=FN
ANS{3)=5SNRM
ANST1D)=F
RETURN
END

MULTR 1
MULTR 2
MULTRMOL
MULTR &
MULTR 5
MULTR 6
MULTR 7
MULTR 8
MULTR 9
MULTR 10
MULTR 11
MULTR 12
MULTR 13
MULTR 16
MyLTR 15
MULTR 16
MuLTR 17
MULTR 18
MULTR 19
MULTR 20
L TR 21
MyLTR 22
MULTR 23
MULTR 24
UL TR 25
MULTR 26
MULYR 27
MULTR 2R
4L TR 29
MULTR 3N
MULTR 31
MULTR 32
MULTR 33
MULTR 34
ML TR 1%
MULTR 36
Muete 37
MULTR 3R
MULTR 39
sy TR 60
MULTR 41
UL TR 42
anTe 43
NUL TR 44
MUL TR 45
SULTR 4k
uoLTR 47
MULTR 43
MILTR 49
“ULTR &N
uuL TR 5]
MULTR 57
MyLTR 53
MULTR &6
aupLTE 55
MULTR 54
MULTR 57
MULTR 54
MU TR 59
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Statistics - Polynomial Regression

Polynomial regression is a statistical technique for
finding the coefficients, bo, by, b2, s, by, inthe
functional relationship of the form:

y ='b0 + bl X + bzx2 + yee + bmxm
between a dependent variable y and a single inde-
pendent variable x.

In the Scientific Subroutine Package, polynomial
regression is normally performed by calling the fol-
lowing four subroutines in sequence:

1. GDATA - to generate the powers of the inde-
pendent variable and find means, standarddeviations,
and correlation matrix

2. ORDER - to choose a dependent variable and
subset of independent variables from a larger set of
variables

3. MINV - to invert the correlation coefficient
maftrix

4., MULTR - to compute the regression coeffi-
cients, by, by, by, ..., b_ , and various confidence
measures

The special subroutine PLOT may be used to plot
Y values and Y estimates.

m?’

28

GDATA

This subroutine generates independent variables up
to the mth power (the highest degree polynomial
specified) and calculates means, standard deviations,
sums of cross-products of deviations from means,
and product moment correlation coefficients.

Xi1 denotes the ith case of the independent variable;

Xjp denotes the ith case of the dependent variable,

where i=1, 2, «eo,
n - number of cases (observations)

p=m+1

m = highest degree polynomial specified

The subroutine GDATA generates powers of the
independent variable as follows:

X = %1 *a

X3 = X2 X @)

Xie = %3 X

.

im Xi,m-l Xil
where i and m are as defined as above.
Then, the following are calculated:

Means:

X..
i

}—(.=11
j n

n
= (@)

where j=1, 2, ..., P

(-1



Sums of cross-products of deviations from means:

n
Djk= Z Xij_Xj Xik—X.k -
i=1
n _ n _
(%) 2 (Fe R
i=1 i=1

n
where j=1, 2, ..., p;k=1,2, ..., p.

Correlation coefficients:

Di.

r.. = !
4 ‘ID ‘}D
ii j§

wherei=1, 2, «e., P3j=1, 2, «ve, D

Standard deviations:

wherej=1, 2, ..., P

Subroutine GDATA

Purpose:

Generate independent variables up to the M

@)

-(4)

th

®)

power (the highest degree polynomial specified)
and compute means, standard deviations, and
correlation coefficients. This subroutine is
normally called before subroutines ORDER,
MINV and MULTR in the performance of a poly-

nomial regression,

Usage:

CALL GDATA (N, M, X, XBAR, STD, D, SUMSQ)

Description of parameters:

N - Number of observations.

M - The highest degree polynomial to be
fitted.

X - Input matrix (N by M+1). When the

subroutine is called, data for the in-
dependent variable are stored in the
first column of matrix X, and data

for the dependent variable are stored
in the last column of the matrix.
Upon returning to the calling rou-

tine, generated powers of the inde-

pendent variable are stored in

columns 2 through M.

Output vector of length M+ 1 contain-

ing means of independent and de-

pendent variables.

STD - Output vector of length M+1 contain-
ing standard deviations of independ-
ent and dependent variables.

D - Output matrix (only upper triangular
portion of the symmetric matrix of
M-+1 by M+1) containing correlation
coefficients, (Storage Mode of 1.)

XBAR

1

SUMSQ - Output vector of length M+1 contain-
ing sums of products of deviations
from means of independent and de-
pendent variables.

Remarks:

N must be greater than M+1.

If M is equal to 5 or greater, single precision
may not be sufficient to give satisfactory com-
putational results.

Subroutines and function subprograms required:

None.

Method:

30

100

170

175

18

>

191

Refer to B. Ostle, 'Statistics in Research!',
The Iowa State College Press, 1954, Chapter 6.

SUBROUTINE GDATA (NyMyX,X84R,STDsN, SUMSO) Goara 1
DIMENSION X(R1,X44R(11,STOLT),N(T),S145001) GDATA 2
GENERATE INDE? ENDENT VARIARLES GDATA 3
1# (M=1 1 105410590 GDATA &
L1=9 SDATA 5
BN 190 $=2,M GNATA &
Li=LleN GDAYA 7
00 100 J=14N GDATA 8
L=tled GDATA 9
KsL=N GpARA 17
XOLI=X(KI®X( ) GDATR 11
CALCULATE MFANS GDATA 12
MMz 50avA 13
nF=N GDATA 164
Lan GOATA 15
BOOTL5 1=k, 9m GDATA 14
XRAR [1)20.0 GNATA 17
D9 110 J=1,N GDATA 18
L=t 4l GOATA 19
XBAR(T)=XBARETYex (L) GDATA 29
XRARLT ) =XBARL1)/2F GDAYTA 21
0N 130 T=1,4M GDATA 22
N STDI11=0.0 GDATA 23
CALCULATF SUM3 OF CRNSS-PRAUCTS IF DEVIATINNS ROATA 74
L=t{MMe 1 oMY /2 RNATA 36
01 150 I=1,¢ GOATA 26
orry=r.0 anATA 27
D0 17N K=14N ANATA 28
L=0 SDATA 29
DO LD J=l,um 5NATA 30
L23NeLI-1) 4K GNATA 31
T2=X{L2)-XHAR(S) S0aTa 3>
STO{JI=STN{II+T2 GDATA 33
o0 170 1=1,4 G0ATA 34
L=Ne{1-114K GDATA 38
TI=X(L11-XBAR( I} ANATA 36
L=t G0ava 17
NILI=NIL)¢T18T2 ANATA 39
123 snata 39
Hn LTS J=l,ue GNATA 49
nno1TE 1=l G0ATA 41
L=t+l GNATA 42
PLI=0LEE=STRLTIOSTALI) 98 GRATA 43
L=0 GNATA 44
DI LAD [=1,4M ADATA 45
t=L+l GOATA 44
_SIIMSO(l):IHL) LDATA 47
STOLT)= SORTE AR (ALLIIY GDATA 4@
CALCULATE €NP2rLATION CNEFFICIENTS 5DATE 49
L=0 : SNATA SO
BN 190 Jg=1,4M GDATA &1
On 19 t=tey 50ATA $7
L=Lel SNATA 5%
DELI=NILI/ZESTRED *STNE YY) AnaTA 54
CALCULATT STANDAR) OFVIATE ING GDAYA 55
Ar=SQTINF=],7 GDATA 54
e 2ar T=lyve RNATA 57
STOLTI=STOLT1/7F GDATA S9
Rt TURN HDATA 57
€D GDATA 4N
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Statistics - Ca_.nonical Correlation

In the Scientific Subroutine Package, canonical cor-
relation analysis is normally performed by calling
the following five subroutines:

1, CORRE - to compute means, standard devia-
tions, and correlation matrix

2. MINV - to invert a part of the correlation
matrix

3. EIGEN - to compute eigenvalues and eigen-
vectors

4. NROOT - to compute eigenvalues and eigen-
vecitors of real nonsymmetric matrix of the form
B™™A

5. CANOR - to compute canonical correlations
and coefficients

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see "'Subroutines Required' in
the description of subroutine CORRE).

30

CANOR

This subroutine performs a canonical correlation
analysis between two sets of variables.

The matrix of intercorrelations, R, is partitioned
into four submatrices:

i1 | Bag

R = R R (1)

21 22

R11 = intercorrelations among p variables in the
first set (that is, left-hand variables)

R12 = intercorrelations between the variables in
the first and second sets

R21 = the transpose of R12

R2 9 = intercorrelations among ¢ variables in the

second set (that is, right-hand variables)

The equation;

|R'1R lr

= - =0 2
22 21 R11 12 AL )

is then solved for all values of A, eigenvalues, in the
following matrix operation:

-1
T= Ry R, 3)
A=R,T (4)

The subroutine NROOT calculates eigenvalues
(x;) with associated eigenvectors of Rg% A,
wherei=1, 2, ..., q.

For each subscripti=1, 2, ...
statistics are calculated:

, 4, the following

Canonical correlation:

CANR = ‘IZ (5)

where A = iﬂ1 eigenvalue
Chi-square:

xz = - [n-0.5 P+ q-+ 1)] logé\

(6)

where n = number of observations

]



q
A= O @-2);
=1 !

Degrees of freedom for X 2,

DF = [p-(i-1) [q—(i—l)];

it set of right-hand coefficients:

by = Vig
where Vg = eigenvector associated with A i

k= 19 23 cees Gj

ith set of left-hand coefficients:

q
> i
L o=l
7= CANR
where )t = T= R_]‘R
{jk} = B11 Py
] = 1’ 23 ceey, P

Subroutine CANOR

Purpose:

(")

@8

9)

Compute the canonical correlations between two
sets of variables. CANOR is normally preceded

by a call to subroutine CORRE.

Usage:

CALL CANOR (N, MP, MQ, RR, ROOTS, WLAM,

CANR, CHISQ, NDF, COEFR, COEFL, R)

Description of parameters:
N - Number of observations.

MP - Number of left hand variables.
MQ - Number of right hand variables.
Input matrix (only upper triangular

RR -

portion of the symmetric matrix of
M by M, where M = MP + MQ) con-

taining correlation coefficients.

(Storage mode of 1.)
ROOTS -

NROOT subroutine.
WLAM -
ing lambda.

Output vector of length MQ contain-
ing eigenvalues computed in the

Output vector of length MQ contain-

[aXal

CANR - Output vector of length MQ contain-

ing canonical correlations.

CHISQ - Output vector of length MQ contain-
ing the values of chi-squares.

NDF - Output vector of length MQ contain-
ing the degrees of freedom associ-
ated with chi-squares.

COEFR - Output matrix (MQ by MQ) contain-
ing MQ sets of right hand coefficients
columnwise.

COEFL - Output matrix (MP by MQ) contain-
ing MQ sets of left hand coefficients
columnwise.

R - Work matrix (M by M).

Remarks:

The number of left hand variables (MP) should
be greater than or equal to the number of right
hand variables (MQ). The values of canonical
correlation, lambda, chi-square, degrees of

freedom,

and canonical coefficients are com-

puted only for those eigenvalues in roots which
are greater than zero.

Subroutines and function subprograms required:

MINV

NROOT (which, in turn, calls the subroutine

EIGEN.)
Method:

Refer to W. W, Cooley and P. R. Lohnes,
"Multivariate Procedures for the Behavioral
Sciences', John Wiley and Sons, 1962, Chapter

3.

SUBRIUTINE CANOR

1
UTMENSION RRULD ,2O00TSTT) o WLAMEE) s CANR{L) ¢CHISRULEoNIF (1Y COEFR{L) 4 CANDR
1 COFFLUL Y, RN} CANOR

(N MP oMY RRYRONTS yWLAM CANR s CHTISQoNDF . COFFR, CANDR
CNEFL,R) CANDOR

DTN W~

PARTITION [NTZRCORRELATIONS AMONG LEFT HAND VARLABLFS, BETWEEN CANNR

LEFT AND RIGHT HAND VARIABLES, ANO AMONG RIGHT HAND VARTABLES. CANDR

M=MP MY CANOR

N1=} CANNR

M 105 I=l4M CANOR
DO 105 J=1,M CANDR 1N
TFLI-0) 102, 103, 103 CANOR 11
122 L=1etUsg-g1/2 CAN(IR 12
. GU TH 104 canna 13
103 L=gefI*l-1}s2 CANTIP 16
t04 Ni=vEel canne 15
135 KiN1Y}=RREL} CANDR 14
=MP CANDP 17
DN LOB y=2,MP CANNR 2
Nl=M®(g-1} CANNR 19
00 10R f=],MP CANQR 20
L=L+i CANDR 21
Nl=N1le| CANNR 22
108 R{LI=R(N1) CANOR 23
N2=MPe] CANAR 26
L=0 CANNKR 28
D0 110 J=N2,M CANDOR 24
Ni=M${J-1} CANNR 27
n0 110 I=1,48 CANNR 28
L=+l CANOR 29
Nl=Nlel CANDR 3r
112 COEFLIL)=RINTY Cannr 31
L=0 Cannr 33
00120 g=N2 M CANDR 33
NI=Ye[J=])+MP CANDR 34
N0 120 1=N2,M CANPR 45
t=t+l CANDR 314
N1sNl1+1 canor 17
§20 COEFRELI=XUNL) CANOIR 38
SOLVE THr CANINICAL EQUATINN CANOR 139
L=MPeMP ey CANDR 4N
K=t +MP CANOR &)
CALL MINV {ReMPIET,R{L),RUK}} CANGOR &7
CALCULATE T = INVERSE OF R1l * w12 CANOR 413
D0 140 f=1,4P CANDR 44
N2=0 CANDR 45
0D 130 J=1,MQ CAR(R 44
Hi=[-MP CANDR 47
RUITSEII=N,0 CAMOR &R
B0 130 K=]1,MP CANNR 49
Nl=N]le9wp CANNR 51
N2=N2+1 CANCR St
130 ROOTS{SI=0UNTSIS) +RINLISCOFFLINZ) CANOR 52
L=1-MP CANOR &3
DO 149 J=1,MQ CANOR 5S¢
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140

150

160

an

co

180

190
200
210
220

32

LeL MNP
RIL)=ROOTS(J)
CALCULATE A = R21 = T
LuMPENQ
NiaLs]
B0 160 J=1,MQ
N1z0
DN 160 T=L4MQ
N2=MPeLJ-1}
SUM=0,0
0O 150 K=].HP
Nl=wlel
N2=N2+1
SUM=SUM4COEFL{NL) #R(N21
Label
RIL)=SUM
CALCULATE ETGENVALUES WITH ASSOCIATED FIGENVECTORS OF THE
INVERSE OF R22 #* A
L=t+l
CALL NROOT (MQyR{N31,COEFR,RDITSRILED
FOR EACH VALUE QF I = 1y 2y saes MQs CALCULATE THE FOLLOWING
STATISTICS
DO 210 I=1,MQ
TEST WHETHER E IGENVALUE IS GREATER THAN ZERD
IF{ROOTS(1)) 220, 220, 165
CANUNTCAL CORELATION
CANR{It= SQRY{ROITS{IY)
CHI-SQUARE
WLAMI[)=1.0
BN 170 J=i,MQ
WLAMIEY=WLAMIT)%( 1, 0-RONTS{ID)
FNaN
FMpamNp
FMQ=M0O
BAT = WLAMII)
CHISQUIY = ~(FN-D.S®{FMP+FMQ+1.0) }*ALOG(BAT)
DEGREES OF FREEDQM FOR CHI-SQUARE
Nl=I-1
NDF([)={MP-N1]®{MQ—NL)
I-TH SET OF RIGHT HAND COEFFICIENTS
N1=HQe(1-1)
N2=MQ*{I-1)+L~1
00 180 J=l,MQ
Ni#Nle+l
N2=N2e L
COEFRINII=RIN2)
[-TH# SET OF LFFT HAND COEFFICIENTS
DO 200 Jeml.MP
Nl=J=-NP
N2=MQe([-1)
KaMPe([~1}¢)
COEFLIX)=0.0
00 190 JJ=1,MQ
NL=NL+MP
N2=N2+L
COEFL{K}=COEFL(K)} 4RINLISCNEFRINZ)
COEFL{K)}=COEFL{K}/CANRLI)
CONTINUE
RETURN
END

CANOR 56
CANGR 5&
CANDR 57
CANDR SA
CANDR 59
CANOR &0
CANMR 61
CANDR 62
CANDR 63
CANOR 64
CANNR 65
CANOR 66
CANDR &7
CANDR 58
CANOR 69
CANDR 79
CANOR T1
CANOR 72
CANDR 73
CANOR T4
CANGR 75
CANOR T4
CANOR 77
CANOR 78
CANDR T9
CANOR AD
CAROR 81
CANAR 82
CANOR 83
CANDR B4
CANDR RS
CANOR 86
CANDR 87
CANOR AR
CANOR 39
CANOR 90
CANOR 91
CANDR 92
CANDOR 93
CANOR 94
CANOR 95
CANNR 96
CANOR 97
CANOR 98
CANOR 99
CANORI OO
CANORIOL
CANDRLO?
CANOR103
CANOR10&
CANORLNS
CANORIOA
CANOR1D?
CANNP1O8
CANNRING
CANORLLD
CANDRITL
CANDR112
CANORI13
CANDR114&

NROOT

This subroutine calculates the eigenvalues, A and
the matrix of eigenvectors, V, of a real square non-
symmetric matrix of the special form B'lA, where
both B and A are real symmetric matrices and B is
positive-definite. This subroutine is normally
called by the subroutine CANOR in performing a
canonical correlation analysis. The computational
steps are as follows.

A symmetric matrix (storage mode 1) is formed
by using the upper triangle elements of the square
matrix B. Then, the eigenvalues, hi’ and the ma-
trix of eigenvectors, H, of the symmetric matrix
are calculated by the subroutine EIGEN.

The reciprocal of square root of each eigenvalue
is formed as follows:

B, == )

wherei=1, 2, ..., m
m = order of matrix B

The matrix B_l/ 2 is formed by multiplying the
j* column vector of H by u i where j=1, 2, ..., m,
The symmetric matrix S = (B'l/ 2)' AB-1/2 g
formed in the following two matrix multiplications:

Q= @ Y2ya @)

-1/2 ®)

S QB

and eigenvalues,\; , and the matrix of eigenvectors,
M, of S are calculated by the subroutine EIGEN.
The matrix W = B-1/2M is formed, and the vec-
tors in W are normalized to form the matrix of
eigenvectors, V, by the following equation:

W..
Vi' m— 4)
) '[ SUMV,
where i=1,2, ..., m

D 2
SUMV, = we
DI (5)
i=1

1]



Subroutine NROOT

Purpose:

Compute eigenvalues and eigenvectors of a real
nonsymmetric matrix of the form B-inverse
times A. This subroutine is normally called by
subroutine CANOR in performing a canonical
correlation analysis.

Usage:

CALL NROOT (M, A, B, XL, X)

Description of parameters:

M -
A -
B -
XL -

X -

Remarks:

None.

Order of square matrices A, B, and X.
Input matrix (M by M).

Input matrix (M by M),

Output vector of length M containing
eigenvalues of B-inverse times A.
Output matrix (M by M) containing eigen-
vectors columnwise.

Subroutines and function subprograms required:

EIGEN

Method:
Refer to W, W, Cooley and P, R, Lohnes,
"Multivariate Procedures for the Behavioral
Sciences', John Wiley and Sons, 1962, Chapter

2l

3.

SURROUTINE NROOT (MeA,BeXLsX)D

NRDOT 1
DEMENSTON ATLISBOLY,XLEL) o xE1) NROOY 2
COMPUTE EIGENVALUES AND EISENVECTORS OF 8 NROOT 3

k=1 NROOT &

DU 100 J=2,M NROOT 5
L=MeLy-1) NRODT 6

DO 100 I=144 NRODT 7
L=L+l NROOT 8
K=Kel NROOY 9
100 R{K)I=AIL) NRAOT 10
THE MATRIX B IS A REAL SYMMETRIC MATRIX. NROOT 11

uy=0 NRONT 12
CALL EFGEN (B X 4,4V} NROOT 13
FURM QECIPROCALS OF SQUARE ROOT OF ETGENVALUES. THE RESULTS  NROOT 16

ARE PRFMULTIPL IED #Y THE ASSACIATED EIGENVECTORS. NROOT 15

L=0 NROOT 16

80 119 J=l.M NRDOT 17
LeLed NROOT 189

112

115

13

=3

140

150

170
175

180

XLUJ)=1.07 SQRT{ ABS(A{LI}Y

NROOT
X=0 NROOT
BU 115 J=1.M NRODT
DO 115 I=1.M NRDOT
K=K+l NROOT
BIXI=X(K)$XL(J) NROOT

FORM (B®®(-1/2))PRIME & A * (B#%({-1/2}) NRODT
0D 120 1sl,M NROOT
N2=0 NRDOY
00 120 Jsl.M NROOT
Ni=Ms{(-1) NROGT
LM (J-11+1 NROOT
X{Ly=0.0 NRDOY
0N 120 K=1,M NRONT
Nl=Nl+l NROOY
N2=N2el NROOT
XELI=X(L)+RINTISAIN2Y NROOY
L=0 NRODT,
DO 130 J=1.% NROOT
00 130 1=1,4 NROOT
Nl=zl-M NROOT
N2=¥®(J-1) NROOT
L=L+] NROOT
AfL)=0,0 NRDOY
DD 130 K=1.,M NROOT
N1=Nlen NRODY
N2=N2+1 NROOY
ALLY=ATLY#XIN1)*#8 IN2) NRODY

COMPUTE EIGENV ALUFS AND EIGENVECTORS NF A NROGT
CALL EIGEN [A,X MyMVI NRODY
L=0 NRONT
DO 140 Izl NROOT
L=Le] NRONT
XLETh=ALL) NROOT

COMPUTE THE NIRHALIZFD FIGFNVECTORS NROOT
DO 150 I=1,M NRODY
N2=0 NROOT
D0 150 J=1,M NROOT
N1=g-N NROOT
L=M¥(J-1)+] NROOT
AlL)=0.0 NRONT
DO 150 K=1,M NROOT
NI=NL1+M NROOY
N2=N2+ ) NRONV
A(LT=ATL) +BIN1}®X IN2) NROOT
L=0 NRODT
K=0 NROOT
0N 18D J=1,M NROOT
SUMV=0.0 NRONT
00 170 I=1,M NRODY
L=lel NRONT
SUMV=S JMVeAILI#ACL) NRONT
SUMY= SORT(SUMV} NRONT
DI} 180 I=1, NRONT
K=K+ 1 NRONT
XUKI=ALK) /SURY NRODY
RETURN NROOT
END NRONT
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Statistics - Analysis of Variance

In the Scientific Subroutine Package, analysis of
variance is normally performed by calling the fol-
lowing three subroutines in sequence:

" 1. AVDAT - to place data in properly distributed
positions of storage ‘

2. AVCAL - to apply the operators sigma and
delta in order to compute deviates for analysis of
variance

3. MEANQ - fo pool the deviates and compute
sums of squares, degrees of freedom, and mean
squares

AVDAT

This subroutine places data for analysis of variance
in properly distributed positions of storage.

The size of data array X, required for an
analysis of variance problem, is calculated as
follows:

k
n= 0 (L,+1) 1)
. i
i=1
where Li = number of levels of ith factor
k = number of factors

The input data placed in the lower part of the ar-
ray X are moved temporarily to the upper part of the
array. From there, the data are redistributed ac-
cording to the equation (4) below. Prior to that,
multipliers, s:, to be used in finding proper posi-
tions of storage, are calculated as follows:

s) =1 (2)
j-1
sJ = i1=11 (Li+ 1) 3)

where J = 2,3, ..., k

Then, a position for each data point is calcu-
lated by the following equation:

k
S = KOUNT, + s. * (KOUNT, -1 4
1 Z i ( i ) “

=2

where KOUNT; = value of jth subscript of the data
to be stored.

The subroutine increments the value(s) of subscript(s)
after each data point is stored.
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Subroutine AVDAT

Purpose:
Place data for analysis of variance in properly
distributed positions of storage. This subrou-
tine is normally followed by calls to AVCAL and
MEANQ subroutines in the performance of
analysis of variance for a complete factorial
design,

Usage:
CALL AVDAT (K, LEVEL, N, X, L, ISTEP,
KOUNT)

Description of parameters:
K - Number of variables (factors)
K must be greater than 1.

LEVEL - Input vector of length K confaining
levels (categories) within each vari-
able.

N - Total number of data points read in.

X - When the subroutine is called, this
vector contains data in locations
X(1) through X(N). Upon returning
to the calling routine, the vector
contains the data in properly redis-
tributed locations of vector X. The
length of vector X is calculated by
(1) adding one to each level of vari~
able and (2) obtaining the cumulative
product of all levels. (The length of
X = (LEVEL(1)+ 1)*(LEVEL(2) + 1)*
.o o ¥(LEVEL(K) + 1).)

L - OQutput variable containing the posi-
tion in vector X where the last input
data is stored.

ISTEP - Output vector of length K containing
control steps which are used to lo-
cate data in proper positions of vec-
tor X.

KOUNT - Working vector of length K.

Remarks:
Input data must be arranged in the following
manner. Consider the 3-variable analysis of
variance design, where one variable has 3levels
and the other two variables have 2 levels. The
data may be represented in the form X(I,J, K),
I=1,2,8 J=1,2 K=1,2. In arranging data,
the inner subscript, namely I, changes first.
When I=3, the next inner subscript, J, changes
and so on until I=3, J=2, and K=2,

]

-~

(R4

"



"

Subroutines and function subprograms required:
None.

Method:
The method is based on the technique discussed
by H. D. Hartley in '"Mathematical Methods for
Digital Computers', edited by A, Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter

20.
SUBRGUTINE AVDAT (KsLEVEL ¢NoKeLs ISTEP(KOUNT) AVDAY 1
DIMENSION LEVEL(L}¢X{1)oISTEPLL},KOUNT{1) AVDAT 2
4 CALCULATE TOTAL DATA AREA REQUIRED AvDaYT 3
MatEVFL{l)+1 AVDAT 4
00 105 122K AVDAT 5
105 M=Me(LEVEL{1)+1) AVDAT 6
c MOVE DATA TO THE UPPER PART OF THE ARRAY X AVDAY 7
4 FOR THE PURPOSE OF REARRANGEMENT AVDAT A
NlzM+] AVDAT 9
N2=N+1 AVDAT 10
DO 107 I=1,N AVDAT 11
N1=N1-1 AVDAT 12
NZ3N2-1 AVDAT 13
107 XIN1)=X1N2) AVDAY 16
c CALCULATE MULT IPLIFRS T BE USED IN FINDING STORAGE LUCATIONS AVDAT 15
4 FOR INPUT DATA AVDAT 16
ISTER(L)=] AVDAT 17
DO 110 [=2,K AVDAT 189
110 ISTER({1)=ISTEPLI-1)#{LEVELIT-11¢1) AVDAT 19
on LS I31,K AVDATY 20
115 KOUNTE])=] AVDAT 21
c SLACT DATA [N PROPER LNOCATIONS AVDAT 22
NL=N1-1 AVOAT 23
00 135 I=14N AVDAY 24
LaKOUNT (1} AVDAT 25
D0 120 J=22,K AVDAY 26
120 LsLeISTEP(JI#(KOINT(JI-1) AVDAT 27
Ni=Nlel AVDAT 28
XILYI=X{NL) AVDAY 29
NN 136 J=l,K AVDAT 30
IFIXOUNTEJD-LEVEL (J1) 124 125, 124 AVDAT 3t
174 KOUNTUJ)SKOUNTLD) o1 AVDAT 32
G0 TO 135 AVDAT 33
129 KDUNTEI) =L AVDAY 36
130 CONTINUE AVDAT 135
135 CONTINUF AVDAT 1354
RETURN AVDAT 37
END AVDAT 38

AVCAL

This subroutine performs the calculus for the gen-
eral k-factor experiment: operator Z and operator
A. An example is presented in terms of k=3 to il-
lustrate these operators.

Let x denote the experimental reading from
the ath level of factor A, the bth level of factor B,
and the ctP 1evel of factor C. The symbols A, B,
and C will also denote the number of levels for each
factor sothata=1, 2, ..., A;b=1, 2, ..., B;
ande=1, 2, ..., C.

With regard to the first factor A,

operator Z = sumoveralllevelsa=1, 2, ...,
a A, holding the other subscripts at
constant levels, and

operator % = multiply all items by A and sub-
tract the result ofg from all
items

In mathematical notations, these operators are de-
fined as follows:

A
Z Xabe = X.bc = Z Xabe @
a a=1
A Fape= A Xabe ~ X.bc @)

a

The operators £ and A will be applied sequentially
with regard to all factors A, B, and C. Upon the
completion of these operators, the storage array X
contains deviates to be used for analysis of variance
components in the subroutine MEANQ.

Subroutine AVCAL

Purpose:
Perform the calculus of a factorial experiment
using operator sigma and operator delta. This
subroutine is preceded by subroutine ADVAT
and followed by subroutine MEANQ in the per-
formance of analysis of variance for a complete
factorial design.
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Usage:
CALL AVCAL (K,LEVEL, X, L, ISTEP, LASTS)

Description of parameters:
K Number of variables (factors).
K must be greater than 1,

LEVEL - Input vector of length K containing
levels (categories) within each vari-
able,

X - Input vector containing data. Data
have been placed in vector X by sub-
routine AVDAT. The length of X is
(LEVEL(1)+ 1y*(LEVEL(2)+ 1)*. ..
*(LEVEL(K) + 1).

L - The position in vector X where the
last input data is located. L has
been calculated by subroutine
AVDAT.

ISTEP - Input vector of length K containing
storage control steps which have
been calculated by subroutine
AVDAT,

LASTS - Working vector of length K.

Remarks:
This subroutine must follow subroutine AVDAT.

Subroutines and function subprograms required:
None.

Method:
The method is based on the technique discussed
by H. O. Hartley in 'Mathematical Methods for
Digital Computers', edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

SUBRUUTINE AVCAL (K,LEVFL,XyLyISTEP,LASTS) AvCAL
DIMENSTON LEVELLL Do X(1), ESTEPLT),LASTSIL) AVCAL

c CALCULATE THE LAST DATA PASITION NF EACH FaCTN? AVCAL
LASTS(1)=L+1 AVCAL

DN 149 [a2,x AvCar

145 LASTSCD)=LASTSUI-1)+ISTEP(T} avca

c PERQF(IRM CAICULUS OF OPFRATION AVCAL

175 I=1,K AvraL
150 ES, =t AvCAL

LL=t AveaL 10
SUM=0.0 avoar 1
NNTLEVEL(T) AVCAL 12

AvCat 13
AVOAL 1o
AVCAL 15
AVLAL 16

w
VNP NS

FN=NN
INCRE=ISTEP(I}
LAST=tASTS(I)
c SIGMA BPERATIIN
155 DO 1A0 J=1,NN AVCAL 17
SUMaSUMeX{L) AVCAL 18
L=L¢INCRE AVCAL 19
K(LY=SUM AVCAL "
c NELTA NPERATIIN AvCaL 21
BN 165 J=1+NN AVCAL 22
X{LL)aFNSX{LL)=5)M AVCAL 23
145 LLSLL#INCRE AVCAL 74
SUM=20.0 AvCaL 2%
TF(L-LASTY 167, L 75, 175 AVCAL 25
167 IFIL~LAST#INCRE) t68, 169, LT3 AVCAL
16R L=L+INCRE AVCAL
LL=LL+INCRE Aveal
61 TN 185 Avrar 3e
177 L=LeINCRE#1-LAST AVIAL 41
LL=LLSINCRE#]-LAST AVCAL *
50 T2 155 aAvear 33
175 CONTINUE AVCAL

RETYRN AVCAL 135
ENY AVCAL 36

16!

>
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MEANQ

This subroutine performs the mean square operation
for the general k-factor experiment in the following
two steps:

1. Square each value of deviates for analysis of
variance stored in the array X (the result of the
operators T and A applied in the subroutine
AVCAI).

2. Add the squared value into summation

storage. In a three-factor experiment, for ex-
ample, the squared value is added into one of seven
storages (7 = 25 - 1) as shown in the first column of
Table 1. The symbols A, B, and C in the first col-
umn denote factor A, factor B, and factor C.

After the mean square operation is completed for
all values in the storage array X, the subroutine
forms sums of squares of analysis of variance by
dividing the totals of squared values by proper divi-
sors. These divisors for the three-factor experi-
ment mentioned above are shown in the second
column of Table 1. The symbols A, B, and C in the
second column denote the number of levels for each
factor.

The subroutine, then, forms mean squares by
dividing sums of squares by degrees of freedom.
The third column of the summary table shows the
degrees of freedom. The symbols A, B, and C de-
note the number of levels for each factor,

Designation of Store Divisor Required to Degrees of Freedom
and of Quantity Con- Form Sum of Squares Required to Form
tained in it of Analysis of Variance Mean Squares
(A2 ABC*A (A-1)
(B)? ABC'B (B-1)
(AB;z ABC-AB (A-1) (B-1)
(C) ABC-C (C-1)
(AC)2 ABC-AC (A-1) (C-1)
(BC)2 ABC*BC (B-1) (C-1)
(ABC)2 ABC: ABC (A-1) (B-1) (C~1)

Subroutine MEANQ

Purpose:
Compute sum of squares, degrees of freedom,
and mean square using the mean square opera-
tor. This subroutine normally follows calls to
AVDAT and AVCAL subroutines in the perform-
ance of analysis of variance for a complete fac~
torial design.

Usage:
CALL MEANQ (K, LEVEL, X, GMEAN, SUMSQ,
NDF, SMEAN, MSTEP, KOUNT, LASTS)




-

Description of parameters:

K

LEVEL

GMEAN

SUMSQ

NDF

SMEAN

MSTEP
KOUNT
LASTS

Remarks:
This subroutine must follow subroutine AVCAL.

Number of variables (factors).

K must be greater than 1.

Input vector of length K containing
levels (categories) within each vari-
able.

Input vector containing the result of
the sigma and delta operators. The
length of X is (LEVEL(1)+ 1)*
(LEVEL(2) + 1)*...*(LEVEL(K) + 1).
Output variable containing grand
mean,

Output vector containing sums of
squares, The length of SUMSQ is 2
to the K" power minus one,
(2**¥K)-1.

Output vector containing degrees of
freedom. The length of NDF is 2 to
the Kth power minus one, (2**K)-1.
Output vector containing mean
squares. The length of SMEAN is 2
to the KP power minus one, (2¥*K)-1.
Working vector of length K,
Working vector of length K.
Working vector of length K,

Subroutines and function subprograms required:

None.

Method:
The method is based on the technique discussed
by H. O, Hartley in '‘Mathematical Methods for
Digital Computers', edited by A, Ralston and

H. Wilf, John Wiley and Sons, 1962, Chapter 20,

nn

150

178

18!

[CI-Y

18

190
200

210
220
230
240
250
260

270

285

SUBROUTINE MEANQ (KsLSVF!  X9GMEANISUMSQ sNDF s SMEAN +MSTEP s KOUNT o MEANQ
1

1

LASTS) MEANG 2

DIMENSION LEVEL(1)9X{1)sSUMSQ(L}+NDF{1},sSMEANIL1)sMSTEP(1)}, MEANC 3
1 KOUNT(1)sLASTS(1) MEANG 4
CALCULATE TOTAL NUMBER OF DATA MEANG 5§
N=LEVEL{1) MEANQ &
DO 150 I=2sK MEANQ 7
N=N®LEVELIT) MEANG 8
SET uP CONTROL FOR MEAN SGUARE OPERATOR MEANG 9
LASTS(1)sLEVEL(]) MEANO 10
DO 17A I=24K MEANQ 11

LASTS(I)=LEVELIT}+1 MEANG 12

NN=1 MEANG 13

CLEAR THE AREA TO STORE SUMS OF SQUARES MEANG 14
Li=(2##K) =1 MEANQ 15
MSTEP{1)al MEANG 16
D0 180 1224k MEANG 17
MSTEP(1)aMSTEP{I=1)%2 MEANQ 18
Do 185 l=lsLi MEANQ 19
SUMSQ{1)e0,0 MEANG 20

PERFORM MEAN SOUARE OPERATOR MEANG 21
D0 190 I=1.k MEANQ 22
KOUNT(1)=0 MEANO 23
L=0 MEANG 24
DO 260 1s14K MEANG 25
IF(KOUNT(I)=LASTS{I)) 210, 250+ 210 MEANG 26
IF{L) 220+ 220+ 240 MEANQ 27
KOUNT {1} =KOUNT{1)+1 MEANG 28
IFIKOUNT (1)=LEVEL(1}) 230, 230, 250 MEANG 29
L=L+MSTEP{]) MEANG 30
GO TO 260 MEANQ 31
IF(XKOUNT(1)=LEVEL{1)) 2304 260+ 230 MEANQ 32
KQUNT(1)=0 MEANQ 33
CONTINUE ~ MEANQ 34
IF(L) 28%, 285 270 MEANG 35
SUMSQ{L)aSUMSOIL ) +X{NN) #X{NN} MEANG 36
NN=NN+1 MEANG 37
G0 TO 200 MEANG 38

CALCULATE THE GRAND MEAN MEANG 39
FN=N MEANG 40
GMEANaX (NN)/FN MEANQ 41

CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM OF SQUARES AND MEANG 42
DIVISORs WHICH 1§ EQUAL TO DEGREES OF FREEDOMy REQUIRED TO FORMMEANQ &3

310

320

330

=3

34/

34

il

b

36
350

360
370
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MEAN SQUARFS

DO 310 I=2.K
“STEPLI) B0
NNsO
MSTEP(1)=1
ND1wl

ND2=1

00 340 I=leK

IF(MSTEP(1)) 330s 340s 330

ND1=ND1#LEVEL(T)
ND2=NDZ#{LEVEL (1) =1)
CONTINUE

FN1=ND1

FN1aFN#FNL

FN2=ND2

NN=NN+1

SUMSQ{NN) »SUMSQINN) /FN]
NDF (NN) sND2

SMEAN INN) = SUMSQ (NN} 7FN2
IF(NN=LL) 345y 370» 370
NO 360 1=1eK
IF(MSTER(IN) 347+ 330
MSTEP(1)a0

Go TO 360

MSTEP(1)=1

GO 7O 320

CONT INUE

RETURN

END

MEANO
MEANQ

b
45
%6
u7
48
49
50
51
52
53

54
5%

MEANGMO1

MEANGMO2

MEANQ
MEANQ
MEANQ
MEANG
MEANQ
MEANO
MEANQ
MEANQ
MEANG
MEANQ
MEANQ
MEANG
MEANO
MEANG
MEANQ

In the Scientific Subroutine Package, discriminant

analysis is normally performed by calling the follow-
ing three subroutines in sequence:
1. DMATX - to compute means of variables in

each group and a pooled dispersion

matrix
2, MINV - to invert the pooled dispersion matrix
3. DISCR - to compute coefficients of discrimi-

nant functions and evaluate the func-

tions for each observation (individual)
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DMATX

This subroutine calculates means of variables in
each group and a pooled dispersion matrix for the
set of groups in a discriminant analysis.

For each growp k=1, 2, ..., g, the subroutine
calculates means and sums of cross-products of
deviations from means as follows:

Means:

X, =————
jk n (1)
where n = sample size in the b group

j=1, 2, ..., m are variables

Sum of cross-products of deviations from means:

K - -
S = {Sjl} - i T Cife "X @

15 2’

where j

2

The pooled dispersion matrix is calculated as fol-
lows:

ces, M

1,2, ..., m

g

2 %
_ k=1
g

2 TkE
k=1

where g = number of groups

D &)

Subroutine DMATX

Purpose:
Compute means of variables in each group and a
pooled dispersion matrix for all the groups.
Normally this subroutine is used in the perform-
ance of discriminant analysis.

Usage:
CALL DMATX (K,M,N,X,XBAR, D, CMEAN)

Description of parameters:
K - Number of groups.

38

M - Number of variables (must be the
same for all groups).

N - Input vector of length K containing
sample sizes of groups.

X - Input vector containing data in the

manner equivalent to a 3-dimensional
FORTRAN array, X(1,1,1),
X(2,1,1), X(3,1,1), ete. The first
subscript is case number, the sec-
ond subscript is variable number
and the third subscript is group
number. The length of vector X is
equal to the total number of data
points, T*M, where T = N(1)+ N(2)+
.o s *N(K).

XBAR -~ Output matrix (M by K) containing
means of variables in K groups.

D - Output matrix (M by M) confaining
pooled dispersion.

CMEAN - Working vector of length M.

Remarks:
The number of variables must be greater than
or equal to the number of groups.

Subroutines and function subprograms required:
None.

Method:
Refer to '"BMD Computer Programs Manual’,
edited by W. J. Dixon, UCLA, 1964, and T. W.
Anderson, 'Introduction to Multivariate Statis-
tical Analysis', John Wiley and Sons, 1958,
Section 6.6-6. 8.

SUBROUTINE OMATX {KsM,NyXy¢XBARyD,CMEAN) OMATX 1
DIMENSION N1}y X{ 1) eXBARIL),DI 1) CMEANTL) OMATX 2
LLELL LS DMATX 3
0O 100 I=1,4m DMATX &
100 P{I1=20.0 DMATX  §
CALCULATE MEANS OMATX &
Ne=0 DMATX 7
L=0 DMATX 8
LM=0 DMATX 9
00 160 NG=1,K DMATX 10
N1=NING) OMATX 11
FN=N]1 DMATX 12
0D 130 J=1,M NMATX 13
LM=LHe] DMATX 14
XBAR(LMI=0.0 DMATX 15
DO 120 I=1,N1 DMATX 16

L=le) DHATX 17
DMATX 1R
DMATX 19

120 XBAR(LMI=XBARILM) #X(L)
130 XBARILM}=XBARILM)/FN

CALCULATF SUMS OF CROSS~PRNDUCTS OF DEVIATIONS
LMEAN=L M=¥
DO 150 I=14N1
LL=N&+-N1
NO 140 J=1l.M
LL=LL#NL DMAYX 25
N2=LMFAN+S OMATX 26
CMEANIJ)=XILL)=XIARIN2} NMATX 27
LL=0 DMATX 28
00 150 J=1.M DMATX 29
00 150 JJ=l.M DMATX 30
LL=tL+l DMATX 31
150 DILLIaOLLL) +CHMFAN [JISCMEANTIS) DMATX 32
160 NesNoeNLleM

CALCULATE THE POOLED DISPERSION MATRIX

OMATX 20
DMATX 21
DMATX 22
BMATX 23
NMATX 24

14

)

DMATX 33
DMATX 34

LL==K OMATX 35
DO 170 I=1,K OMATX 38
170 LL=LLeNTT) OMATX 37
FN=LL NMATX 39

0O 180 Isl, MM DMATX 39
180 DUI¥=DLT1)/FN DMATX &N
RETURN DMATX &1
END DMATX 42




g

DISCR

This subroutine performs a discriminant analysis by
calculating a set of linear functions that serve as
indices for classifying an individual into one of K
groups.

For all groups combined, the following are ob-
tained:

Common means:

g w—
2 "k T
= k=1
X =—— 1
; z 1)
2 "k
k=1
where g = number of groups

j 1, 2, ..., m are variables

n, = sample size in the gt group
}_{jk = mean of jth variable in Kh group

Generalized Mahalanobis D2 statistics, V:

m m g
V= ZZ dj; E e ®ik - X;) (X - X;)
i=1 j=1 k=1 )
where d,, = the inverse element of the pooled dis-

persion matrix D

V can be used as chi-square (under assumption of
normality) with m(g-1) degrees of freedom to test
the hypothesis that the mean values are the same in
all the g groups for these m variables.

For each discriminant functionkx= 1, 2, ..., g,
the following statistics are calculated:

Coefficients:
m
Cike = Z 45 Fix @)
=1
where i=1, 2, ..., m
k = kx

Constant:

Cows = V2 35 X7 41 Fik Fix )
j=1 1=1
th . th :
For each i case in each k" group, the following

calculations are performed:
Discriminant functions:
m

fk*.= >

=1

Cik ¥k * Cokx ®)

where kx=1, 2, ..., g

Probability associated with largest discriminant
function:

P, = ’ ()

where fL = the value of the largest discriminant
function

L = the subscript of the largest discrimi-
nant function

Subroutine DISCR

Purpose:
Compute a set of linear functions which serve as
indices for classifying an individual into one of
several groups. Normally this subroutine is
used in the performance of discriminant analy-

sis.
Usage:
CALL DISCR (K, M, N, X, XBAR,D,CMEAN, V,
C,P,LG)
Description of parameters:
K - Number of groups. K must be
greater than 1.
M - Number of variables.
N - Input vector of length K containing
sample sizes of groups.
X - Input vector containing data in the

manner equivalentto a 3-dimensional
FORTRAN array, X(1,1,1),
X(2,1,1), X(3,1,1), etc. The first
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XBAR

CMEAN

LG

Remarks:
The number of variables must be greater than
or equal to the number of groups.

130

subseript is case number, the sec- c
ond subscript is variable number

and the third subscript is group

number. The length of vector X is

equal to the total number of data

points, T*M, where T = N(1)+ N(2)+

.o o TN(K).

Input matrix (M by K) containing

means of M variables in K groups.

Input matrix (M by M) containing the
inverse of pooled dispersion matrix.
Output vector of length M containing
common means.

Output variable containing general-~

ized Mahalanobis D-square.

Output matrix (M+ 1 by K) containing

the coefficients of discriminant
functions. The first position of 19
each column (function) contains the
value of the constant for that func-
tion.

Output vector containing the proba-
bility associated with the largest 20
discriminant functions of all cases

in all groups. Calculated results

are stored in the manner equivalent

to a 2-dimensional area (the first c
subscript is case number, and the
second subscript is group number). 230
Vector P has length equal to the 2
total number of cases, T (T = N(1)+
N(2) +...+N(K)).

Output vector containing the sub-
scripts of the largest discriminant
functions stored in vector P. The
length of vector LG is the same as
the length of vector P.

150

160

17

o

180

oo

-

210
220

=

250

260
210

Subroutines and function subprograms required:

None.

Method:
Refer to 'BMD Computer Programs Manual',

edited by W. J. Dixon, UCLA, 1964, and T. W.
Anderson,

10

3}

120 CHMEANCI)=CMEANTL) #+PLII*XBARIN])

40

0

o

tical Analysis’,

SURROUTINE DISCR (KsMyNgX¢XBAR,DsCMEAN,VoCoPol
DINENS [ON N(ll.x(ll-xBAR(ll.nll)-CNEAN(!).Cll)yPll)vLG(l)
CALCULATE COMMON MEANS

Ni=N(1)

DO 100 I=2,K
NL=N1+N{TI)
FNT=NL

DO 110 I=z],K
PLIN=NCT)

on 130 I=,M
CMEAN{ [)=0
NL=1-M

DO 120 J=1,K
Ni=N1+M

'Introduction to Multivariate Statis-

John Wiley and Sons, 1958,

DISCR
nisScr
DISCR
DISCR
DISCR
OISCR
DISCR
nISCrR
DESCR
DISCR
DISCR
nIsce
pisce
BISCR
DISCR

D ODNP DL W -

———
Ve W

o

CHEAN{ [ }=CMEANLI) /FNY
CALCULATE GENERALIZED MAHALANOBIS D SQUARE
L=0
BN 140 [=1.K
DO 140 J=lsM
Lal+l
CIL}=XBAR{L)-CMEAN{ )
V=0.0
L=0
0D 160 J=1sM
00 160 Isl,M
NI=I-H
N2=J~H
SUM=0.0
BD 150 IJ=1¢K
NL=Nl+eM
N2=N2+M
SUM=SUM+P{TJI*CINL1)*CIND)
L=sb+l
VaV+D{LI®SUM
CALCULATE THE COEFFICIENTS OF DISCRIMINANT FUNCTIONS
N2=O
0O 190 KA=14K
DO 170 I=1¢M
N22N2+1
PtI)=xBAR(N2)
IQ=(Mel)e{KA-1) o]
SUM=0,0
DO 180 J=]+M
N1=J=-M
DO LBO L=)eM
N1=NleM
SUM=SUMSDINLI*P{J}eP(L)
CLIQ)=-(SUN/2.01
on 190 I=1,M
Ni=[-M
1Q=1Q+1
€{1Q1=0.0
80 190 ROt
Ni=Nl+
C(lOl‘CIIQ)OD(NlI‘P(J)
FOR EACH CASE IN EACH GROUP, CALCULATE..
OISCRIMINANT FUNCTIONS
LBASE=D
N1=0
00 270 KG=1l4K
NN=NIKG)
DO 260 I=14NN
L=I-NN+LBASE
00 200 J=14M
L=L#NN
DtSlaxiL)
N220
D0 220 KA=1,K
N2=N2#+|
SUM=C(N2)
DO 210 J=1,M
N22N2+1
SUM=SUM#C (N2)*D{J)
XBARIKA}zSUM
THE LARGEST DISCRINMINANT FUNCTION
L=l
SUM=XBARLL}
00 240 J=2,K
IF(SUM-XBAR(JI) 230 240,
L=J
SUM=XBAR(J}
CONT INUE
PROBABILITY ASSDCIATED WITH THE LARGEST NISCRIMINANT FUNCTION
PL=0.D
BN 250 Jg=1,K
PL=PL+ EXP{XRAR{J)-SUM)
N1=N1+1
LGINL) =L
PI{NLI=1.0/PL
LBASE=LRASE+NN*N
RETURN
END

240

GISCR
DISCR
NISCR
DISCR
DIscR
o1sCR
DIscR
DISCR
D1SCR
DISCR
DISCR
BISCR
DISCR
DISCR
DISCR
DISCR
oisce
DISCR
orsce
DISCR
DISCR
DISCR
DISCR
DISCR
oisce
nisca
Disce
N1SCR
BESCR
DISCR
DISCR
D1SCR
nisce
DISCR
DISCR
DiscR
DISCR
0ISCR
ntscR
NISCR
DISCR
opIsce
RISCR
DISCR
nisce
DISCR
DIsSCR
OISCP
nIsSCR
DISCR
nisce
DISCR
DISCR
DISCR
DISCR
oISCR
oISCR
DISCR
OISCR
DISCR
DISCR
DISCe
DISCR
DISCR
oIsce
DISCR
plsce
nisce
DISCR
pIsce
22814
DISCR
DIsceR
DISCR
DIsCe
DISCR
orscR
DISCR
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Statistics ~ Factor Analysis

Factor analysis is a method of analyzing the inter-
correlations within a set of variables. It determines
whether the variance in the original set of variables
can be accounted for adequately by a smaller number
of basic categories, namely factors.

In the Scientific Subroutine Package, factor
analysis is normally performed by calling the fol-
lowing five subroutines in sequence:

1. CORRE - to find means, standard deviations,

and correlation matrix

2. EIGEN - to compute eigenvalues and associ-

ated eigenvectors of the correlation
matrix

3. TRACE - to select the eigenvalues that are

greater than or equal to the control
value specified by the user

4, LOAD - to compute a factor matrix

5. VARMX - to perform varimax rotation of the

factor matrix

The subroutine CORRE works in either of two
ways: (1) it expects all observations in core, or
(2) it triggers a user-provided input subroutine,
DATA, to read one observation at a time into a work
area. In either case, the user must provide a sub-
routine named DATA (see '"Subroutines Required' in
the description of subroutine CORRE).

TRACE

This subroutine finds k, the number of eigenvalues
that are greater than or equal to the value of a speci-
fied constant. The given eigenvalues A 10 A 9 eees
A, must be arranged in descending order.

Cumulative percentage for these k eigenvalues
are:

i

dj=z A 1)

i=1
where j = 1,2, ..., k
m = number of eigenvalues (or variables)
k<m

Subroutine TRACE

Purpose:
Compute cumulative percentage of eigenvalues
greater than or equal to a constant specified by
the user. This subroutine normally occurs in a
sequence of calls to subroutines CORRE, EIGEN,
TRACE, LOAD, and VARMX in the performance
of a factor analysis.

Usage:
CALL TRACE (M,R,CON, K, D)

Description of parameters:

M - Number of variables.

R - Input matrix (symmetric and stored in
compressed form with only upper tri-
angle by column in core) containing
eigenvalues in diagonal. Eigenvalues
are arranged in descending order. The
order of matrix R is M by M. Only
M* (M+1)/2 elements are in storage.
(Storage mode of 1.)

CON - A constant used to decide how many
eigenvalues to retain. Cumulative
percentage of eigenvalues which are
greater than or equal to this value is
calculated.

K - Output variable containing the number
of eigenvalues greater than or equal to
CON. (K is the number of factors.)

D - Output vector of length M containing
cumulative percentage of eigenvalues
which are greater than or equal to CON.
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Remarks:
None,

Subroutines and function subprograms required:

None.

Method:

Each eigenx}alue greater than or equal fo CON is
divided by M and the result is added to the pre-

vious total to obtain the cumulative percentage

for each eigenvalue.

SUBROUTINE TRACE [M3R,CON+K.0Y
DIMENSION R{1),DL 1)
FMaM

Ls0
DD 100 J=1.,4
Lutel
100 DUI)=R{L)
K=0
TEST WHETHER T-TH EIGENVALUE IS GREATER
THAN OR EQUAL TO THE CONSTANT
0O 110 I=1.H
IF{O(1)-CON) 120, 105, 105
105 K=K+l
110 DITI=DUI)/FM
c COMPUTE CUMULATIVE PERCENTAGE OF EIGENVALUES
120 DO 130 [=2.,K
130 D{I)=D{I)+DCE-L)
RETURN
END

oo
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TRACE
TRACE
TRACE
TRACE
TRACF
TRACE
TRACF
TRACE
TRALE
TRACF
TRACE
TRACE
TRACF
TRACE
TRACE
TRACF
TRACE
TRACE
TRACE

PR Ry N
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16
17
18
19

LOAD
This subroutine calculates the coefficients of each
factor by multiplying the elements of each normal~

ized eigenvector by the square root of the corre-
sponding eigenvalue.

a. = V.. - 1
1 ij N ¥ 1)
where i= 1, 2, ..., m are variables

i=1, 2, ..., k are eigenvalues retained
(see the subroutine TRACE)

k<m

Subroutine LOAD

Purpose:
Compute a factor matrix (loading) from eigen-
values and associated eigenvectors. This sub-~
routine normally occurs in a sequence of calls
to subroutines CORRE, EIGEN, TRACE, LOAD,
and VARMX in the performance of a factor
analysis.

Usage:
CALL LOAD (M, K,R,V)

Description of parameters:

M - Number of variables.

K - Number of factors.

R - A matrix (symmetric and stored in com~
pressed form with only upper triangle by
column in core) containing eigenvalues in
diagonal. Eigenvalues are arranged in
descending order, andfirstK eigenvalues
are used by this subroutine. The order
of matrix R is M by M. Only M*(M+1)/2
elements are in storage. (Storage mode
of 1.) ‘

V - When this subroutine is called, matrix V
(M by M) contains eigenvectors column-
wise. Upon returning to the calling pro-
gram, matrix V contains a factor matrix

(M by K).

Remarks:
None.

Subroutines and function subprograms required:
None.




Method:

Normalized eigenvectors are converted to the

factor pattern by multiplying the elements of
each vector by the square root of the corre-

sponding eigenvalue.

SUBROUTINE LDAD [M,K,R,V)
OIMENSTON RU1},v(1)
L=0
JJ=0
00 160 Jzl,.k
JI=Jdde s
150 5Q= SQRTIR(JI)D
DO 160 I=],M
L=L+]
160 VIL)I=SQeviL)
RETURN
END

LDan
Lnap
Lnan
LDAD
L0AD
LoAD
L0aAD
L0AD
Lnan
Lnan
LOAD
LRAD

P A L

1n
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VARMX

This subroutine performs orthogonal rotations on a
m by k factor matrix such that:

ko) 2]

] 1 1

is a maximum, wherei= 1, 2, ..., mare variables,
j=1,2, ..., kare factors, a;; is the loading for
the ith variable on the jth factor, and hiz is the com-

munality of the it variable defined below.

Communalities:

2 2

b= 20 2y @)
=1

wherei= 1,2, ..., m

Normalized factor matrix:

[ 2
bi]. = 8, / hy 3)

where i = 1,2, ..., m

j 1,2, ...,k

Variance for factor matrix:

2 {FE()

i

)]

1

(4)
where ¢ = 1, 2, ... (iteration cycle)
Convergence test:
¥V -V <107’ (5)
c c-1 ~

four successive times, the program stops rota-
tion and performs the equation (28). Otherwise,
the program repeats rotation of factors until the
convergence test is satisfied.

Rotation of two factors:
The subroutine rotates two normalized factors
(bij) at a time. 1 with 2, 1 with 3, ..., 1 with k,

2 with 3, ..., 2withk, ..., k-1 with k. This
constitutes one iteration cycle.
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Assume that x and y are factors to be rotated, (NUM + DEN) > ¢*, go to B3 below.
where x is the lower-numbered or left-hand factor,

the following notation for rotating these two factors (NUM + DEN) < ¢, skip to the next rotation.
is used:
— . — 7T * ¢ is a small tolerance factor.
X . X Y
1 N1 171 Bl: tan46 = [NUM|/|DEN | (8)
X X, Y
2 72 2 T2 If tan 40 < ¢ and
o ] [cos¢ -sin¢]= e 6) (i) DEN is positive, skip to the next
. . sin¢ cos¢ . . rotation.
. . - - $
(ii) DEN is negative, set cos¢ =
XV X Y sin¢ = (+/2)/2 and go to E below.
- _ L _ .
If tan4 8 2 e, cdlculate;
where x; and y; are presently available normalized
loadings and X; and Y;, the desired normalized S E
loadings, are functions of ¢, the angle of rotation. cos46=1 1+ tan 46 ®
The computational steps are as follows:
sind@ = fan4@ - cos4d (10)
A. Calculation of NUM and DEN:
and go to C below,
- ~ B2: ctn46 = |[NUM|/|DEN| (11)
A=ty &)
i : K ctnd8 < €, set cos48 = 0 and
sin44 = 1. Go to C below.
B=2 Y xy, If ctn4d > e, calculate: | ?
i 2
sin48 = 1/V1 + ctn” 46 (12)
C= Z [(xi+ vy & -y + 2%, yi] () cos4d = ctndf - sindd (13)
i
and go to C below.
[(Xi+ y,) (% -v;) - 2x yi] B3: Setcos4d = sindd = (+/2)/2 and go
to C below.
- - C. Determining cos 6 and sing:
D=43 &+ &-¥) %y,
i cos28 = /(1 + cosd8)/2 (14)
NUM = D - 2AB/m sin28 = sin46/2cos26 (15)
*
DEN=C-[(A+B) A-B)] /m cosf8 = /(1 + cos20)/2 (16)
B. Comparison of NUM and DEN: sin® = sin260/2cosé a7
The following four cases may arise: D. Determining cos ¢ and sine:
NUM < DEN, go to Bl below. D1: K DEN is positive, set
NUM > DEN, go to B2 below. cosd = cosd (18) ) '%
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C

sin¢ = sin 6 (19)
and go to (D2) below,

If DEN is negative, calculate

v V2o,
cos¢=——§-cosa+ -——E—smo (20)

sin¢ = —g-cose - —% sin § (21)

and go to (D2) below.

D2; I NUM is positive, set
cosé = |cos ¢| (22)
sin¢ = |si.n¢| (23)
and go to (E) below.

If NUM is negative, set

cosd = |cosd | (24)
sing = -| sine| (25)
E. Rotation:
Xi = X, cos ® + A gin¢ (26)
Yi = X, sin® + y; cos ¢ 27)

wherei=1, 2, ..., m

After one cycle of k(k - 1)/2 rotations is completed,
the subroutine goes back to calculate the variance
for the factor matrix (equation 4).

Denormalization:

= . 28
aij bij hi (28)

where i 1,2, ..., m

j=1,2 ca, k

Check on communalifies:

2 X 2
Final communalities fi = aij (29)
=1
R 2 2
- Difference di = hi - fi (30)

wherei=1, 2, ..., m

Subroutine VARMX

Purpose:
Perform orthogonal rotations of a factor matrix.
This subroutine normally dccurs in a sequence
of calls to subroutines CORRE, EIGEN, TRACE,
LOAD, VARMX in the performance of a factor
analysis.

Usage:
CALL VARMX (M, K,A,NC,TV,H,F,D)

Description of parameters:

M - Number of variables and number of rows
of matrix A,

K - Number of factors.

A - Input is the original factor matrix, and
output is the rotated factor matrix. The
order of matrix A is M by K.

NC - Output variable containing the number of
iteration cycles performed.

TV - Oufput vector containing the variance of
the factor matrix for each iteration cy-
cle. The variance prior to the first
iteration cycle is also calculated. This
means that NC+ 1 variances are stored
in vector TV. Maximum number of
iteration cycles allowed in this subrou-
tine is 50. Therefore, the length of
vector TV is 51.

H - Output vector of length M containing the
original communalities.

F - Output vector of length M containing the
final communalities.

D - Output vector of length M containing the

differences between the original and
final communalities.

Remarks:
If variance computfed after each iteration cycle
does not increase for four successive times,
the subroutine stops rotation.

Subroutines and function subprograms required:
None.

Method:
Kaijser's varimax rotation as described in
'Computer Program for Varimax Rotation in
Factor Analysis' by the same author, Educa-
tional and Psychological Measurement, Vol,
XIX, No. 3, 1959,
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SUBROUT INE VARMX (MyKyAsNC, TV, H,F DY
DIMENSION A{L),TVCL) HUL},FLL),001)

[ INITIALIZATIN

EPS=0.00116
TVLT=0.0
Li=x-1

NVa]

NC=0

FN=M

FFNzFNSFN
CONS=20.7071066

c CALCULATE DRIGINAL COMMUNALITIES

DD 110 I=1,M
HU1)=0.0
0f 110 J=1.K
Lametl=-1) ¢l
110 HOIy=HIT}+AfLI*AILY
CALCULATE NORMALIZED FACTOR MATRIX
00 120 I21,M
LI5S H{T}= SQRT{H(I)}
0N 129 J=1,K
LaMs(J=1)s1
120 A{L)=ALLIZHITY
GO 1D 132
CALCULATE VARLANCE FOR FACTIR MATRIX

[+
130 NV=NV+]

o

TVLTaTVINV-1)
132 TVINVI=0,0

00 150 J=1.K

AA=

B8=9,
LB=Me(J-1)
DO 140 f=1,M
L=LB+!
CC=alLl*a(L)
AA=AASCC
140 BB=BB+CCHCC
150 TVINVI=TVINV)+(FUSBB-AA®AA)} 7FFN
IFINV-=51) 150, 430, 430
PERFORM CONVERGENCE TEST
160 IFLITVINVI=TVLTI-(1.E~T)) 170, 170, 190
170 NC=NC+L ‘
IFINC-3) 190, 190, 430
ROTATION OF T40 FACTORS CONTINUES LP TO
THE STATEMENT 120.
190 D0 420 J=1sLL
Li=M*td~1)
Tl=ge1
CALCULATE NUM AND DEN
N0 420 K1=1l.K
L2=M%(K1~1)
AA=D.0
86=0,0
€C=0.0
00=0.0
DU 230 I=k.M
L3=L1+f
LasL2el
U=TA(LI)SALLA) 1H ALL3)~A(L4)}
(L3)*%A(L4)
T=T+T
CC=CCH{UsTI®(U-T)
DU=0D+2.,0%y* T
AdzAdeY
230 BB=8B+T
T2DD-2.0%4A%BB/FY
B2CC-1 AASAA-BR#A3 } /FN

4 COMPARISON fIF NUM AND DEN

1IF{T-B} 280, 240, 320
240 IF{{T+B)-EPS) 422, 250, 250
NUM ¢ DEN.TS 3REATER THAN DR EQUAL TO THE
TOLERANCE FACTOR
250 CNS4T=CONS
SIN4T=CONS
GO o 350
NUM TS LESS THAN DFN

4
280 TAN4T= ABS{TI/ A3S(R)

IF{FANGT-EPS) 300, 290, 290
290 £0S4T=1.0/ SQRT{1 .0+TANGTSTANGT)
SINGT=TAN4T*LOS4T
GO TO 350
300 IF(B) 310, 420, 420
310 SINP=CONS
CNSP=CONS
GO TO «00
NUM IS GREATER THAN DEN

4
320 CTN4T= ABSIT/B)

IFICTNGT-EPS) 347, 330, 330
330 SIN4T=1.0/ SQRT(1 O+CTN4TECTNGT)
COS4T=CTNGTSENGT
GO 7O 350
340 CNS4T=0.0
SIN&T=1.0
DETERMINE CNS THETA AND SIN THETA
350 C0S2T= SQRTII1.0¢COS4TFI/2.0)
SIN2T=5IN4T/(2.05C0S2T)
355 COST= SORT{{1.0+205271/2,0}
STINT=SIN2T/{2.0%205T)

4 DETERMINE COS PHE AND SIN PH!

IF(A) 370, 370, 360
360 COSP=CNST

SENP=SINT

G0 TD 380
370 COSP=CUNS®COST+CINSSINT
375 SINP= ABSICONS*CIST-CONSSSINTI
380 [FUT) 390, 390, 400

L 290 SINGRELNN movarron

400 DO 410 Ial4H
L3xLiel
Le=L2¢]
AA=A(L31SCOSPHALL 4) #SINP
AfL&)a—ALL3)SSIN? ¢A[LSISCOSP
410 A(L3)=AA
%20 CONTINUE
60 TO 130
c OENORMALIZE VARIMAX LOADINGS
430 0D 440 I=1,M
B0 440 Ja1,K
L=Me(y=1)41
440 A(LI=ALL)®HLT)
4 CHECK ON COMMJNALITIES
NC=NV~1
DO 450 I=1,4
450 HITY=HET)I®H(T)
DO 470 [=],M
Ftir=0.0
DC 460 J=1,K
LaMe(y-1)s1
460 FIIIaFLT)earL)®A(L)
470 DIV =H(TI-F(I}
RETURN
END
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Statistics - Time Series

AUTO

This subroutine calculates the autocovariances for
lags 0, 1, 2, ..., (L-1), given a time series of

observations Al, Ag, vee, An and a number L.,

1 n-j+1
Rj = el (Ai - AVER) (Ai+j—1
i=1
;] &
i AVER = —
where R - Z Ai

=]
Il

i=1

number of observations in time
series A,

1
0, s eaes (L-1).

Subroutine AUTO

Purpose:

To find autocovariances of series A for lags 0 to

L-1.

Usage:

CALL AUTO (A,N, L,R)

Description of parameters:

A - Input vector of length N containing the
time series whose autocovariance is de-

N -
L
R -

Remarks:

The length of R is different from the length of A.
N must be greater than L. Otherwise, R(1) is

sired.

Length of the vector A,

- Autocovariance is calculated for lags of 0,

1, 2,..., L-1.

Output vector of length L containing auto-

covariances of series A.

set to zero and this routine exits.

Subroutines and function subprograms required:

None.

Method:

The method described by R, B. Blackman and
J. W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York,

1959.

- AVER) (1)

, 2, 3, .., L represent time lags
1, 2

™

A

k]

-—




v - - -

SUBROUTINE AUTO [AsNsLsR}
DIMENSION Af1)sR{1}
< CALCULATE AVERAGE OF TIME SERIES A
AVER=0e0
IF(N=L) 504505100

50 R{1)=0e0
> RETURN
v 100 DO 110 1alsN
110 AVERSAVER+A(D)

A FReN
AVERWAVER/FN

< CALCULATE AUTOCOVARIANCES
DO 130 Jsisl
NJuN=J+]
SUM=0.0
DO 120 I=1sNJ
1Jel4g=1
SUMsSUMa (A(T)~AVERI#{A(TJ}=AVER)
FNJeNJ
RUJ)=SUM/FNJ
RETURN

12

o

13

-]

END

AUTO 1
AUTO 2
AUTO 3
AUTO 4
AUTO MO1
AUTO MO2
AUTO MO3
AUTO MO&
AUTO 6
AUTO 7
AUTO 8
AUTO 11
AUTO 12
AUTO 13
AUTO 14
AUTO 15
AUTO 16
AUTO MOS
AUTO 18
AUTO MO6
AUTO 20
AUTO 21

CROSS

This subroutine calculates the crosscovariances of
series B lagging and leading A, given two time
series Aq, Ag, ..., A, and B, By, ..., B, and
given a number L.

(a) B lags A:

n~-j+1
_ 1
(e 2 ; (Aj - AVERA) (Bj+j-1 - AVERB)
i=1
1
(b) B leads A:
n-j+1 @
1
i Ralere Z (Aj+j-1 - AVERA) (Bj - AVERB)
i=1
1 n
h = =
where AVERA = Z Ai
i=1
AVERB

1
B~
-Mh
5

Yt
Il
[ay

n = number of observations in each
series.

j=1,2, ..., Lrepresent time lags
(or leads)of 0, 1, 2, ..., (L-1).

Subroutine CROSS

Purpose:
To find the crosscovariances of series A with
series B (which leads and lags A).

Usage:
CALL CROSS (A,B,N,L,R,S)

Description of parameters:
A - Imput vector of length N containing first

time series.
- Input vector of length N containing second
time series.
Length of series A and B.
- Crosscovariance is calculated for lags and
' leadsof 0, 1, 2,..., L-1.

-2z u
]
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R - Output vector of length L containing cross-
covariances of A with B, where B lags A.

S - Output vector of length L containing cross-
covariances of A with B, where B leads A.

Remarks:
N must be greater than L. If not, R(1) and S(1)
are set to zero and this routine exits.

Subroutines and function subprograms required:
None.

Method:
The method is described by R. B, Blackman
and J. W, Tukey in The Measurement of Power
Spectra, Dover Publications, Inc., New York,

1959,

SUBROUTINE CROSS {AsBsNsLeR#S) CROSS 1
DIMENSION A(11sB(1)sR(1)45(1) CROSS 2

[ CALCULATE AVERAGES OF SERIES A AND B CROSS 3
FNsN CROSS 4
AVERA=040 CROSS 5
AVERB=0,0 CROSS &
IFIN=L150+50+100 CROSSMO1

60 R(1190.0 CROSSMO2
5(1)=040 CROSSMO3
RETURN CROSSMO4
100 0O 110 I=lsN CROSSMO5
AVFRA=AVERA+A(]) CROSS 8
110 AVERB=AVERB+B(I) CROSS 9
AVERA=AVERA/FN CROSS 10
AVERB=AVERB/FN CROSS 11

< CALCULATE CROSSCOVARIANCES OF SERIES A AND B CROSS 14
DO 130 Juisl CROSS 15
NJsN=J+1 CROSS 16
SUMR=0.0 CROSS 17
SUMSa040 CROSS 18

DO 120 Is1sNJ CROSS 19
1Jsl+e =] CROSS 20
SUMR=SUMR+(A{1)~AVERA)*{3{]J)=AVERB) CROSSMO6

120 SUMS=aSUMS+(A(1J)=AVFRAY#(B(]1)-AVERB} CROSSMOT
FNJ=NJ CROSS 23
R{J)=SUMR/FNJ CROSSMO8
130 S{J)=SUMS/FNJ CROSSMO9
RETURN CROSS 26
END CROSS 27
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SMO

This subroutine calculates the smoothed or filtered
series, given a time series Al, Ag, ..., An, a se-
lection integer L, and a weighting series Wl, Wo,

caes W

m
R, = A W, 1
i E p ] @
=1
where p=j * L -L+ k

k=i-IL+ 1

i= ILtoIH
IL = —L(n;_l) + 1 @)
IH=n - % (3)

L = a given selection integer. Forexample,
L = 4 applies weights to every 4th jtem
of the time series.

number of weights., Must be an odd

integer. (If m is an even integer, any
fraction resulting from the calculation
of 5‘1’;—'11 in (2) and (3) above will be

truncated.
n = number of items in the time series.

From IL to IH elements of the vector R are filled
with the smoothed series and other elements with
Zeros.

Subroutine SMO

Purpose:
To smooth or filter series A by weights W,

Usage:
CALL SMO (A,N,W,M, L, R)

Description of parameters:
A - Input vector of length N containing time
series data.
N - Length of series A,
W - Input vector of length M containing weights.

-
o
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M - Number of items in weight vector, M
must be an odd integer. (If M is an even
integer, any fraction resulting from the
calculation of (L*(M-1))/2 in (1) and (2)
below will be truncated. )

L - Selection integer. For example, L=12
means that weights are applied to every
12tk item of A, L=1 applies weights to
successive items of A, For monthly data,
L=12 gives year-fo-year averages and
I=1 gives month-to-month averages.

R - Oufput vector of length N. From IL to IH
elements of the vector R are filled with the
smoothed series and other elements with
zero, where

IL=(L*(M-1))/2+1 ceivvvenes (1)
TH=N-(L*M-1))/2 cevveeeses (2)

Remarks:
N must be greater than or equal to the product of
L*M.

Subroutines and function subprograms required:
None.

Method:
Refer to the article 'FORTRAN Subroutines for
Time Series Analysis', by J. R, Healy and B, P,
Bogert, Communications of ACM, V,6, No. 1,
Jan., 1963.

SUBROUTINE SMO {A)NaWeMyLoR) SHMO
UIMENSTON ALL1},Wl1).REL) SMN

[ INITIALTZATION SMOD
DO -110 f=1.8 SMO

110 R(1)=0.0 SHO
IL=(L*(M-111/2¢] SMD
IH=N-(L*(M-101/72 sMn

c SMDOTH SERIES A BY WEIGHTS W SHO
00 120 I=IL,IH SMo
KzI-1Le1 SNO 10

00 120 J=1.M SMO 11
[P=J%L)-LeK SMO 12

120 R{I1=R(I}+ALIPI® D) SM0 13
RETURN SMD 14

END SMO 15

ODNC NP W N -

EXSMO

This subroutine calculates a smoothed series 51,
S9, vee, SNX’ given time series Xl, Xgs +eer XNX
and a smoothing constant «. Also, at the end of the
computation, the coefficients A, B, and C are given
for the expression A + B(T) + C(T)2/2. This ex-
pression can be used to find estimates of the smoothed
series a given number of time periods, T, ahead.

The subroutine has the following two stages for
i=1, 2, ..., NX, starting with A, B, and C either
given by the user or provided automatically by the
subroutine (see below).

(@) Find S; for one period ahead
Si=A+B+.5C 1)

(b) Update coefficients A, B, and C

A=X+ (1-0:)3 ®; - X)) (2)
B=B+C-1.5(a2)(2—a)(Si-Xi) @)
C=C-(d)@-X) 4)

where a = smoothing constant specified by the user
(0,0 < @ <1,0).

If coefficients A, B, and C are not all zero (0. 0),
take given values as initial values. However, if
A=B= C= 0,0, generate initial values of A, B,
and C as follows:

C =X -2X,+X, (5)
B = Xz-xl-l.sc (6)
A= X, -B -0.5C (7

Subroutine EXSMO

Purpose:
To find the friple exponential smoothed series S
of the given series X.

Usage:
CALL EXSMO (X,NX,AL,A,B,C,S)

Description of parameters:
X - Input vector of length NX containing
time series data which is to be ex-~
ponentially smoothed.
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NX - The number of elements in X,
Smoothing constant alpha. AL must
be greater than zero and less than
one,

A,B,C - Coefficients of the prediction equa-
tion where S is predicted T periods
hence by

A + B*T + C*T*T/2.

As input: K A=B=C=0, program
will provide initial values.
Ifatleastone of A, B, C is
not zero, program will
take given values as initial
values.

As output: A, B,C, containlatest, up-
dated coefficients of pre-
diction.

S - Output vector of length NX contain~
ing triple exponentially smoothed
time series.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Refer to R. G. Brown, 'Smoothing, Forecasting
and Prediction of Discrete Time Series?,
Prentice-Hall, N.J., 1963, pp. 140 to 144.

SUBROUTINE EXSMO (XsNXeALsAsBsCeS) EXSMU 1
ODIMENSION Xt1}sSt1t EXSMO 2

IF A=B=C=040y GENERATE INITIAL VALUES OF As Be AND C EXSMO 3

IFEA) 140s 110 140 EXSMU 4

110 IF(B) 140 120 140 EXSMO 5
120 IF(C} 1404+ 130,y 140 EXSMO &
130 L1=1 EXSMOMOL
L2=2 EXSMOMO2
L3s=3 EXSMOMG3

CoX{L1Y=2+0%X(L2)+X(L3}
BeX(L2}=XI[L1)=1¢5%C
AsX{L1)=B=0e5%C
140 BE®1s0=AL
BECUB=BE#BE*BE
ALCUB=ALBAL®AL
DO THE FOLLOWING FOR [=} TO NX
DO 150 I=1eNX
FIND S(1} FOR ONE PERIOD AHEAD
S{112A+B+045%C
UPDATE COEFFICIENTS As Bs AND C
DIF=SI1)=X{1}
A=X{1)+BECUB®DIF
BsB+C=] o5#ALRAL#(2.0~AL)*DIF
C=C~ALCUB#DIF
RETURN EXSMU 22
END EXSMO 23

EXSMUMO4
EXSMOMOS5
EXSMOMO6
EXSMO 10
EXSMO 11
EXSMU 12
EXSMO 13
EX5MO0 14
EXSM0 15
EXSMO 16
EXSMO 17
EXSMO 18
EXSMO 19
EXSMO 20

15 EXSMO 21

o
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CHISQ
This subroutine calculates degrees of freedom and
chi-square for a given contingency table A of ob-
served frequencies with n rows (conditions) and m
columns (groups). The degrees of freedom are:

df. = m-1) (m-1) @)
If one or more cells have an expected value of less

than 1, chi-square is computed and the error code
is set to 1.

The following totals are computed:

m

T s i=

i ZAij,l 1, 2, ...
=1

» 1 (row totals) (2)

n
T = =
j Z A1]’] 1, 2, ..., m (column totals)
i=1 ®)
n .
GT = Z T; (grand total) “)
i=1

Chi-square is obtained for two cases:

(a) for 2 x 2 table:

A A _-A__A
GT(| 11 722 12 721

_91)2
2

2
> (11t A1) Ag F AN A 1+ Ay A p+A)))
)
(b) for other contingency tables:
A -E_ )2
x* = (% —— ®)
i=1 j=1 4
where E,. = TiTj
ij = GT
i=1, 2, ,
j=1,2, ..., m

1L

)



Subroutine CHISQ

Purpose:

Compute chi-square from a contingency table,

Usage:

CALL CHISQ(A, N, M, CS, NDF, IERR, TR, TC)

Description of parameters:

A - Imput matrix, N by M, containing con-
tingency table.

N - Number of rows in A.

M - Number of columns in A,

CSs - Chi-square (output).

NDF - Number of degrees of freedom (output).

IERR - Error code (output):

0 - Normal case.

1 - Expected value less than 1.0

in one or more cells.

3 - Number of degrees of freedom

is zero.
TR - Work vector of length N.
TC - Work vector of length M.

Remarks:

Chi-square is set to zero if either N or M is one

(error code 3).

Subroutines and function subprograms required:

None.

Method:

Described in S. Siegel, 'Nonparametric Statis-

tics for the Behavioral Sciences', McGraw-Hill,

New York, 1956, Chapter 6 and Chapter 8.

SUBROUTINE CHISGLAWNSMsCSINDFoIERRITReTC)
DIMENSION A(l)sTRELI#TCID)
NMaN#M
1ERR=Q
€5=0+0
FIND DEGREES OF FREEDOM
NDF® (Nwl}e#(N=1)
IFINDF) 545010
% IERR=3
RETURN
COMPUTE TOTALS OF ROWS
10 DO 90 I=1sN
TR{112040
lysl=N
DO 90 J=lwM
lJeldeN
90 TRIIIsTRIII*ALLI)
COMPUTE TOTALS OF COLUMNS
tJ=0
00 100 JelM
TCLJI1=0e0
0O 100 I=leN
1deldel

100 TC(JIaTClII*ALTIIY
<

COMPUTE GRAND TOTAL
GT=040
DO 110 lelsN

110 GT=GT+TRIL}
<

COMPUTE CHI SQUARE FOR 2 BY 2 TABLE (SPECIAL CASE)
IFINM=4) 13041204130

Laud

CS=GTR(ABSIAILLI#ALLAI=ALILZ)%AILD) 1=GT/240)##2/{TCILLIETCIL2Y
1eTRILLI®TRIL2))

RETURN

cHIsQ
CHISQ
CHISQ
CHISO
CHISO
cHise
CHISQ
CHise
CHisa
CHIsQ
Crise

V® NG W N

10
25

CHISAMOL

CHI5Q
CHIsQ
CHISQ
CHISQ
CHISQ
CHISQ
CHISQ
CHisQ
CHISU
CHISQ
CHISA
CHISQ
CHISQ
CHISQ
CHISQ
CHisQ
CHISQ
CHISQ

217
28
29

L13

CHISQMO4
CHISOMOS
CHISQMO6
CHISAMOT
CHISQMO8
CHISOMO9

CHISG

“7

4
130 ly=0

COMPUTE CHI SQUARE FOR OTHER CONTINGENCY TABLES

DO 140 J=1wM
50 140 IsloN
Tux1g+]
E=TR{II®TC(JI/GT
I€{E=140) 1354 1404 140
135 IERR=1
140 CSuCSHIALTINI=EIN{A{III=E)/E
RETURN
END

CHISQ
CHlSQ
CH1SQ
CHISQ
CHIsa
CHISQ

8
“9
50
51
52
53

CH150MO02

CHISQMO3

CHIsC
CHISQ
CHISQ
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UTEST

This subroutine tests whether two independent groups
are from the same population by means of the Mann-
Whitney U-test, given an input vector A with smaller
group preceding larger group. The scores for both
groups are ranked together in ascending order. Tied
observations are assigned the average of the tied
ranks.

The sum of ranks in the larger group, R2, is cal-
.culated. The U statistic is then computed as follows:

n, (n2 + 1)
U = nl n2 +-—-——2—— R2 (1)
where n, = number of cases in smaller group
n, = number of cases in larger group
= - 1
U n1 n2 U
fU'<U, setU = U )

A correction factor for ties is obtained:

t3 -t
T = 2 12 C)
where t = number of observations tied for a given
rank

The standard deviation is computed for two cases:

(@) fT=0
n. n (n +n2+ 1)
S=J12 112 )
() i T>0

_ 8% (8 -n )
5= \/(N(N—l)) ( 1z ] ©)

where N = total number of cases (n1 + nz)

The significance of U is then tested;

U -X
Z == (6)

nln

2

where X = mean =

Z is set to zero if n2 is less than 20.
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Subroutine UTEST

Purpose:
Test whether two independent groups are from
the same population by means of Mann-Whitney
U-test.

Usage:
CALL UTEST(A,R,N1,N2,U, Z)

Description of parameters:

A - Input vector of cases consisting of two
independent groups. Smaller group pre-
cedes larger group. Length is N1+N2,

R - Output vector of ranks. Smallest value
is ranked 1, largest is ranked N. Ties
are assigned average of tied ranks.
Length is N1+N2.

N1 - Number of cases in smaller group.

N2 - Number of cases in larger group.

U - Statistic used to test homogeneity of the
two groups (output).

Z - Measure of significance of U in terms of

normal distribution (output).

Remarks:
Z is set to zero if N2 is less than 20.

Subroutines and function subprograms required:
RANK
TIE

Method; .
Described in S. Siegel, 'Nonparametric Statis-
tics for the Behavioral Sciences!, McGraw-Hill,
New York, 1956, Chapter 6.

SUBROUTINE UTFSTLAWR,NLoN2,UsZ) UTEST 1
OIMENSION Al1),R(1) UTEST 2

c RANK SCORES FRNM BOTH GROUP TOGETHER IN ASCENNING ORDER, AND UTEST 3
c ASSIGN TIED DBSERVATIONS AVERAGE DF TIFD RANKS UTEST &
N=N1eN2 UTEST S

CALL RANK{AsR,N) UTEST &
1=0.0 UTEST 7

4 SUM RANKS IN L ARGFR GRAUP UTEST 8
R2=0,.0 UTEST ¢
NP=N1+1 UTESY 10

00 10 [=NP,N UTEST 11

10 R2=R24R (1} UTEST 12

c CALCULAYE U UTEST 113
ENX=N18N2 UTESY L4

FNaN UTEST 1S
FN2=N2 UTEST 16
UP=FNX+FN2* [ (FN2¢1,0)/2.0}-R? UTEST 17
UsFNX~UP UTFST 18
IFtuP-u) 20,30,3) UTEST 19

20 U=up UTEST 29

[ TESY FOR N2 LESS THAN 20 UTFST 21
30 IFIN2-20) B0,40,40 UTEST 22

C COMPUTE STANDARD DEVIAYION UTFST 23
40 KT=) UTEST 24
CALL TIF{RyNyKT,TS) UTEST 2%
TELTS) 50,6050 UTEST 26

50 S=SORT{{FNX/(FNS{FN~1.0)) )% { {{ FNOFNSFN=FN]I/12.0)-75)) UTEST 27

60 10 7C UTESY 28

60 S=SQRY(FNX®{FN+1.01/12.0) UTFST 29

c COMPUTE 2 UTEST 30
70 2s{U-FNX®0.5)/S UTFST 31

80 RETURN UTEST 32
END UTEST 33

%]
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TWOAV SUBROUTINE TWOAV (A,R¢NyMiWeXRoNDF4NR) TWRAY

BAFPRFAINTOIINI NS W=

DIMENSION AL11.,R{1),W(1) THOAV

c DETERMINE WHETHER DATA IS RANKED TWOAV

IF{NR-1) 10, 30, 1O TWOAY

This subroutine determines the Friedman two-way cé g:u:lgsr:A:‘: EACH GROUP AND ASSIGN TIED ORSERVATIONS AVERAGE ;:g:z
analysis of variance statistic, given a matrix A with 1 ‘:’Ezfxgu""" EEE‘E%
n rows (groups) and m columns (cases). Data in P13 et Toav
each group is ranked from 1 to m. Tied observations b e e 1) o) Tuoay
are assigned the average of the tied ranks. ‘.’Lzﬂ.f"" EEEEZ
The sum of ranks is calculated: SRHET iy

30 NM=N#M TWOAV
00 32 I=1,NM THOAV 20
32 R{I)=AL) Twoav 21
n [4 CALCULATE SUM OF SQUARES NF SUMS OF RANKS THDAY 22
35 RTSQ=0.0 TWnav 23
R. = A 1) tR=0 THNAV 24
i lj 00 50 J=l,M THnav 25
RT=0,0 TWOAY 26
i=1 DO 40 =1,N TXDAY 27
— 1R=[R¢1 TWNAY 28
40 RT=RTR(IR} T™OAY 29
50 RTSQ=RTSQ4RTERT TWOAY 30
. .. c CALCULATE FRISDMAN TEST VALUE, XR THDAY
Friedman's statistic is then computed: EM=Ns (M 1) THORY 12
XR=(12.0/ L FMSFNM) } $RTSQ=3 . 0*FNM THnAY
[4 FIND DEGREES JF FREEDOM THRAY 35
NDF=M-1 THNAV 36
2 192 m 2 RETURN TWOAY 17
END TWNAV 3R
x5 = ®R.)" - Sn(m+ 1) )
r nm(mt+1l) j

=1
The degrees of freedom are:

df=m-1 (3)

Subroutine TWOAV

Purpose;
Test whether a number of samples are from the
same population by the Friedman two-way
analysis of variance test.

Usage:
CALL TWOAV(A,R,N, M, W, XR,NDF, NR)

Description of parameters:

A - Input matrix, N by M, of original data.
R - Output matrix, N by M, of ranked data.
N - Number of groups.

M - Number of cases in each group.

w ~ Work area of length 2*M.

XR - Friedman statistic (output).

NDF - Number of degrees of freedom (output).
NR - Code: 0 for unranked data in A; 1 for

ranked data in A (input).

Remarks:
None.

Subroutines and function subprograms required:;
Rank.

Method:
Described in S. Siegel, '"Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 7.
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QTEST

This subroutine determines the Cochran Q-test
statistic, given a matrix A of dichotomous data with
n rows (sets) and m columns (groups).

Row and column totals are calculated;

(row totals) 1)

~
n
T M 5

wherei= 1,2, ..., n

Q
I

n
Z Aij (column totals) (2)
i=1

wherej=1,2, ..., m

The Cochran Q statistic is computed:

m 9 m 2
m-1 m G, - G,
(1) gm0 G- 2.6
j=1 j=1
Q= ]n n : ®)
ILED IR
i=1 i=1
The degrees of freedom are:
df=m-1 (4)

Subroutine QTEST

Purpose:
Test whether three or more matched groups of
dichotomous data differ significantly by the
Cochran Q-test.

Usage:
CALL QTEST(A, N, M, Q, NDF)

Description of parameters:
A - Input matrix, N by M, of dichotomous
data (0 and 1).
N -~ Number of sets in each group.
M - Number of groups.

Q - Cochran Q statistic (output).
NDF - Number of degrees of freedom (output).
Remarks:

M must be three or greater.

54

Subroutines and function subprograms required:
None,

Method:
Described in S. Siegel,
tics for the Behavioral Sciences!',
New York, 1956, Chapter 7.

SUBROUTINE QTEST{A,N¢M,Q,NDF} QTEST
DIMENSION Al1) QVESY

C COMPUTE SUM OF SQUARES OF ROW TOTALS, RSQ, AND GRAND TOTAL AF QTVEST
4 ALL ELEMENTS, GD OTEST
kSQ=0,0 QUEST
GD=0,0 QVEST

D0 20 1=1,N QTEST
TR=20.0 OTEST
Ti=l-N QVEST

00 10 Jsl4M QTEST
[J=1JeN QTEST

10 TR=TR¢A(1J} QYEST
GO=GO+TR QVEST

20 RSQTRSQ+TRETR QYEST

c COMPUTE SUM CF SQUARES OF COLUMN TNTALS, CSQ QTEST
CSQ=0,.0 QVEST

14=0 QVESY

B0 40 J=1,M QTESY
TC=0.0 QTEST

0D 30 I=t.N NTEST
1421441 QTUEST

30 TC=TCsA(1J) QTEST

40 CSQaCSQeTC*TC QVFSY

c COMPUTE COCHRAN Q TEST VALUE QVEST
FMaN QTEST
Qa{FM-1.0)*(FN*C5 Q-GD*GD?Y /I FM*GD~R5Q} QTEST

[ FIND DEGREES OF FREEDOM QTEST
NDF=M-1 QVEST
RETURN QTEST

END QTESY

'"Nonparametric Statis-
McGraw-Hill,

~



SRANK

This subroutine measures the correlation between
two variables by means of the Spearman rank
correlation coefficient, given two vectors of n
observations for the variables.

The observations on each variable are ranked
from 1 to n. Tied observations are assigned the
average of the tied ranks.

The sum of squares of rank differences is calcu-
lated:

- 2
D= Z @, - B) 149)
i=1

where Ai = first ranked vector

B.
i

second ranked vector
n = number of ranks

A correction factor for ties is obtained:

3
Ta=2t12t

over variable A

@)

t -t .
Tb = E 12 over variable B

where t = number of observations tied for a given
rank

The Spearman rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,
6D
L 1 - 3 3)
n -n
b) if Ta and/or Tb are not zero,
rs _X+Y-D @)
2 \/XY
=4 -0
where X = 12 Ta 6))
n -n
Y = 1z Tb (6)

The statistic used to measure the significance of rg is:

n-2

t=1r I )
s 1- 2
s

The degrees of freedom are:

df. =n-2 (8)

Subroutine SRANK

Purpose:
Test correlation between two variables by means
of Spearman rank correlation coefficient.

Usage:
CALL SRANK(A, B, R, N, RS, T, NDF, NR)

Description of parameters:

A - Input vector of N observations for first
variable.

B - Input vector of N observations for sec-
ond variable.

R - Output vector for ranked data, length is

2*N. Smallest observation is ranked 1,
largest is ranked N, Ties are assigned
average of tied ranks.

N ~ Number of observations.

RS - Spearman rank correlation coefficient
(output).

T - Test of significance of RS (output).

NDF - Number of degrees of freedom (output).

NR - Code: 0 for unranked data in A and B;

1 for ranked data in A and B (input).

Remarks:
T is set to zero if N is less than ten.

Subroutines and function subprograms required:
RANK
TIE

Method;
Described in S. Siegel, 'Nonparametric Statis-
ties for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 9.

SUBROUTINE SRANK{A»BsRsNsRSsTNDF sNR). SRANK 1
DIMENSION A{114B(1)eRI1) SRANK 2

D=N SRANKMO1
FNNN=D#D*D=D SRANKMO2

4 DETERMINE WHETHER DATA 15 RANKED SRANK
IF{NR=1) 5§ 10 5 SRANK

RANK DATA [N A AND B VECTORS AND ASSIGN TIED OBSERVATIONS SRANK

[ AVERAGE OF TIED RANKS SRANK
5 CALL RANK (A+ReN) SRANK

DNV
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CALL RANK {(BsRIN+1)sN} SRANK 9 M

GO TO %0 SRANK 10

o0 :gwf TA;":KED DATA TO R VECTOR :S::: :é
10 =1e .
0 RU=AUL) SRANK 13 The subroutine computes the Kendall rank correla- /“m&)
. SAANK 15 tion coefficient, given two vectors of n observations
40 posg TE SUM OF SUARES OF RANK DIFFERENCES v s for two variables, A and B. The observations on

=19 RANK 19 s .

R e saave 20 each variable are ranked from 1 to n. Tied observa-
50 D=D+IR(II=RIJ)IRIRITII=RIJI} SRANK 21 . N .

k7. SOHPUTE TIED SCORE INDEX sk 22 tions are assigned the average of the tied ranks.

SALL TIE R KTATSA e SRan g; Ranks are sorted in sequence of variable A.

5 SRANK 26 ry . . .

IFUTSA) 80055 ep0 T e CORRELATION CORFFICIENT SRane 27 A correction factor for ties is obtained:
55 IF(TSB) €03574+60 SRANK 28
57 RS=1a0=640%D/FNNN SRANK 29

GC TO 70 SRANK 30
60 X=FNNN/12¢0=TSA S:::: ;; t 1)

Y2X+TSA=TSB S -

= - - - SRANK 33 —_ ! 3

N OWPUTE ToAND DeCREES OF FREEDOM If N 1S 10 OR LARGER SRANK 34 Ta = E : P for variable A

T=20.0 SRANK, 35 -
70 IFIN=10) B804+75+75 SRANK 36
75 T=RS#*SQORT(FLOATIN=21/(1sU=RS*RS)} SRANK 37
8C NDF=N=2 SRANK 38 (1)

RETURN SRANXK 39

END SRANK 4«0

_ t(-1) .
Tb = Z —5 for variable B

where t = number of observations tied for a given
rank

The Kendall rank correlation coefficient is then
computed for the following two cases:

(a) if Ta and Tb are zero,
S
L — )
30 n-1)

number of ranks

g
g
=
o
=]
i

S = total score calculated for ranks in vari-
able B as follows: selecting each rank in
turn, add 1 for each larger rank to its
right, subtract 1 for each smaller rank
to its right.

M) if Ta and/or T, are not zero,

b
S

T =
J%n @-1) - T, J%n(n—l) - T,

)

The standard deviation is calculated: =

_ Jzen+3)
** You-1) “)

The significance of 7 can be measured by:

_T
z =~ ®)
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Subroutine KRANK

Purpose:

Test correlation between two variables by means

of Kendall rank correlation coefficient.

Usage:

CALL KRANK(A, B, R, N, TAU, SD, Z, NR)

Description
A -

B -

TAU -

SsD -

NR -

Remarks:
SD and Z are set to zero if N is less than ten.

of parameters:

Input vector of N observations for first
variable,

Input vector of N observations for sec-
ond variable.

Output vector of ranked data of length
2*%N. Smallest observation is ranked 1,
largest is ranked N. Ties are assigned
average of tied ranks.

Number of observations,

Kendall rank correlation coefficient
(output).

Standard deviation (output).

Test of significance of TAU in terms of
normal distribution (output).

Code: 0 for unranked data in A and B;
1 for ranked data in A and B (input).

Subroutines and function subprograms required:

RANK
TIE

Method:
Described in S. Siegel, 'Nonparametric Statis-

tics for the Behavioral Sciences!, McGraw-Hill

?

New York, 1956, Chapter 9.

55 $=0.0
NM=N=-1
DO 60 T=1,NM
Jane]
DO 60 L=I,N
K=N¢L
TF(RIKI=RUJI) 569 60,57
56 $=5-1.0
GO TO 60
57 S=S¢1,.0
60" CONTINUE
COMPUTE TIED SCORE INDEX FOR BATH VARIABLES
KT=2
CALL TVIE(R(NyKT,V4)
CALL TIE(RIN®11 4N ,KT,TR)
COMPUTE TaU
1F(TA) 70,65,70
65 [F(TR) T0,67+70
67 TAU=S/L0.5¢FNL}
GO 1O RO
70 TAUSS/UISQRTI0.S*FN1-TA}) *(SQRT{O.5%FNL=-FB)))
COMPUTE STANDARD DEVIATION AND Z IF N IS 10 DR LARGER
80 [F{N-10) 90,85485
RS SD=[SQRT{ (2, 0¢(FI+FN+S.N)}/13.0%FNL))
Z=TAU/SD
90 RETURN
END

KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRARK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK
KRANK

SUBROUTINE KRANK(AsBeR¢NsTAU,SOeZy)NR} KRANK 1
DIMENSION AUR}+B{11,R{1) KRANK 7
SD=3.0 KRANK 3

I=0.0 KRANK &

FN=N KRANK 5
FNL=N®{N-1) XRANK 6

4 OETERMINE WHETHER DATA IS RANKED KRANK 7
IFINR=1) 5, 10+ 5 KRANK 8

c RANK DATA IN & AND B VECTORS AND ASSIGN TIED OBSFRVATIONS KRANK 9
4 AVERAGE OF TIED RANKS KRANK 10
5 CALL RANK (AsR.N} KRANK 11
CALL RANK (BsR{Nt1),N} KRANK 12

G0 TO 40 KRANK 13

4 MOVE RANKED DATA TD R VECTOR KRANK 14
10 BD 20 [=1.N KRANK 15

20 RtLi=ALY) KRANK 16

DO 30 I=1,N KRANK 17
J=ieN KRANK 18

30 R{J)=BLT) KRANK 19

(4 SORT RANK VECTOR R IN SEQUENCE 0OF VARTABLE A KRANK 20
40 [SORT=0 KRANK 21
00 50 T=2,N KRANK 22
IF{RITI-RTII-F}) 45,50450 KRANK 23

45 ISORT=ISORT+1 KRANK 24
RSAVE=R(]) KRANK 25
REII=RII-1) KRANK 26
R{I-1)=RSAVE KRANK 27
12=1+N KRANK 28
SAVER=R(12) KRANK 29
RUI2)=R(12-1} KRANK 30
RUI2-1)=SAVER KRANK 31

50 CONTINUE KRANK 32
“IFCISORT) 40455,40 KRANK 33

C COMPUTE S DN VAREABLE B. STARTING WITH THE FIRST RANK, ADD 1 KRANK 34
< TO S FOR EACH LARGER RANK YO ITS RIGHT AND SUBTRACT 1 FOR EACH XRANK 35
< SMALLER RANK. REPEAT FOR ALL RANKS. KRANK 36
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WTEST

This subroutine computes the Kendall coefficient of
concordance, given a matrix A of n rows (variables)
and m columns (cases). The observations on all
‘variables are ranked from 1 to m. Tied observa-
tions are assigned the average of the tied ranks.

A correction factor for ties is obtained:

@

where t = number of observations tied for a given
rank

Sums of ranks are calculated:

Y. = )

. R..
3 1j

n
i=1
where j=1,2,..., m

From these, the mean of sums of ranks is found:
Y

i=1
m

R = (3)

The sum of squares of deviations is derived:

m ~2
s = Z (¥;-R) “)
=1

The Kendall coefficient of concordance is then
computed:

2 )

1.2, 3
Th (m -m)-nT

W =

For m larger than 7, chi-square is:
2
X" = nm-1)W (6)

The degrees of freedom are:

df. =n-1 (7)
Subroutine WTEST
Purpose:

Test degree of association among a number of
variables by the Kendall coefficient of concord-
ance,

58

Usage:
CALL WTEST (A, R, N, M, WA, W, CS, NDF, NR)

Description of parameters:

A - Input matrix, N by M, of original data.

R - Output matrix, N by M, of ranked data.
Smallest value is ranked 1; largest is
ranked N, Ties are assigned average
of tied ranks.

N - Number of variables.

M - Number of cases.

WA - Work area vector of length 2*M.

w ~ Kendall coefficient of concordance
(output).

CS - - Chi-square (output).

NDF - Number of degrees of freedom (output).

NR - Code: 0 for unranked data in A; 1 for
ranked data in A (input).

Remarks:

Chi-square is set to zero if M is 7 or smaller.

Subroutines and function subprograms required:
RANK
TIE

Method:
Described in S. Siegel, '"Nonparametric Statis-
tics for the Behavioral Sciences', McGraw-Hill,
New York, 1956, Chapter 9.

SUBROUTINE WTFST (A RyNeMeWAsWoCS o NDFyNR) WIEST 1
DIMENSION A{1),R01},WAlL} WTESY 2

FM=H WIEST 3

FNzN WIEST 4

[4 DETERMINE WHETHER DAYA IS RANKEO WTEST 5
[ RANK DATA FDR ALL VARTABLES ASSIGNING TIFN NASFRVATIONS AVERAGFWTEST 6
4 OF TIED RANKS AND CDMPUTE CORRECTION FNR TLFD SCNRES WIEST 7
1=0,0 WTEST 8

KT=1 WYEST 9

DN 20 l=l,N WTEST L0
1J=1-N WYFST 11
ix=rJ WIEST 12
IFINR=1) 5,25 WTEST 13

200 3 J=1.M WIEST 14
1J=1J+N WTEST 1S
K=Med WTEST L4

3 WALK)=A{14) WTEST 17

GO 1O 1S WTYEST 18

S DO 10 Jo1,.M WIFST 19
1d=1J4N WIFST 20

10 WaA{J)=A{[)) WIFST 21
CALL RANK(WA,WA{M*1},4) WTFST 22

15 CALL TIE(WALMe1), MyKT,TI) WEEST 23
TeToTi WIEST 24

DO 20 J=1,H WTESE 25
IK={K+N WTFST 26
IWzued WYFST 27

20 RUIKI=WATIW) WTEST 28

4 CALCULATE VECTOR OF SUMS OF RANKS WIEST 29
IR20 WTFST 30

0D 40 J=l.M WIEST 31
WA(J)=0.0 WTEST 32

00 40 [=1,N WIEST 33
IR=s{Rel WTEST 34

40 WALJI=WALJISRTIR) WTEST 35

c COMPUTE MEAN JF SUMS NF RANKS WIEST 36
SM=0,0 WTEST 37

0N 50 Jal, M WTEST 38

50 SMxSMewAlJ) WIEST 39
SMxSM/FM WTEST 40

4 COMPUTE SUM OF SQUARES OF NEVIATIONS WIFST 41
520.0 WTEST 42

00 60 J=lyM WTEST 43

60 SaSe{WA(JI=-SMI®(4ALI)-SM) RYEST 44

t COMPUTE W WTEST 45
WaS/LUIFNSEN)S[FYSFMEFH-FM}/12.N)}-FNeT) WIFST 46

c COMPUTE DEGREFS OF FREEDOM AND CHI-SQUARE [F M IS NVER 7 WIEST 47
C5=0.0 WTFST 48

NDF =0 HTEST 9
IF(M=T) 70,70,65 WIEST 60

65 CSaFNS(FN-1.0) oW WIEST S1
NDFam-1 WTEST 52

70 RETURN WTEST 53
END WTEST 54

"
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RANK

Purpose:
Rank a vector of values.

Usage:
CALL RANK(A, R, N)

Description of parameters:

A - Input vector of N values.

R - Output vector of length N. Smallest value
is ranked 1; largest is ranked N. Ties are
assigned average of tied ranks.

N - Number of values.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Vector is searched for successively larger ele-
ments. If ties occur, they are located and their
rank value computed. For example, if two
values are tied for sixth rank, they are assigned
a rank of 6.5 (=(6+17)/2).

SUBROUTINE RANK(AsRN} RANK b
DIMENSION A(1},4R(1) RANK 2
INITIALIZATION RANK 3

DO 10 I=1N RANK &

10 R({I)=040 RANK 5
FIND RANX OF DATA RANK 6

DO 100 IslsN RANK 7
TEST WHETHER DATA POINT 1S ALREADY RANKED RANK 8
IFIR{T)) 20y 204+ 100 RANK 9
DATA POINT TO BE RANKED RANK 10

20 SMALL®0.0 RANK 11
EQUAL=0,0 RANK 12
X=ALl1} RANK 13
DO 50 JaleN RANK 14
IF(ALJ)=X) 304 40e 50 RANK 15
COUNT NUMBER OF DATA POINTS WHICH ARE SMALLER RANK 15

30 SMALL=SMA{L+1.0 RANK 17
G0 To 50 RANK 18
COUNT NUMBER OF DATA POINTS WHICH ARE EGQUAL RANK 19

40 EQUALWEQUAL+1.0 RANK 20
R{J)==1,0 RANK 21
50 CONTINUE RANK 22
TEST FOR TIE RANK 23
IF(EQUAL=140) 602 60y 70 RANK 24
STORE RANK OF DATA POINT WHERE NO TIE RANK 25

60 R{I)=SMALL+1.0 RANK 26
GO TO 100 RANK 27
CALCULATE RANK OF TIED DATA POINTS RANK 28

70 PsSMALL+[EQUAL+1,0)/240 RANK MO1
DO 90 J=1sN RANK 30
IF{R{JI+1.0) 90+ A0y 90 RANK 31

20 R(J)=P RANK 32
90 CONTINUE RANK 33
100 CONTINUE RANK 34
RETURN RANK 3%
END RANK 36

TIE
Purpose:
Calculate correction factor due to ties.

Usage:
CALL TIE(R,N, KT, T)

Description of parameters:
R - Input vector of ranks of length N contain-
ing values 1 to N,
N - Number of ranked values.
KT - Input code for calculation of correction
factor:
1 Solve equation 1.
2 Solve equation 2.
T - Correction factor (output):
Equation1 T=SUM(CT**3-CT y/12
Equation 2  T=SUM(CT*(CT-1)/2)
where CT is the number of observations
tied for a given rank.

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Vector is searched for successively larger
ranks. Ties are counted and correction factor 1
or 2 summed.

SUBROUTINE TIE{R, NyKT,T) TIE 1
DIMENSTION R{1) TIE 2

4 INITIALTZATIIN TIE 3
T=0.0 TIE 4

¥= TIE 5

5 x=1.0f38 TIE &
IND=0 TIE 7

4 FIND NEXT LARSEST RANK TIF A
no 30 1=1,N TIE 9
TFERETI=Y} 30430, 10 TIE 3]

10 IF(R{TI=X) 20430, 30 TIE 1
20 x=RI11) TIE 12
IND=END+L TIE 13

30 CONTINUE TIE 14

c IF ALL RANKS 4AVE BEEN TESTED, RFTURN TIE 15
[FLINDY 90,90,40 TIE 16

40 Y=X TIE 17
CT=0.0 TIE 18

c COURT TIES TIF 19
DO 60 [=1,N TIF 20
IF{R{TI-X) 60+50, 460 TIE 21

50 CT=CT+1.0 TIE 22
60 CONTINUF TIE 23

c CALCULATE CORRECTIDN FACTNR TIE 24
IFICT) 70,5,70 TIE 25

70 [£IKT-1) 75,80,75 TIE 26

75 T=T+CT*{CT-1.17/2.0 TIE 27

G0 TO 5 TIE 28

B0 Y=T+{CT*CT4LT-CT) /12,0 TIF 29
G0 TN 5 TIE 30

90 RETURN TIiE k1S
END TIE 32
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Statistics - Random Number Generators

RANDU

Purpose:
Computes uniformly distributed random floating
point numbers between 0 and 1. 0 and integers in
the range 0 to 2%*15,

Usage:
CALL RANDU{IX,IY,YFL)

Description of parameters:

IX - For the first entry this must contain
any odd positive integer less than
32,768. After the first entry, IX
should be the previous value of IY com-
puted by this subroutine.

IY - A resultant integer random number re-
quired for the next entry to this subrou-
tine. The range of this number is from
zero to 2%**15,

YFL - The resultant uniformly distributed,
floating point, random number in the
range 0 to 1.0,

Remarks:
This subroutine is specific to the IBM 1130.
This subroutine should not repeat its cycle in
less than 2 to the 13th entries.
Note: If random bits are needed, the high
order bits of IY should be chosen.

Subroutines and function subprograms required:
None.

Method:
Power residue method discussed in IBM manual
Random Number Generation and Testing (C20-
8011).

SUBROUT INE RANDUL T X4 TY,YFL) RANDU
Iv=[x¢n99 RANDU
IFI1Y154646 RANOU
5 1Y=1v+32767+1 RANDU
& YFL=1Y RANNDU
YFL=YFL/32767. RANDU
RETURN RANDU
END RANDU

DNT AP W~

60

GAUSS

This subroutine computes a normally distributed
random number with a given mean and standard de-
viation.

An approximation to normally distributed random
numbers Y can be found from a sequence of uniform
random numbers* using the formula:

. K
in"z'
y-E2 )

VK/12

where Xi is a uniformly distributed random number,
0< Xi <1

K is the number of values Xi to be used
Y approaches a true normal distribution asympototi-
cally as K approaches infinity. For this subroutine,

K was chosen as 12 to reduce execution time. Equa-
tion (1) thus becomes:

12
Y = Z Xi -6.0
i=1
The adjustment for the required mean and standard
deviation is then
Y= Y*S + AM (2)

where Y! is the required normally distributed ran-
dom number

S is the required standard deviation

AM is the required mean

* R. W. Hamming, Numerical Methods for
Scientists and Engineers, McGraw~Hill, N.Y.,
1962, pages 34 and 389.




Subroutine GAUSS

Purpose:

r’\ Computes a normally distributed random num-
ber with a given mean and standard deviation.

Usage:

CALL GAUSS(IX, S, AM, V)

Description of parameters:

D{ -
¢
L) E; -
AM -
V -
Remarks:

IX must contain an odd positive integer
less than 32,768. Thereafter it will
contain a uniformly distributed integer
random number generated by the subrou-
tine for use on the next entry to the sub-
routine.

The desired standard deviation of the
normal distribution.

The desired mean of the normal distri-
bution.

The value of the computed normal random
variable.

This subroutine uses RANDU which is machine
specific,

Subroutines and function subprograms required:
RANDU

< k Method;

Uses 12 uniform random numbers to compute
normal random numbers by central limit theorem.
The result is then adjusted to match the given
mean and standard deviation. The uniform ran-
dom numbers computed within the subroutine
are found by the power residue method.

SUBROUT ENE GAUSS( IXySeAMsV) GAUSS 1
4=0.0 GAUSS 2
00 50 I=1,12 GAUSS 3
CALL RANDUIIX,TY, Y} GAUSS &
Ix=1y GAUSS S
50 A=Asy GAUSS 6
V={A~6,0)*S+AM GAUSS 7
RETURN GAUSS A4
END GAUSS 9

Mathematics - Special Matrix Operations

MINV

Purpose:
Invert a matrix.

Usage:
CALL MINV(A,N, D, L, M)

Description of parameters:
A - Input mafrix, destroyed in computation
and replaced by resultant inverse.

N - Order of matyrix A.

D - Resultant determinant.

I, - Work vector of length N.

M - Work vector of length N.
Remarks:

Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
The standard Gauss-Jordan method is used.
The determinant is also calculated. A determi-
nant with absolute value less than 10%**(-20)
indicates singularity. The user may wish to
change this.

SUBROUTINE MINV(AsNsDeLsM) MINV 1
DIMENSION A(11sL(1)sM(1) MINV 2

4 SEARCH FOR LARGEST ELEMENT MINV 3
D=140 MINV 4
NK==N MINV 5

00 80 K=l,sN MINV 6
NKsNK+N MINV 7

LK) =X MINV 8
M{K)=K MINV 9
KK=NK +X MINV 10
BIGA=A(KK) MINV 11

DO 20 JwkN MINV 12
T1ZeN®{J=1) MINV 13

DO 20 I=KeN MINV 14
1Js12+1 MINV 15

10 IF{ ABS{BIGA)= ABS(A(IJ))) 15420420 MINV 16
15 BIGA=A(L)) MINV 17
Li{K}mI MINV 18
M{K}ay MINY 19

20 CONTINUE MINV 20

4 INTERCHANGE ROWS MINV 21
JEL ik} MINV 22
IF(J=K) 35435425 MINV 23

25 KI=k=N MINV 24
00 30 I=leN MINV 25
Kl=K1+N MINV 26
HOLD==A (K] ) MINY 27

JInK =K+ MINV 28
A(KT)I=ALIT} MINV 29

30 AlJ1) =HOLD MINV 30

C INTERCHANGE COLUMNS MINV 31
35 [=MmiK) MINV 32
IF(1=K) 45945438 MINV 33

38 JPaN#(l=1) MINV 34
DO 40 J=1.N MINV 35
JK=NK+J) MINV 36
J1=JP+) MINV 37
HOLD==A{ JK } MINY 38
ALJKISAL{IT) MINV 39

40 AtJ1) =HOLD MINV 40

[ DIVIDE COLUMN BY MINUS PIVOT {VALUE OF PIVOT ELEMENT IS MINY 41
4 CONTAINED IN BIGA) MINV 42
45 IF(ABSIBIGA}=14E~20)46+46148 MINV MO3
46 D=0, MINV 44
RETURN MINV 45

48 DO 58 I=1.N MINV 46
IF(1=K) 5045550 MINV a7

50 IKaNK+l MINV 48
A{IK)eA{]IK}/(=BIGA) MINV 49

85 CONTINUE MINV 50

4 REDUCE MATRIX MINV 51
DO 65 I=1sN MINV 52
IK=NK+1 MINV 53
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HOLD=A( 1K)
IJul=N
DO 65 Jm=1lN
1JsTJ+N
IF(I=K) 60+65+60
IF{J=K) 6296562
KJ=lJ=14K
A{TJ)=sHOLD#A(KJIY+A(TI)
CONTINVE

DIVIDE ROW BY PIVOT
KJuK=N
DO 75 J=1.N
KJuK J+N
IF(J=K) 70+75+70
AlKJ)I=A(KI)/BIGA
CONTINUE

PRODUCT OF PIVOTS
DaD*BIGA

REPLACE PIVOT 8Y RECIPROCAL
A(KK)2140/BIGA
CONTINUE

FINAL ROW AND COLUMN INTERCHANGE
k=N
Kw(K=1)
IF(K) 15041509109
IaL{x)
IF(I=K) 120»120+108
JO=EN# (K=1)
JRaN#{1=1)
DO 110 J=1oN
JKaJO+)
HOLDaa{JK}
JI=JR+S
AlJK)ye=ALJ])
A(JI} =HOLD
JaMIK)
IF{J=K) 100410045125
KI=K=N
DO 130 laleN
KlwK1+N
HOLD=A(KI)
J1eKI=K+J
AtKTim=acll)
A(JI} =HOLD
Go TO 100
RETURN
END

MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINY
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV

MOl

EIGEN

This subroutine computes the eigenvalues and eigen-
vectors of a real symmetric matrix.

Given a symmetric matrix A of order N, eigen-
values are to be developed in the diagonal elements
of the matrix. A matrix of eigenvectors R is also
to be generated.

An identity matrix is used as a first approxima-
tion of R.

The initial off-diagonal norm is computed:

1/2
2
VI =z Z ZAik (1)
i<k

vp = initial norm
A = input matrix (symmetric)

This norm is divided by N at each stage to produce
the threshold.

The final norm is computed:

VX 1078
FTOT N @)

This final norm is set sufficiently small that the re-
quirement that any off-diagonal element Ay, shall be
smaller than v i in absolute magnitude defines the
convergence of the process.

An indicator is initialized. This indicator is
later used to determine whether any off-diagonal
elements have been found that are greater than the
present threshold.

Each off-diagonal element is selected in turn and
a transformation is performed to annihilate the off-
diagonal (pivotal) element as shown by the following

equations:
A= AL ®3)
k=1/2(A, - A ) 4)
. A
w = sign (#) —————or ()
G
sin @ = 2 ®6)
Vz @+ Vi- wz)
cos 8 = V1- sinze (7)

»



-

= - i 8
B Ai1 cos O Aim sin © (8)
= i 9
C Ail sin® + Aim cos © (9)
_ - i 10
B Ril cos© Rim sin© . (10)
= i o 11
Rim Ri1 sin© + Rim cos (11)
R, = B (12)
2 . 2
All = Aﬂcos 6 + Ammsm o
(13)
-2A.  sin® cosO
Im
A = A smz 0+ A cos29
mm 1 mm

(14)

+ 2A. sin©cosO
Im

A, = (@

A )sin©cosO
Im mm

n -
(15)
2 2
O - sin 6
+ Alm (cos sin ©)

The above calculations are repeated until all of the
pivotal elements are less than the threshold.

Subroutine EIGEN

Purpose:
Compute eigenvalues and eigenvectors of a real
symmetric matrix.

Usage:
CALL EIGEN(A, R, N, MV)

Description of parameters:

A - Original matrix (symmetric), destroyed
in computation. Resultant eigenvalues
are developed in diagonal of matrix A in
descending order.

R - Resultant matrix of eigenvectors (stored
columnwise, in same sequence as eigen-
values).

N - Order of matrices A and R.

MV - Input code:

0  Compute eigenvalues and eigen-
vectors.

1 Compute eigenvalues only (R
need not be dimensioned but
must still appear in calling se-
quence).

Remarks:
Original matrix A must be real symmetric
(storage mode=1). Matrix A cannot be in the
same location as matrix R.

Subroutines and function subprograms required:

None.

Method:
Diagonalization method originated by Jacobi and
adapted by von Neumann for large computers as
found in "Mathematical Methods for Digital

Computers', edited by A. Ralston and H. S. Wilf
John Wiley and Sons, New York, 1962, Chapter

on

7.

SUBROUTINE ETGENLAeRyNyMV)
DIMENSION AC1),RIE1)
GENERATE TDENTITY MATRIX
IF[4V=-1) 10,25,1)
10 10=-N
00 20 J=1.N
1Q=1QsN
B0 20 [=14N
LJ=10+1
R(1J)=0.0
IFLI-4) 20.15,20
15 Rt1J}=1.0
20 CONTINUE
COMPUTE [INITIAL AND FINAL NNRMS [ANNRM AND ANORMX}
25 ANORM=0.0
DD 35 I=L,N
B0 35 J=i,.N
IFLE=J} 30.35,30
30 [A=I+(J*s-J1/2
. ANORM=ANODRM+A{IA} #A(1A)
35 CONTINUE
IFLANDRM) 165,165,40
40 ANORM=1.414%SQRT( ANDRM)
ANRMX=ANORM#*1.0E-6/FLOATIN)
INITIALIZE INDICATNRS AND COMPUTE THRESHNLN, THR
IND=0
THR=ANDORM
45 THR=THR/FLOAT(N)
50 L=1
55 M=L+]
COMPUTE SIN AND COS
60 MQ=[M*M=-M}/2
LQ=(L*L~-L)/2
LM=L +MQ
62 IFL ABSIA{LM}I-T4R]) 130,65,65
65 IND=1
Li=l+LQ
MM=M+N]
X=0.5%AILLI-A(MM} )
68 Y=-A{LM}/ SQRT(A[LM}®A(LM)+X3X)
IFLX) 70,75,75
70 Y=-Y
75 SINX=Y/ SQRT{2.0% (1.04( SQRT(1,0-Y*Y¥) 1))
SINX2=SINX*STNX
78 COSX= SQRFL1.0-SENX2}
COSX2=COSX*COSX
SINCS =SINX®COSX
ROTATE L AND ¥ COLUMNS
TLQ=Ne{L-1}
TMQ=N*(H-1)
60 125 I=1,N
I1Q={1%1-1}/2
(FEL-L) 80,115,80
80 IF{I-M} 85,115,%
BY IM=1+My
GO TN 95
90 [M=Me]Q
95 IF{I-L) 100,105,105
100 IL=1+LQ
GO T0 110
105 IL=L+1Q
110 X=A{IL)*COSX~A(T4I&SINX
ACTMI=ALTILI®STINX+ ALTN) *COSX
AlILY=X
115 TF{4v-1) 120,125,120
120 BLR=TI1Q+]
INR=IMQ+]
X=R{ILRI*CASX-R{T MR }#STINX
RITMRI=RUETLRY*SINX¢R{ IMR)*COSX
RUILR)=X
125 CONTINUE
X=2,0%A{LM)$SINCS
Y=A{LLI*COSX2¢A{MM)I®STNX2-X
X=ALLL}®SINX24A(YM)*COSX2+X
ATLMI=(ALLL) -A (M) ) #SINCS+ALILM)*(COSX2-SINX2)
AlLL)=Y
AfMmM)=x

TESYS FOR COMPLEVION
TEST FOR M = L AST COLYUMN
130 IFIM-N} 135,140,135
135 Ma=Me]
GO T0 60
TEST FOR L = SECOND FROM LAST COLUMN
1640 TFIL=IN-1}) 145,150,145
145 L=L+1
Go TO 55
150 IF{IND-1) 160+155,160
155 IND=0
G0 7O 50

COMPARE THRESHOLD WITH FINAL NORM
160 IFLTHR—ANRMX}) 165,165,45

SORT ETGENVALJES AND ETGFNVECTORS
165 [Q=-N

LL=tell®lI-11/72

JQ=Ne(1-2)

DO 185 JalWN

JA=JQeN

MMz el gg-31/2

IFLALLLI-ATMM)) 170,185,195
170 x=AfLL)

ALLL)=AINM)

A{MMI=X

IFEMV-11 175,185,175
175 DO 180 K=14N

ILR=[QeK
IMR=3Q¢K

X=RUILR)
ROILRI=R{[MR}

180 R{IMR}=X
185 CONTINUE

REFURN
END

EIGEN 1
EIGEN 2
EIGEN 3
EIGEN &
FIGFN 5
EIGEN &
EIGEN 7
EIGEN R
FIGEN 9
EIGFN 10
EIGEN 11
FIGFN 12
EIGEN 11
FIGFN 14
EIGEN 1S
EIGFN 15
FIGEN 17
EIGEN 18
FIGFN 19
EIGEN 20
EIGFN 7t
FIGFN 22
EI1GFN 23
FIGEN 24
FIGEN 25
FIGEN 24
EIGFN 27
FIGFN 2A
EIGFN 29
ETGEN 30
EIGFN 31
EIGEN 32
FIGEN 33
EIGFN 34
EIREN 35
EIGEN 36
EIGFN 37
ETGFN 38
EIGEN 39
FEGEN 40
EIGEN 41
EIGEN 42
EIGFN 43
EIGFN 44
EIGEN 45
EIGEN 46
EIGEN 47
EIGEN 48
EIGFN 49
EIGEN S0
EIGEN 51
EIGFN 52
EIGEN 53

EIGFN 54
ELLEN 20

FIGFEN S5
EIGFN 57
EIGEN 58
EYGEN 59
EIGFN 60
EIGEN Al
EIGFN 62
ETGFN 63
FIGEN 64
EIGEN 65
EIGEN AA
EIGEN &7
EIGEN 48
EIGFN 69
FIGEN 70
FIGEN 71
EIGFN T2
EIGFN 73
EIGEN T4
EIGFN 75
EIGEN 76
EIGEN 77
FIGEN 78
EIGFN 79
ETGEN RN
EIGEN A1
EIGEN A2
EIGEN 93
FIGFN A4
EIGEN 85
EI1GEN 34
FIGEN AT
EIGEN 87
EIGEN -89
EIGEN AN
EIGFN 91
EIGEN 92
EIGEN 93
EIGEN 94
EIGEN 95
FIGEN 94
EIGEN 97
EIGEN 9R
EIGFN 99
EIGENLOD
EIGFNINT
ETGFNLINY
FIGENIND
EIGFNLDS
EIGENLNS
EIGENLNS
FIGENIQ?
EIGFNLAA

ELGEN1N9
EIGENLIO
EIGFNLLL
EIGFNL12
EIGFNILD
EIGENILS
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Mathematics - Matrices

GMADD

Purpose:
Add two general matrices to form resultant
general matrix.

Usage:
CALL GMADD(A, B,R, N, M)

Description of parameters:
A - Name of first input matrix.

B - Name of second input matrix,

R - Name of output matrix,

N - Number of rows in A, B, R.

M - Number of columns in A, B, R.
Remarks:

All matrices must be storedas general matrices.

Subroutines and function subprograms required:
None.

Method:
Addition is performed element by element.

SUBROUT INE GMADDUA+R,R N, M} GMARD 1
DIMENSION A{1)+BI1)REL1) GMADD 2

[ CALCULATE NUMIER OF ELEMENTS GMADD 3
NM=N*M GMADD &

4 ADD MATRICES GMABD 5
B0 10 i=14NA GMADD &

L0 RUT)=ALTI)+BLT) GMADD 7
RETURN GMADD B

END GMADD 9
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GMSUB

Purpose:
Subtract one general matrix from another to
form resultant matrix.

Usage:
CALL GMSUB(A, B, R, N, M)

Description of parameters:
A - Name of first input matrix.
B - Name of second input matrix.
R - Name of output matrix.
N - Number of rows in A, B,R.
M - Number of columns in A, B, R.

Remarks:
All matrices must be stored as general matrices.

Subroutines and function subprograms required:
None.

Method:
Matrix B elements are subtracted from corre-
sponding matrix A elements.

SUBROUT INE GMSURI ApByR e Ny %) GusuB 1
NIMENSION A{1).B(1).RITD GMSUR 2

c CALCULATE NUMBFR OF ELEMENTS GMsuR 3
NM=N&M GMSuUA 4

[4 SUBTRACT MATRICES GY¥SUB 5
DO 1O [=1¢NM GMSUB 6

L0 RUI}=ALT)-RLI} GMSUB 7
RETURN GMSUR 8

END GMSUIB 2



GMPRD

Purpose:
- Multiply two general matrices to form a result-
' ant general matrix.

Usage:
CALL GMPRD{A,B,R,N, M, L)

Description of parameters:
A - Name of first input matrix.

B - Name of second input matrix,
. R - Name of outpuf matrix.
N - Number of rows in A,
M - Number of columns in A and rows in B.
L - Number of columns in B.
Remarks:

All matrices must be stored as general matrices.

Matrix R cannot be in the same location as ma-
trix A,

Matrix R cannot be in the same location as ma-
trix B.

Number of columns of matrix A must be equal to
the number of rows of matrix B.

Subroutines and function subprograms required:
None.

f ‘ Method:

The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R.

SuUbKUUTINE GMPRD( A¢BeRe Ny ML) GNPRD
DIMENSION A{1)sB(1),RL1D GMPRO

L

2
[R=0 GMPRD 3
IK==M GMPRD &
D0 10 K=1,L GMPRD 5
IK=[K+H GMPRD &
DO 10 J=1,N GMPRD 7
{R=IR+1 GMPRD A
JI=J=-N GMPRD 9
1R=1IK GMPRD 10
RUIR}=0 GMPRD 11
00 10 t=1.M GMPRD 12
J1zJleN GMPRD 13
IR=18¢1 GMPRD 14

10 RUIR)=RUIRI#ALITI*B(IB) GMPRD 1S
RETURN GMPRD 16
ENR GMPRD 17

GMTRA

Purpose:
Transpose a general matrix.

Usage:
CALL GMTRA(A,R,N, M)

Description of parameters:
A - Name of matrix to be transposed.
- Name of resultant matrix.
-~ Number of rows of A and columns of R.
- Number of columns of A and rows of R.

= 2

Remarks:

Matrix R cannot be in the same location as ma-

trix A,
Matrices A and R must be stored as general
matrices.

Subroutines and function subprograms required:

None.
Method:
Transpose N by M matrix A to form M by N
matrix R.
SUBROUT INE GNTRALA,Re¢N,M) GMTRA 1
DIMENSION A{Ll).RL1D GMTRA 2
1R=0 GMTRA 3
‘DD 10 f=14N GMTRA 4
1J=1-N GMYRA 5
00 10 J=1,H GMYRA &
TJ=lJeN GMTRA 7
IR=TIR+1 GMTRA 8
10 RUIR)=AC1J) GMTRA 9
RETURN GMTRA 10
END GMTRA 11
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GTPRD

Purpose:
Premultiply a general matrix by the transpose of
another general matrix.

Usage:
CALL GTPRD(A, B,R,N, M, L)

Description of parameters:

- Name of first input matrix.

- Name of second input matrix.

- Name of output matrix.

Number of rows in A and B.

- Number of columns in A and rows in R.
~ Number of columns in B and R.

F2ZE >
1

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R cannot be in the same location as ma-
trix B.
All matrices must be stored as general matrices.

Subroutines and function subprograms required:
None. )

Method:
Matrix transpose of A is not actually calculated.
Instead, elements of matrix A are taken column-
wise rather than rowwise for postmultiplication:
by matrix B.

SUBROUT INE GTPROL AeBaRyNeHoL} GTPRD |
DIMENSEON AC1) B0 1} 4RETY GTPRD 2
1R=0 GTPRD 3
1Ks=N GTPRD 4
00 10 Kel,L GTPRD S
14=0 GYPRD 6
IKsIKeN GTPRD 7
00 10 JeleM GTPRD 8
182 1K GTPRD 9
[R={Re1 GTPROD 10
RIIR)=0 GTPRD 11
DO 10 {=1,N GTPRD 12
[FLIRL3Y GTPRD 13
18=18¢1 GTPRD 14
10 REIRY=RETRISATIII #BLT8) GTPRD 15
RETURN GTPRD 16
END GYPRO 17
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MADD

Purpose:
Add two matrices element by element to form
resultant matrix.

Usage:
CALL MADD(A, B,R,N, M, MSA, MSB)

Description of parameters:
- Name of input matrix.
- Name of input matrix.
- Name of output matrix.
Number of rows in A, B,R.
- Number of columns in A, B,R.
One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
Same as MSA except for matrix B.

2=2Z29W >
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MSB -

Remarks:
None.

Subroutines and function subprograms required:
LocC

Method:
Storage mode of output matrix is first deter-
mined. Addition of corresponding elements is
then performed.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric Symmetric
Symmetric Diagonal Symmetric
Diagonal General General
Diagonal Symmetric Symmetric
Diagonal Diagonal Diagonal
SUBROUTINE MANDTA ¢ByRoNsMyMSA,HSB) MADD
DIMENSION A{1},BC11sRIL) MADD
[+ OETERMINE STORAGE HODE OF NUTPUT MATRIX MADD
T TF{NSA=-MS8) 7,5,7 MADD
5 CALL LOC{NysM,NM,NyMsMSA) MADOD
GO 70 100 MADD
T MTEST=MSA®MSE MABD
MSR=0 MADD
IFIMTEST) 20420410 MADD
10 NSR=1 MADD
20 IF{MTEST-2) 35,35,30 MADD
30 MSR=2 MADD
c LOCATE ELEMENTS AND PERFORM ADDITION MADD
35 00 90 J=1l,M MADD
00 90 Is=l4N KADD
CALL LOCUIoJyTJIRy NpMeMSR) MADD
IFI1JR]) 40,9040 MADD
40 CALL LOCEToJelJArNeMyMSAY MADD
AEL=0.0 %ADD
TFL13A) 50,560,500 MADD
50 AEL=AlIJA) MADD
60 CALL LOCITsdsEJBsNgMMSB) MADD
BFL=0.0 NADD
1F(1J8} 70,80,70 HADD
70 BEL=B{lJB) MADD
80 R{TJR)I=AEL+BEL MADD
90 CONTINUE MADD
RETURN MADD
ADD MATRICES FOR OTHER CASES MNADD
100 DO 110 [al.NM MADD
110 RULY=ALT)eRIN) MADD
RETURN MADD
END MADD

DBNPNL W
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MSUB

Purpose:
Subtract two matrices element by element to
form resultant matrix,

Usage:

CALL MSUB(A, B,R, N, M, MSA, MSB)

Description of parameters:

A - Name of input matrix.
B - Name of input matrix.
R - Name of oufput matrix,
N - Number of rows in A, B, R.
M - Number of columns in A, B, R.
MSA - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetrie,
2 - Diagonal.
MSB - Same as MSA except for matrix B.
Remarks:
None.,

Subroutines and function subprograms required:

LOC

Method:

~

10
20
30

35

4

o

50
60

70
8a
90

100
110

Structure of output matrix is first determined.
Subtraction of matrix B elements from corre-

sponding matrix A elements is then performed.

The following table shows the storage mode of
the output matrix for all combinations of input

matrices:

A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric Symmetric
Symmetric Diagonal Symmetric
Diagonal General General
Diagonal Symmetric Symmetric
Diagonal Diagonal Diagonal

SUBRIIUTINE MSUB{A+8sR,NoM,MSA,MSB)

DEIMENSION AL11,BL1)RL1Y

DETERMINE STORAGE MODE OF OUTPUT MATREX

TF(MSA-MSBY T45,7

CALL LOC{N¢M,NM,N,M,MSA}
6D TO 100

MTESTaMSA®MSH

MSR=0

IFIMTEST) 20,20,10
MSR=1

IF{MYEST-2) 35,35,30
MSR=2

LOCATE ELEMENTS AND PERFORM SUBYRACTION

00 90 J=1,M

DO 90 [=14N

CALL LOCULedy LIRy NoMyMSR)
IFLTIR) 40490,40

CALL LNCLTyJdaTJAy NyM,MS4)
AEL=0.7

IFI1JA} 51460,50
AEL=A(TJA}

CALL LDCUTyJyEIBs NyM,uS8)
BEL=0.0

IF(1JR) T0,80,70
BEL=B{1J8B)
RUTJRI=AEL-BEL

CONTENUE

RETURN

SUBTRACT MATRICES FOR OTHER CASES

DO 110 T=1eNM
RENI=ACTI-RLT)
RETURN

END

MSUB
MSUB
usus
MSUB
NSUR
MSUB
MsSus
MSUB
MsUB
MSUR
MsU8
usye
L)
MSUB
MSUR
Msus
NSUB
NMSUB
MSUR
MsuB

MPRD

Purpose:
Multiply two matrices to form a resultant ma-
trix.

Usage:
CALL MPRD(A, B,R,N,M, MSA, MSB, L)

Description of parameters:

222w
]

MSB -

Name of first input matrix.
Name of second input matrix.
Name of output matrix.
Number of rows in A and R.
Number of columns in A and rows in B.
One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Same as MSA except for matrix B.
L - Number of columns in B and R.
Remarks:
Matrix R cannot be in the same location as ma-
trices A or B.
Number of columns of matrix A must be equal to
number of rows of matrix B.
Subroutines and function subprograms required:
LOC

Method:
The M by L matrix B is premultiplied by the N
by M matrix A and the result is stored in the N
by L matrix R. This is a row into column
product.
The following table shows the storage mode of
the output matrix for all combinations of input

matrices:
A B R

General General General

General Symmetric General

General Diagonal General

Symmetric General General

Symmetric Symmetric General

Symmetric Diagonal General

Diagonal General General

Diagonal Symmetric General

Diagonal Diagonal Diagonal
SUBROUTIKE MPRODIA+BaRoNoMyMSA,NSBsL) MPRD 1
DIMENSION A{1).Bt1)sR{1} MPRD ?
[4 SPECIAL CASE FOR DIAGONAL 8Y DIAGONAL MPRD 3
MS=MSA®IO+MSE MPRD &
IFINS=22) 30,10,30 MPRD 5
10 DO 20 I=1,N MPRO 6
20 RUFY=ALT}4BLIY MPRD T
RETURN MPRO L
[4 ALL OTHER CASES MPRD 9
30 IR=1 MPRD 10
00 90 K=1,L MPRO 11
DO 90 JslyN MPROD 12
R{IR}=D MPRD 13
DO 80 I=l.M MPRD 14
TFIMS) 40,60,40 MPRD 15
40 CALL LOCIJsH,1A,9.M,M54) MPRD 16
CALL LOCIE4Ko21ByMoLoNSR) MPRD 1T
1F11a) 50,80,50 MPRD I8
50 1F(18) 70,80,70 MPRD 19
60 [AzNS{I-1)¢J MPRD 20
(B=Me{KX~-1}+] MPRD 21
T0 REIRI=RUIR}*ALTA) #8(1R) MPRD 22
80 CONTINUE WPRD 23
90 IR=IR+L MPRD 24
RETURN MPRD 25
END MPRD 26
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MTRA

Purpose:
Transpose a matrix.

Usage:
CALL MTRA(A,R,N, M, MS)

Description of parameters:

A - Name of matrix to be transposed.

R - Name of output matrix.

N - Number of rows of A and columns of R,
M - Number of columns of A and rows of R.

MS - One digit number for storage mode of
matrix A (and R):

0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks;
Matrix R cannot be in the same location as ma-
trix A.

Subroutines and function subprograms required:
MCPY

Method:
Transpose N by M matrix A to form M by N
matrix R by moving each row of A into the cor-
responding column of R. If matrix A is sym-
metric or diagonal, matrix R is the same as A.

SURROUTINE MTRA(A ,RoNyM.MS) MTRA 1
DIMENSTON ACL),REL) MTRA 2

c IF MS IS 1 OR 2, COPY A MTRA 3
1F14S) 10420,10 MTRA 4
10 CALL MCPY[AsR,NyN,MS) MFRA 5
RE TURN MTRA 6
TRANSPOSE GENFRAL YATRIX MTRA 7

20 IR=9 MTRA a4
D0 30 [=14N MTRA 9
1J=1-N MTRA 19

D0 30 J=1.M MTRA 11
1J=EJ¢N MTRA 12
IR=IR+] MTRA 13

30 R{IRY=ALII) MTRA 164
RETURN MTRA 15
END MTRA 16
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TPRD

Purpose:

Transpose a matrix and postmultiply by another
to form a resultant matrix.

Usage:

CALL TPRD(A, B,R,N, M, MSA, MSB, L)

Description of parameters:

- Name of first input matrix.
- Name of second input matrix.
- Name of output matrix.
Number of rows in A and B.
- Number of columns in A and rows in R.
SA - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.

22z oW
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2 - Diagonal.
MSB - Same as MSA except for matrix B.
L - Number of columns in B and R.

Remarks:

Matrix R cannot be in the same location as ma-
trices A or B.

Subroutines and function subprograms required:

LOC

Method:

Matrix transpose of A is not actually calculated.
Instead, elements in matrix A are taken column-
wise rather than rowwise for multiplication by
matrix B.

The following table shows the storage mode of
the output matrix for all combinations of input
matrices:

A B R
General General General
General Symmetric General
General Diagonal General
Symmetric General General
Symmetric Symmetric General
Symmetric Diagonal General
Diagonal General General
Diagonal Symmetric General
Diagonal Diagonal Diagonal
SUBROUTINE TPRD{A BsR¢NyMMSA,MSB,L) TPRD 1
OIMENSION Al1).BU1),R(1) TPRD 2
SPECIAL CASE FOR DIAGONAL 9Y DIAGONAL TPRD 3
MS=MSA#10+NSB TPRD 4
IF{#45-22) 30,104,330 TPRD 5
10 DN 20 I=1,N TPRD 6
20 RUTI=ALTI*BLT) TPRO 1
RETURN TPRD A
MULTIPLY TRANSPOSE DF A BY B TPRO 9
30 IR=1} TPRD 10O
0N 90 K=1,L TPRN 11
B0 90 J=l,M TPRD 12
RIIR)=0.0 TPRD 13
B0 B0 [=1.N TPRD 14
IF(MS]1 40,60,40 TRED 15
40 CALL LNC(TeJyTA,N,MsMSAY TPRO 16
CALL LOC(TI4KyIByN,L,MSB) TPRD t7
IFL1A) 50,80,50 TPAD (A
50 [F{IB) 70,80,70 TPRO 19
60 [A=N®{j=1)+] TPRD 2N
IB=N®{K-1}+1 TPRD 21
T0 RIIRI=R{IRI+A{TA)*B{IB) TPRND 22
80 CONTINUF TPROD 23
90 IR=1R¢1 TPRD 24
RETURN TPRD 25
END TPRD 26
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MATA

Purpose:
Premultiply a matrix by its transpose to form a
symmetric matrix.

Usage:
CALL MATA(A,R,N, M, MS)

Description of parameters:

A - Name of input matrix,

R - Name of output matrix,

N - Number of rows in A,

M - Number of columns in A. Also number

of rows and number of columns of R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix R is always a symmetric matrix with a
storage mode=1.

Subroutines and function subprograms required:
LOC

Method:
Calculation of (A transpose A) results in a
symmetric matrix regardless of the storage
mode of the input matrix. The elements of
matrix A are not changed.

SUBROUTINE MATA{A JR¢NyM,MS) MATA 1
DIMENSION A(1).RC LD MATA ?
NN 50 K=l,M MATA 3
KX=(K#K-K1/2 MATA 4
BN 60 J=1,M MATA 5
IF{4=K} 10410,60 MATA 6
10 IR=J+KX MATA 7
RtIR)=0 MAT A 9
DIt 80 L=LyN MATA 9
IF(MS5) 20440420 MATA 10
20 CALL LOCtIedsTAsNMeMS) MATA 11
CALL tOC(T4Ky [ByNoMyN5Y MATA 12
IFLTA) 30,60,30 MATA 13
30 IF(IBY 50,60,50 MATA 14
40 TA=Ns(J-1)+1 MATA 15
IB=N®{K-LF+] MATA 16
50 R{IRI=RIIRI+A(TIA)#ALIB) MATA 17
60 CONTINUYE HATA 1%
RETURN MATA 19
ENO MATA 20

SADD

Purpose:
Add a scalar to each element of a matrix to
form a resultant matrix.

Usage:
CALL SADD(A,C,R,N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar.
-~ Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22 Z2Har>
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Remarks:
None.

Subroutines and function subprograms required:

LOC
Method:

Scalar is added fo each element of matrix.
SUBROUTINE SADD(A +CoRoNyM,NS) SADD 1
DIMENSICN AC1),RIT) SADD 2

CONMPUTE VECTOR LENGTH, 1IT SADD 3
CALL LOC{NsMsITyN,M,MS) SADD 4
ADD SCALAR SADD s
D01 I=1,1IT7 SADO 6
1 RULY=A(T)eC SADD 7T
RETURN Sano a
END SAND 9
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SSUB

Purpose:
Subtract a scalar from each element of a matrix
to form a resultant matrix.

Usage:
CALL SSUB(A,C,R, N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar.
- Name of output matrix. .
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22 ZWa»
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Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:
Scalar is subtracted from each element of ma-
trix.

SUBROUTINE SSUB(A,CoR¢NsH,NS) Ssus
DIMENSTON At{1)+RI1) SSuR

c COMPUTE VECTOR LENGTH, IT ssun
CALL LOCINsMs [T N,M NS) S5U8

c SUBTRACTY SCALAR ssus
80 1 I=1,1T7 ssus

1 RUIY=ACD)~C SSUR

RETURN SSuUs
END SSuR

T N
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SMPY

Purpose:
Multiply each element of a matrix by a scalar to
form a resultant matrix.

Usage:
CALL SMPY(A, C,R, N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar.
- Name of output matrix.
Number of rows in matrix A and R.
~ Number of columns in matrix A and R.
S - One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22250 »
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Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:
Scalar is multiplied by each element of matrix.

SUBROUTINE SMPY{A CoR s Ny M, MS) SHPY
DIMENSION A{1),R{1) supy
4 COMPUTE VECTUR LENGTH, IT SHPY
CALL LOCINGM, ITo¥ M, MS) SHPY
[ MULTTPLY BY SCALAR SuPY
80 1 [=1,17 SHPY
REfI=A(I}eC SHPY
RETURN supY
END SHPY

BN NP W~



SDIV

Purpose;
Divide each element of a matrix by a scalar to
form a resultant matrix.

Usage:
CALL SDIV(A, C, R, N, M, MS)

Description of parameters:
- Name of input matrix.
- Scalar.
- Name of output matrix.
Number of rows in matrix A and R.
- Number of columns in matrix A and R.
S ~ One digit number for storage mode of
matrix A (and R):
0 - General.
1 - Symmetric.
2 - Diagonal.

22250 >
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Remarks:
If scalar is zero, division is performed only
once to cause floating-point overflow condition.

Subroutines and function subprograms required:

Method:

Each element of matrix is divided by scalar.
SUBROUTINE SDIVIACoReNoM,NS) sniv 1
DIMENSION A{1),RI D) soIv 2

4 COMPUTE VECTOR LENGTH, 1T sotv 3
CALL LOCIN/MyI TN M,NS) SOtV L

c DIVIDE BY SCALAR (IF SCALAR IS ZERO, DIVIDE ONLY ONCE} So1v S
IFLC) 241,2 sV 6

i1 1v=l Soiv 7

2 00 3 [=l,IT sotv 8

3 RUEY=ALDD/C soIv 9
RETURN spiv 10

END snty 11

RADD

Purpose:
Add row of one matrix to row of another matrix.

Usage:
CALL RADD(A,IRA, R, IRR, N, M, MS, L)

Description of parameters:
A - Name of input matrix.
IRA - Row in matrix A to be added to row IRR
of matrix R.

R - Name of output matrix.
IRR - Row in matrix R where summation is
developed.
N - Number of rows in A.
M - Number of columns in A and R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
L - Number of rows in R.
Remarks:

Maftrix R must be a general matrix.
Matrix R cannot be in the same location as
matrix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Each element of row IRA of matrix A is added

to corresponding element of row IRR of matrix
R.

SUBROUTINE RADDIA ¢ IRARy IRRyNy My NS,L) RADD 1
DIMENSION AC1),R(1) RADD 2
IRsIRR~L faon 3

00 2 J=1.M RADD &
IRalfeL RADD 5

4 LOCATE INPUT ELEMENT FOR ANY MATRIX STORAGF MODE RADD 6
CALL LOCUIRA,JoIA NyNoMS) RADD 7

14 TEST FOR ZERD ELEMENT IN DTAGONAL MATRIX RADD B
TFLIA) 14241 RADD 9

ADD ELENENTS RADD 10

1 RUIRY=R(IRV+ALTIA) RADD 11

2 CONTINUE RADD 12
RETURN RADD 13

END RADD 14

Mathematics — Matrices 71



CADD
Purpose:
Add column of one matrix to column of another

matrix.

Usage:
CALL CADD(A,ICA,R,ICR,N,M, MS, L)

Description of parameters:

A - Name of input matrix.

ICA - Column in matrix A to be added to col-
umn ICR of R.

R - Name of output matrix.

ICR - Column in matrix R where summation

is developed.
- Number of rows in A and R.

N
M - Number of columns in A,
MS - One digit number for storage mode of
matrix A: '
0 - General.
1 - Symmetriec.
2 - Diagonal.
L - Number of columns in R.

Remarks:
Matrix R must be a general matrix.
Matrix R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method: '
Each element of column ICA of matrix A is
added to corresponding element of column ICR

of matrix R.

SUBRGUTINE CADD{A+ICAsRy ICRyNsMeMSoL) CABD 1
OEMENSIGN AlL1l)eR(1) €app 2
TR=N¢{ ICR~1) €app 3

DO 2 F=1,N CADD 4
IR=IR+ 1 capp S

c LOCATE INPUT ELEMENT FNR ANY MATRIX STORAGF MODE CADD 6
CALL LOCUI+ICA,TA4NyM,sMSY capo 7

[4 TEST FOR 2ERO ELEMENT IN DIAGONAL MATRIX CADD B
IF{IA) 122010 CADD 9

4 ADD, ELEMENTS CaADD 10
1 RUIRY=R{IRI+ALTIA} CADD 11

2 CONTINUE cApD 12
RETURN capp 13

CADD 14

END
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SRMA

Purpose:
Multiply row of matrix by a scalar and add to
another row of the same matrix.

Usage:
CALL SRMA(A,C,N, M, LA, LB)

Description of parameters:

- Name of matrix.

-~ Scalar.

- Number of rows in A.

Number of columns in A,

- Row in A to be multiplied by scalar.

- Row in A to which product is added.
If 0 is specified, product replaces ele-
ments in row LA.

cpRzo>
1

Remarks:
Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
Each element of row LA is multiplied by scalar
C and the product is added to the corresponding
element of row LB. Row LA remains unaffected
by the operation.
If parameter LB contains zero, multiplication
by the scalar is performed and the product re-
places elements in row LA.

SUBROUTINE SRMATA+CyNeMyLA,LB) SRMA

1

OTMENSION AL1} SRMA 2
LAJ=LA-N SRMA 3
LRJsLA=N SRMA 4

00 3 J=l,mM SRMA 5

c LOCATE ELEMENT IN BOTH ROWS SRMA &
LAJsLAJN SRMA 7
LBJ=LBJN SRMA R

c CHECK LB FOR IFRN SRMA 9
IFILB) 14241 SRMA 10

< IF NOT, MULTIPLY BY CONSTANT AND ADO TO OTHER ROW SRMA 11
1 A{LBJI=AILAJISC+ALLBY) SRMA 12

G0 7O 3 SRRA 13

c OTHERWISE, MULTIPLY ROMW BY CONSTANT SRMA 14
2 AlLAJY=ALLAJ}*C SRMA 15

3 CONTINUE SRMA 16
RETURN SRMA 17

END SRMA 18

<
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SCMA
Purpose:
Multiply column of,matrix by a scalar and add to

another column of the same matrix.

Usage:
CALL SCMA(A, C,N, LA, LB)

Description of parameters:

A - Name of matrix.
C -~ Scalar.
N - Number of rows in A.

LA - Column in A to be multiplied by scalar.

LB - Column in A to which product is added.
If 0 is specified, product replaces ele-
ments in LA.

Remarks:
Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:
Each element of column LA is multiplied by
scalar C and the product is added to the corre-
sponding element of column LB. Column LA
remains unaffected by the operation.
If parameter LB contains zero, multiplication
by the sealar is performed and the product re-
places elements in LA,

SUBRUDUTINE SCHA(A4CNyLA,LA) SCHA 1
DIMENSION AtL) SCMa 2

[ LOCATE STARTING POINT IIF A0TH CUOLUMNS SCra 3
TtA=sN*{LA-1) SCMa 4
TLB=N*(LB-1) SCMA 5

DO 3 T=1.N scMA 6
[LA=]LAY SCMA 7
[LR=TLA*1 SCMA 8

[+ CHECK LB FOR 7FRO SCMA Q
1FIL8) 1e241 seHA 10

C IF NOT MULTIPLY BY CONSTANT AND ADD TN SECOND COLUMN SCMA 11
1 ACILBI=A[TLAYSCHALILR) SCMA 12

GO 70 3 sCwa 13

C NTHERWISE, MULTIPLY COLUMN BY CONSTANT SCHA 14
2 AUILAY=ALILAN*C SCMA 15

3 CONTINUE SCMa 15
RETURN sCMa 17

END SCMA 18

RINT

Purpose:
Interchange two rows of a matrix.

Usage:
CALL RINT(A,N,M, LA, LB)

Description of parameters:

A - Name of matrix.
N - Number of rows in A.
M - Number of columns in A.

LA - Row to be interchanged with row LB,
LB - Row to be interchanged with row LA.

Remarks:
Matrix A must be a general matrix.

Subroutines and function subprograms required:
None.

Method:

Each element of row LA is interchanged with

corresponding element of row LB.

SUBROUTINE RINTUA  NeMyLA,LB) RINT
DIMENSION atl} RINT
LAJSLA-N ’INT
LRJI=LA-N RINT

00 3 Jsi,M RINT

4 LOCATE ELEMENTS [N BOTH ROWS ]INT
LAJzLAJN RINY
LBJ=LRJ4N RINT

c INTERCHANGE EL EMENTS RINT
SAVE=A(LAJ) RINT
A(LAS) =AILBY) RINT

3 A(LBJ)=SAVE RINT
RETURN aINT

END RINTY
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CINT

Purpose:
Interchange two columns of a matrix.

Usage:
CALL CINT(A,N, LA, LB)

Description of parameters;
A - Name of matrix.
N - Number of rows in A.
LA - Column to be interchanged with column

LB.
LB - Column to be interchanged with column
LA.

Remarks:
Matrix A must be a general matrix,

Subroutines and function subprograms required:
None.

Method:
Each element of column LA is interchanged with
corresponding element of column LB.

SUBROUTINE CINT{4,N,LA,LA} CINT 1
DIMENSION Af1) CINT 2

c LOCATE STARTING POINT OF BNTH COLUMNS CINT 3
TLASN#(LA-1} CINT &
ILBaN*1L8-1) CINT 5

o0 3 1=1,N CINT 6
ILAaILA+L CINT 7
ILB=TLB+L CINT 8

4 INTERCHANGE EL EMENTS CINT 9
SAVE=A{TLA) CINT 10
A(ILAY=ATILB) CINT 11

3 ALILB) =SAVE CINT 12
RETURN CINT 13

END ’ CINT 14
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RSUM

Purpose:
Sum elements of each row to form column vec~
tor.

Usage:
CALL RSUM (A, R, N, M, MS)

Description of parameters:
A - Name of input matrix,
R - Name of vector of length N.
N - Number of rows in A,
M - Number of columns in A.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Vector R cannot be in the same location as ma-
trix A unless A is general.

Subroutines and function subprograms required:
LOC

Method:
Elements are summed across each row into a
corresponding element of output column vector
R.

SUBROUTINE RSUM{A ¢R¢Ny ¥y MS) ASYM 1
DIMENSION A(R),R(1} RSUM 2

DN 3 I=1,N RSUM 3

[4 CLEAR QUTPUT LUCATION RSUM 4
RtH=0.0 RSUM  §

DO 3 Jel, M RSUM 6

4 LOCATE ELEMENF FOR ANY MATRIX STORAGE MODE asys T
CALL LOC{[vdsTJoNeM HS) ’RSUM 8

[4 TEST FOR ZFRD ELEMENT IN DIAGMNAL MATRIX RSUM 9
IFILd) 243,2 aSuM 10

c ACCUMULATE IN DUTPUT VECTNW RSUM 11
2 RODI=R{TIEALTS) RSUM 12

3 CONTINUE RSUM 13
RETURN RSUM 14

END RSUM 15
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CSUM

Purpose:
Sum elements of each column to form row vec-
tor.

Usage:
CALL CSUM(A, R,N, M, MS)

Description of parameters:

A - Name of input matrix.
R - Name of vector of length M.
N - Number of rows in A.
M - Number of columns in A.
MS - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric,
2 - Diagonal.

Remarks:
Vector R cannot be in the same location as ma-
trix A uniess A is general.

Subroutines and function subprograms required;
LOC

Method:
Elements are summed down each column into a
corresponding element of output row vector R.

SUBROUTINE CSUMIA 4R Ny MyMS) csumM

1

DIMENSION ACL)4R{1) CSum 2

No 3 JalM csum 3

[ CLEAR QUTPUT LOCATIGN CSuM &
R{JI1=0.0 csSum 5

00 3 I=1,N CSUM L)

c LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE csum 7
CALL LOC{TysJelJsN,MyMS) csum 8

c TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX CSUN 9
TF{TI3Y 243,2 csum 10
ACCUMULATE [N QUTPUT VECTOR csum 11

2 R{H=RLJI+ALLIID CsSuM 12

3 CONTINUE csuM 13
RETURN CSuK 14

END cSum 15

RTAB

The function of this subroutine is graphically dis-
played by Figure 6 (see description under '""Method").

M
N Matrix A N | |vector B
F:::: Row I == z=zz3 F-f— B(I)
M
C T IZZ Row] T T T E e SO
L Matrix R L+1 Vector S
Hd—- S(L+1)
Figure 6. Row tabulation
Subroutine RTAB
Purpose:
Tabulate rows of a matrix to form a summary
matrix.
Usage:

CALL RTAB(A, B, R, S, N, M, MS, L)

Description of parameters:

A - Name of input matrix.

B - Name of input vector of length N contain-
ing key.

R - Name of output matrix containing sum-

mary of row data. It is initially set to
zero by this subroutine.
Name of output vector of length L+1 con-
taining counts.
- Number of rows in A.
Number of columns in A and R.
~ Number of rows in R.
S - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.

w2
1

20242
'

Remarks:
Matrix R is always a general matrix.
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Subroutines and function subprograms required:
LOC
RADD

Method:
Rows of data in matrix A are tabulated using the
key contained in vector B. The floating point
number in B(I) is truncated to form J. The th
row of A is added to the JtP row of R, element
by element, and one is added to S(J). If J is not
between one and L, one is added to S(L+1).
This procedure is repeated for every element in
vector B. Upon completion, the output matrix
R contains a summary of row data as specified
by vector B. Each element in vector S contains
a count of the number of rows of A used to form
the corresponding row of R. Element S(L+ 1)
contains a count of the number of rows of A not
included in R as a result of J being less than one
or greater than L.

SUBROUTINE RTABIA+BaRsSyN,MyMS,L) RTAR

1

DIMENSION A{1),8{1),RIL},S(1) RYAB 2

[ CLEAR OUTPUT AREAS RTAB 3
CALL LOCEMsLIT,4,L,00 RTAB &

00 10 IR=1,1IT RTAH 5

10 RUiIR}=0.0 RYAR 6
0D 20 IS=1,L RTAR 7

20 S(15)=0.0 RTAB 8
StL+11=0.0 RTAR 9

00 60 I=I,N RTAR 1N

c TEST FOR THE <EY QUTSIODE THE RANGE RTAB 11
1F{BLIT) 50,50,37 RTAR 12

30 E=L RTAR 13
IFERIT)-E} 40,40,50 RTAR 14

40 JR=B{1) RTAR 15

< ADD ROW OF A TO ROW 0OF R AND 1 TO COUNT RTAR 16
CALL RADBD{Asl+RyJRyNIMyMS,L) RTAB 17
SUIRI=S(IRI+1.0 RTAR I8

GO TO 60 RYAB 19

S50 S(L+#11=S(L#1)+1.) RTAR 20
60 CONYINUE RTAR 21
RETURN RYAR 22

END RTAR 23
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CTAB

The function of this subroutine is graphically dis-
played by Figure 7 (see description under '"Method").

column 1 column J
M L ¢
T
i i
1 i
: ] 11
t h
N ! | Matrix A ~—— N| Mamix R E |
! 1
M H
'l | [
H i
by [
] ' 1l
B(1) s(J) S(L+1)
} {
o 3 ——— M
M L+1
Vector B Vector S

Figure 7. Column tabulation

Subroutine CTAB

Purpose:
Tabulate columns of a matrix to form a sum-
mary matrix.

Usage:
CALL CTAB(A,B,R,S,N, M, MS, L)

Description of parameters:

A - Name of input matrix.

B - Name of input vector of length M contain-
ing key.

R - Name of output matrix containing sum-

mary of column data. It is initially set
to zero by this subroutine.
Name of output vector of length L+1 con-
taining counts.
- Number of rows in A and R.
Number of columns in A,
- Number of columns in R,
S - One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric,
2 - Diagonal.

wn
I

B E=
1

Remarks:
Matrix R is always a general matrix.

Subroutines and function subprograms required:
LOC
CADD



Method:

1

o

2

Q

30

*

o

50
60

Columns of data in matrix A are tabulated using
the key contained in vector B. The floating-
point number in B(I) is truncated to form J. The
TP column of A is added to the Jth column of
matrix R and one is added to S(J). If the value
of J is not between one and M, one is added to
S(L+1). Upon completion, the output matrix R
contains a summary of column data as specified
by vector B. Each element in vector S contains
a count of the number of columns of A used to
form R. Element S(L+1) contains the number of
columns of A not included in R as a result of J
being less than one or greater than L.

SUBROUTINE CTABIA¢BoReSsNoMyMS,L) CTAB 1
JIMENSTION A1) BE1I4R(1I,SI1D cTag 2
CLEAR OUTPUT AREAS crag 3
CALL LOCIN,LoIT,Vel,0) CTAB &
00 10 IR=1,IT CTAB 5
RUIR)=0.0 CTAB 6
00 20 IS=1,L cras 7
$(15)=20.0 [A 1] 8
§{L+1)=20.0 cTaB 9
B0 60 I=1l4M CTAB 10
TEST FOR THE <EY OUTSIDE THE RANGE cTas 11
TF(BII)) 50,450,307 cras 12
e
TF{BLIVI=-E] 40,40, 50
JR=8(11 CTAB 15
ADD COLUMN OF A TO COLUMN OF R AND 1 TO COUNT cTaB 16
CALL CACD(As[4RyJRINyMyMS,L) cras 17
S{JRI=S(IRI+1.0 CYAB 18
GO Y0 60 crag 19
SIL#L)=SIL¥1I41D crag 20
CONT INUE CTAB 21
RETURN CTAR 22
END cTAR 23

RSRT
Purpose:

Sort rows of a matrix.

Usage:

CALL RSRT(A, B,R,N, M, MS)

Description of parameters:

A - Name of input matrix to be sorted.
B - Name of input vector which contains
sorting key.
R - Name of sorted output matrix.
N - Number of rows in A and R and length
of B.
M - Number of columns in A and R.
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks:

Matrix R cannot be in the same location as ma-
trix A,

Matrix R is always a general matrix. .

N must be greater than 1, This routine sorts
into ascending order. Sorting into descending
order requires changing card RSRT 013 to read
IF(R(I-1)-R(l)) 30, 40, 40

Subroutines and function subprograms required:

L.OC

Method:
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Rows of input matrix A are sorted to form out-
put matrix R. The sorted row sequence is de-
termined by the values of elements in column
vector B. The lowest valued element in B will
cause the corresponding row of A to be placed
in the first row of R. The highest valued ele-
ment of B will cause the corresponding row of
A to be placed in the last row of R. If duplicate
values exist in B, the corresponding rows of A
are moved to R in the same order as in A.

SUBROUTINE RSRT(AsBsRsNeMsMS) RSRT 1
OIMENSION A(1)sBL11sR(1) RSRT 2

MOVE SCRTING KEY VECTOR TO FIRST COLUMN OF GQUTPUT MATRIX RSRT 3

AND BUILD ORIGINAL SEQUENCE LIST IN SECOND COLUMN RSRT &
B0 10 121,N RSRT 5
RiI=B(1) RSRT 6
12s1+N RSRT 7
RIT2)=] RSRT 8

SORT FLEMENTS IN SORTING KEY VFCTOR {ORIGINAL SEQUENCE LIST RSRT 9

IS RESEQUENCED ACCORDINGLY) RSRT 10
LaN+1 RSRT MO1
ISORT=0 RSRT 11
L=l RSRT MO2
00 40 I=2sL RSRT MO3
IF(R(I)I=R(1=1)) 30440940 RSRT 13
150RT=} RSRT MO4
RSAVE=R(1) RSRT 18
Ri{l)=R(1=1) RSRT 1&
RU1=1)=RSAVE RSRT 17
12ul+n RSRT 18
SAVER=R (12} RSRT 19
R{IZ)=R(]2«1) RSRT 20
R(12+1)=SAVER RSRT 21
CONTINUE RSRT 22
IF(ISCRT! 20450420 RSRT 23

MOVE ROWS FROM MATRIX A TO MATRIX R (NUMBER IN SECOND COLUMN RSRT 24

OF R REPRESENTS ROW NUMBER OF MATRIX A TO BE MOVED} RSRT 2%
DO B0 IsleN RSRYT 26

GET ROW NUMBER IN MATRIX A RSRT 27
12=14N RSRT 28
IN=R(12) RSRT 29
IRa =N RSRT 20
DO B0 J=)4M RSRT 31

LOCATE ELEMENT IN OUTPUT MATRIX RSRT 32
IR=IR+N RSRT 33

LOCATE ELEMENT IN INPUT MATRIX RSRT 34
CALL LOC(INsJsIAsNsMIMS) RSRT 35

TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX RSRT 26
IF{IA) 60470560 RSRT 37

MOVE ELEMENT TO OUTPUT MATRIX RSRT 38
R{IRI®A{IA) RSRT 39
GO To BO RSRT 40
R{IR) =0 RSRT 41
CONTINUE RSRT 42
RETURN RSRT 43
END RSRT &4
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CSRT

Purpose:

Sort columns of a matrix.

Usage:

CALL CSRT(A, B, R, N, M, MS)

Description of parameters:

A - Name of input matrix to be sorted.
B -~ Name of input vector which contains
sorting key.

R - Name of sorted output matrix,
N - Number of rows in A and R.
M - Number of columns in A and R and
length of B.
MS - One digit number for storage mode of
matrix A:
0 - General,
1 - Symmetric.
2 - Diagonal.
Remarks:

Matrix R cannot be in the same location as ma-
trix A,

Matrix R is always a general matrix,

N must be greater than 1. This routine sorts
into ascending order. Sorting into descending
order requires changing card CSRT 016 to read
IF(R(IP)-R(IQ)) 30, 40, 40

Subroutines and function subprograms required:

78

LoC
CCPY

Method:
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Columns of input matrix A are sorted to form
output matrix R, The sorted column sequence
is determined by the values of elements in row
vector B. The lowest valued element in B will
cause the corresponding column of A to be
placed in the first column of R. The highest
valued element of B will cause the correspond-
ing row of A to be placed in the last column of
R. If duplicate values exist in B, the corre-
sponding columns of A are moved to R in the
same order as in A,

SUBROUTINE CSRT(AsBsRsNsMaMS} CSRT 1
DIMENSION A(1)sB(1)sR(1) CSRT 2

MOVE SORTING KEY VECTOR TO FIRST ROW OF OUTPUT MATRIX CSRT 3

AND BUTLD ORIGINAL SEQUENCE LIST IN SECOND ROW CSRT &
[Kal CSRT &
DO 10 Jel¢M CSRT 6
RUIK) «B(J) CSRT 7
RiTK+1) =) CSRT 8
IK=IK+N CSRT 9

SORT ELEMENTS IN SORTING KEY VECTOR (ORIGINAL SEGUENCE LIST CSRT 10

15 RESEQUENCED ACCORDINGLY) CSRT 11
Le=M+1 CSRT MOL
1S0RT=0 CSRT 12
L=L=1 CSRT M0O2
1P=] CSRT 13
1Q=N+1 C5RT 14
Do 50 Ju2sl CSRT MO3
IFIR(IN}=R(IP}) 30540440 CSRT 16
1SORT=1 CSRT MO4
RSAVE=R(1Q} CSRT 18
R{IQVSRIIP) CSRT 19
RUIP)=RSAVE CSRT 20
SAVER=R{1Q+1) CSRT 21
R(1Q+1i=R{IP+1) CSRT 22
R{IP+1)aSAVER CSRT 23
1P=1P4N CSRT 24
1Q= Q4N CSRT 25
CONTINUE CSRT 26
IF{ISORT) 20460420 CSRY 27

MOVE COLUMNS FROM MATRIX A TO MATRIX R (NUMBER IN SECOND ROW  CSRT 28

OF R REPRESENTS COLUMN NUMBER OF MATRIX A TO BE MOVED) CSRT 29
10a=N CSRT 30
DO 70 JelM CSRY 31
10=1G+N CSRT 32

GET COLUMN NUMBER IN MATRIX A CSRT 33
1201042 CSRT 34
IN=R(12) CSRT 35

MOVE COLUMN CSRT 36
IR=10+1 CSRT 37
CALL CCPY(AsINeR(IR) sNosMeMS) CSRT 38
CONTINUE CSRT 39
RETURN CSRT 40
END CSRT 41
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RCUT .

Purpose:

Partition a matrix between specified rows to
form two resultant matrices.

Usage:

CALL RCUT (A, L, R, S,N, M, MS)

Description of parameters:

A - Name of input matrix.

L. - Row of A above which partitioning takes
place.

R - Name of matrix to be formed from upper
portion of A,

S - Name of matrix to be formed from lower

portion of A,
N - Number of rows in A.
M - Number of columns in A,
MS - One digit number for storage mode of

matrix A;
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:

Matrix R cannot be in same location as matrixA.
Matrix S cannot be in same location as matrix A.
Matrix R cannot be in same location as matrix S,
Matrix R and matrix S are always general ma-
trices.

Subroutines and function subprograms required:

LOC

Method:

20

3

-1

40
50

60
10

Elements of matrix A above row L are moved to
form matrix R of L-1 rows and M columns.
Elements of matrix A in row L and below are
moved to form matrix S of N-L+1 rows and M
columns,

SUBROUTINE RCUT{AsLs+RySeNeMyHS) RCUT 1
DIMENSTON Al1}+RUL)SUTD RCUT 2
1R=0 RCUT 3
1S=0 RCUT 4
BO 70 J=l,M RCUT S
DO 70 I=1,N RCUT &

FIND LOCATION IN GUTPUT MATRIX AND SET T0 2ERO RCUT 7
IFLE-1) 20,10,10 REUT 8
IS=1Sel RCUT 9
S(1S)=0.0 RCUT 1n
GO TO 30 RCUT 11
tR=1R+1 RCUT 12
R{IR)=0.0 RCUT 13

LGCATE ELEMENT FOR ANY MATRIX STORAGE MODE RCUT 14
CALL LOCt1eds TdsNoMoMST . RCUT 15

TEST FOR ZERO ELENENT IN DIAGONAL MATRIX RCUT 16
IFL1J) 40,70,40 RCUT 17

DETERMINE WHETHER ABOVE.GR BELOW L RCUT 1R
IF(T-L) 60,50,50 RCUT 19
SUISI=ALEd) RCUT 20
G0 7O 70 RCUT 21
REIRI=ALLYY RCUT 22
CONT INUE RCUT 23
RETURN RCUT 24
END RCUT 25

CCUuT

Purpose:

Partition a matrix between specified columns to
form two resultant matrices.

Usage:

CALL CCUT (A, L, R, S, N, M, MS)

Description of parameters:

A - Name of input matrix,

L - Column of A to the left of which partition-
ing takes place.

R - Name of matrix to be formed from left
portion of A,

S -~ Name of matrix to be formed from right

portion of A,
N - Number of rows in A,
M - Number of columns in A,
MS - One digit number for storage mode of
matrix A:
0 - General.
1 - Symmeiric.
2 - Diagonal.

Remarks:

Matrix R cannot be in same location as matrix A.
Matrix S cannot be in same location as matrix A.
Matrix R cannot be in same location as matrix S.
Matrix R and matrix S are always general ma-
trices.

Subroutines and function subprograms required:

LOoC

Method:

Elements of matrix A to the left of column I. are
moved to form matrix R of N rows and L-1 col-
umns., Elements of matrix A in column L and to
the right of L are moved to form matrix S of N
rows and M-L+1 columns.

SUBROUTINE CCUTIA /LR oSeNyMeHS) ceur 1
DIMENSION Af1),R(17,5(1) ccuv 2
iR=0 ccur 3
1$=0 ceur 4

00 70 J=i,M ccur s
00 70 1=1,N cour 6
FIND LOCATION IN OUTPUT MATRIX AND SET TR ZERO ccuy 7
1FtJ-L) 20410,10 <eury 8
15=1Sel ccur 9
St1S)=0.0 ceutr 10
60 10,30 ceut 11
IR=1R+1 ccur 12
RUIR)=0.0 ccur 13
LOCATE ELEMENT FOR ANY MATRIX STORAGF MODE ccutY 1s

CALL LOCCT+delJdeN,M,MS) ccur 15
TEST FOR ZERO ELEMENT IN DIAGONAL MATRIX ccur 16
IFL1J) 40,70,40 ccur 17
DETERMINE WHETHER RIGHT OR LEFT OF L ccuT 18

40 IF(J-L) 60,50,50 ccut 19
50 S{1S)=ALLY) ccur  2n
GO TO 70 ccutr 21
60 RUIRI=AI1J) ceur 22
T0 CONTINUE ccuT 23
RETURN CCUT 24
END ccur 25
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RTIE

Purpose:

Adjoin two matrices with same column dimen-
sion to form one resultant matrix. (See Method.)

Usage:
CALL RTIEA,B,R,N,M, MSA, MSB, L)

Description of parameters:

A - Name of first input matrix.
B - Name of second input matrix.
R - Name of output matrix.
N - Number of rows in A,
M - Number of columns in A, B, R.
MSA - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric.

2 - Diagonal.
MSB - Same as MSA except for matrix B.
L - Number of rows in B.

Remarks:

Matrix R cannot be in the same location as ma-

trices A or B.
Matrix R is always a general matrix.

Matrix A must have the same number of columns

as matrix B.

Subroutines and function subprograms required:
LOC

Method:

Matrix B is attached to the bottom of matrix A.
The resultant matrix R contains N+ L rows and

CTIE

Purpose;

Adjoin two matrices with same row dimension to

form one resultant matrix. (See Method.)

Usage:
CALL CTIE(A,B,R,N, M, MSA, MSB, L))

Description of parameters:

A - Name of first input matrix.
B -~ Name of second input matrix.
R - Name of output matrix,
N - Number of rows in A, B, R.
M ~ Number of columns in A,
MSA - One digit number for storage mode of
matrix A:
0 - General.

1 - Symmetric.

2 - Diagonal,
MSB - Same as MSA except for matrix B.
L - Number of columns in B.

Remarks:
Matrix R cannot be in the same location as ma-
trices A or B.

Matrix R is always a general matrix.
Matrix A must have the same number of rows
as matrix B.

Subroutines and function subprograms required:
LOC

Method:
Matrix B is attached to the right of matrix A,
The resultant matrix R contains N rows and

M columns, M+ L columns,
RTIE SUBROUTINE CTIE(A;BoRoNoHsMSA,NSB,L) cTIE 1
T INE RTIELN181R: Mg Mo HSA NSB,LE RATIE DIMENSION A{1),81 L}oRE1) cTIfF 2
DIMENSION AC1),48(1),R(1) RTIE HH=N CVIE 3
TRed RTIF [R=20 CTIE 4
IR=0 RTIE MSXaMSA CTIE S
NX=NN RTIE DO 6 JJ=1,2 CTiE 4
HSX=MSA i DO S JalyMM CTIE 7
o3, 3 2 an
=1y IR=TR+1
D0 7 I=1,NN :”: RIIR)=0.0 CTIE 10
“:;“"’; o RTIE c LOCATE ELEMENT FOR ANY MATRIX STORAGE MODE c”g 3
REIRI=0. CALL LOC{T,dy 1dyNoHHy HSX) c 2
€, LOCATE ELEMENT FOR 4Ny MATRTX STORAGE NOOE b c TEST FOR ZERD ELEMENT IN DIAGONAL MATRIX crie 13
L e de LIoNN M, [FEIJ) 245,2
[4 n:sf'ngRzum ELEMENT 1N DIAGONAL MATRIX :;:g c MOVE ELEMENT TO MATRIX R g”: 15
c ! MDVE ELEMENT TO MATRIX R RTIE 16 i 2?;.{?::7:;“ CTIE 17
2 GO TOU3,4)I01 RTIE 17 GO T0 5 €TIE 18
3 RORI=ACLY) AL 4 RUIRI=B(1) SHE
60 T0 5 CONTINUE
4 RUIRI=BAIJ} :;1'5 g'l’ c REPEAT ABOVE FOR MATRIX B g;:i ;;
7 CONTINUE HSX=NS8
c REPEAT ABOVE FOR MATRIX 8 RTIE 22 MMsL CTIE 73
MSX=MSB z”i g: & CONTENUE gllg g;
8 NNaL RETURN
c RESET FOR NEXT CDLUMN RTIE 25 END CTIE 2&
MSX=MSA RTIE 26
9 NNSNX RTIE 27
RETURN RTIE 28
END RTIE 29
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MCPY

Purpose:

Copy entire matrix.

Usage:
CALL MCPY (A,R,N, M, MS)

Description of parameters:

A - Name of input matrix,

R - Name of output matrix,

N - Number of rows in A or R.

‘M - Number of columns in A or R.

MS - One digit number for storage mode of
matrix A (and R):

0 - General.
1 - Symmetric.
2 - Diagonal.
Remarks:
None.

Subroutines and function subprograms required:
LOC

Method:

Each element of matrix A is moved to the cor-

responding element of matrix R.

SUBROUT INE MCPY[A,RyNyMyMSH NCPY
DIMENSTON ALL),RU1) NCPY

[4 COMPUTE VECTOR LENGTH, IV MeeyY
CALL LOCINsM, 1T\, 4,45) MCPY

[4 £OPY MATRIX MceY
00 1 [k=1,IT nCPY"

b R(IY=ALD) MCPY

RE FURN MCPY,

END ucoyY

R N

XCPY

Purpose:
Copy a portion of a matrix,

Usage:
CALL XCPY(A,R,L,K,NR, MR, NA, MA, MS)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix.

L - Row of A where first element of R can be
found.

K - Column of A where first element of R
can be found.

NR - Number of rows to be copied into R.

MR - Number of columns to be copied into R.
NA - Number of rows in A,
MA - Number of columns in A,
MS - One digit number for storage mode of
matrix A;
0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Mafrix R is always a general matrix.

Subroutines and function subprograms required:
LOoC

Method:
Matrix R is formed by copying a portion of ma-
trix A. This is done by extracting NR rows and
MR columns of matrix A, starting with element
at row L, column K.

SUBROUTINE XCPY(A,RyLyKeNRyMRyNAy MA, MS} xcoey 1
DIMENSION ACL),Rt1} XCPY 2

C INTTIALTZE xcpy 3
1R=0 xcey 4

L2=L #NR-1 xcey 5
K2=K+MR-1 xcey 6

BN 5 J=K4X2 XCPY 1

B0 5 I=LsL2 xCPY 8
IR=1R+1 xCpy 9
RUTR}=0.0 XCPY In

(4 LOCATE ELEMENT FOR ANY MATR{X STORAGE MOOSE XCPY 11
CALL LOCETodsTA,NAMA,HS) XCPY 12

c TEST FUR JERO ELEMENT IN DIAGUNAL MATRIX XCPyY 13
IF{TA) 495,4 XCPY 14

4 R{IRI=A(IA) xeey 15

S CONT INUE XCPY 16
RETURN xcey 17

END XCPY 19
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RCPY CCPY

—_—

Purpose: Purpose:
Copy specified row of a matrix into a vector, Copy specified column of a matrix into a vector.
Usage: Usage:
CALL RCPY (A,L,R,N,M, MS) CALL CCPY(A,L,R,N,M, MS)
Description of parameters: Description of parameters:
A - Name of input matrix. A - Name of input matrix.
L - Row of A to be moved o R. L -~ Column of A to be moved to R.
R - Name of output vector of length M. R - Name of output vector of length N.
N - Number of rows in A, N - Number of rows in A.
M - Number of columns in A. M - Number of columns in A,
MS - One digit number for storage mode of MS - One digit number for storage mode of
matrix A: matrix A;
0 - General. 0 - General.
1 - Symmetric. 1 -~ Symmetric.
2 - Diagonal. 2 - Diagonal.
Remarks: Remarks:
None. None.
Subroutines and function subprograms required: Subroutines and function subprograms required:
LOC LOC
Method: Method:
Elements of row L are moved to corresponding Elements of column L are moved o correspond-
positions of vector R. ing positions of vector R.
S ) S S o )
c oo zﬂ::;é“ELEHENI FOR ANY MATRIX STDRAGE MODE :E:; : [+ CALEOESLEIS'[:E':S?;':?:S:NV MATRIX STORAGE MOODE gg:: ;
c CMJI.'E;(!E;;&J;’E:B“;EE:E:H IN DIAGONAL MATRIX :g:: Z c ,F(’:EflegRllERO ELEMENY IN OIAGONAL MATRIX gg:; :
¢ lF“i;v)eléLzé:sm rar RCoY 8 L R“’.“_’Xflé';é"e"' re ® oy o
1 REJ)=ACLSY RCPY 9 60 T0 3 cCPY 10
AN v i UL ccov L
3 CONTINUE RCPY 12 RETURN cepy 13
:z;urm ooy 13 END ccPY e
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DCPY

Purpose:
Copy diagonal elements of a matrix into a vec-
tor.

Usage:
CALL DCPY (A, R, N, MS)

Description of parameters:

A - Name of input matrix.

R - Name of output vector of length N.

N - Number of rows and columns in matrix A,

MS - One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Input matrix must be a square matrix.

Subroutines and function subprograms required:
LOC

Method:
Elements on diagonal of matrix are moved to
corresponding positions of vector R.

SUBROUTINE OCPY{AsReN, M5} ocey 1
OIMENSION ALL).RIL) neey 2

DO 3 J=lyN oCPY 3

c LOCATE DIAGONAL ELEMENT FOR ANY MATRIX STORAGE MODE neeyY 4
CALL LOCUJdpdeTJgNoNyNS) oCPY S

MOVE DIAGONAL ELEMENT TD VECTOR R BCPY 6

3 RUJI=ALLIN ocey 7
RETURN . pcey 8

END ocPY 9

SCLA

Purpose:
Set each element of a matrix equal to a given
scalar.

Usage:
CALL SCLA (A, C,N, M, MS)

Description of parameters:

A - Name of input matrix.

C - Scalar.

N - Number of rows in matrix A,

M - Number of columns in matrix A,

MS - One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
None.

Subroutines and function subprograms required:

LOC
Method:
Each element of matrix A is replaced by Scalar
c,
SUBROUTINE SCLAGA2CeNyMeMS) sCLA 1
OIMENSION At1} SCLA 2
4 COMPUTE. VECTOR LENGTH, T sCia 3
CALL LOCiNsMy1T N M MS) sCta 4
c REPLACE BY SCALAR sCLa S
N 1 =117 SCLA [
1 AtI)=C scLA 7
RETURN sCLa ]
END sCLa 9
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DCLA
Purpose:
Set each diagonal element of a matrix equal to a

scalar.

Usage:
CALL DCLA (A, C, N, MS)

Description of parameters:

A - Name of input matrix,

C - Scalar.

N - Number of rows and columns in matrixA.

MS - One digit number for storage mode of
matrix A:

0 - General.
1 - Symmetric.
2 - Diagonal.

Remarks:
Input matrix must be a square matrix.

Subroutines and function subprograms required:
LOC

Method:
Each element on diagonal of matrix is replaced
by scalar C.

SUBROUTINE ODCLA(A +CoNyMS) nCLA 1
DIMENSION A{l) oCLa 2

DO 3 Isl,N ocLA 3
LOCATE DIAGONAL ELEMENT FOR ANY MATRIX STORAGE MNNE ocLa 4

CALL LOCET+I41D4N4NyNSH DCLA 5

< REPLACE DIAGONAL ELEMENTS oCLA 6
3 A{1D)=C oCLa 7
RETURN DCLA 8

END ncLa 9
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MSTR

Purpose:
Change storage mode of a matrix.

Usage:
CALL MSTR(A,R, N, MSA, MSR)

Description of parameters:

A - Name of input matrix.

R - Name of output matrix.

N - Number of rows and columns in A and R.

MSA -~ One digit number for storage mode of
matrix A:

0 - General,
1 -~ Symmetric.
2 - Diagonal.
MSR - Same as MSA except for matrix R.

Remarks:
Matrix R cannot be in the same location as ma-
trix A.
Matrix A must be a square matrix.

Subroutines and function subprograms required:

LOC
Method:
Matrix A is restructured to form matrix R.
MSA MSR

0 0 Matrix A is moved to matrix R.

0 1  The upper triangle elements of a
general matrix are used to form
a symmetric matrix.

0 2  The diagonal elements of a gener-
al matrix are used to form a di-
agonal matrix.

1 0 A symmetric matrix is expanded
to form a general matrix.

1 1 Matrix A is moved to matrix R.

1 2  The diagonal elements of a sym-
metric matrix are used to form a
diagonal matrix.

2 0 A diagonal matrix is expanded by
inserting missing zero elements
to form a general matrix.

2 1 A diagonal matrix is expanded by
inserting missing zero elements
to form a symmetric matrix.

2 2  Matrix A is moved to matrix R,

SUBRUUTINE MSTR{A,R+N,MSA,M5R} MSTR 1
OTMENSION AL1),RE 1) MSTR 2

0O 20 1al,N MSTR 3

BD 20 J=1,N MSTR 'S

14 IF R IS GENERAL, FNRM ELEMENT MSTR k1
IF(MSR) 5,10,5 MSTR 6

c IF IN LOWER TRIANGLE OF SYMMETRIC OR DIAGOGNAL R, BYPASS MSTR 7
S IF{1-J) 10,10,20 MSTR A

10 CALL LOCUI,JeTRsN4NyMSR) MSTR 9

.C IF IN UPPER AND OFF DIAGONAL OF DIAGONAL R, BYPASS MSTR 10
IFLTIRY 20,20,15 MSTR 11

4 OTHERWISE, FOIM R{I,J) MSTR 12
15 R{IR)I=0.0 MSTR 13
CALL LOCIT4d2TA,N,NsMSA} MSTR 14

19 [F YHERE IS NO AtT,Jd)e LEAVE R{I,J} AT 0.0 MSTR 15
I{F(LA) 20,20,18 MSTR 16

18 R{IR}=A(IA) MSTR 17
20 CONTINUE MSTR 1A
RETURN MSTR 19

END MSTR 20

~



MFUN

Purpose:
Apply a function to each element of a matrix to
form a resultant matrix.

Usage:
CALL MFUN (A, F,R,N, M, MS)

An external statement must precede call state-
ment in order to identify parameter F as the
name of a function.

Description of parameters:
A - Name of input matrix,
F - Name of FORTRAN-furnished or user
function subprogram.
- Name of output matrix.
- Number of rows in matrix A and R.
Number of columns in matrix A and R.
One digit number for storage mode of
matrix A (and R):
0 - General,
1 - Symmetric.
2 - Diagonal.

BEzZw
1

S -

Remarks:
Precision is dependent upon precision of func-
tion used.

Subroutines and function subprograms required:
LoC
F (see Description of Parameters)

Method:

Function F is applied to each element of matrixA

to form matrix R.

SURROUTINE MFUNIA oF R 4Ny My MS) MEUN
DIMENSION A(1).RI1) MEUN
[ COMPUTE VECTOR LENGTH, IT MFUN

CALL LOCINJMoIT oM MyMSY MEAIN
c BUILD MATRIX R FOR ANY STNRAGE .MODE MFUN
D0 5 I=1,1T MFUN
B=ALD) MEUN
R{LI=F8) MFUN
RETURN MFUN
END MFUN

w

-

DOBND NS W

Function RECP

Purpose:
Calculate reciprocal of an element. This is a
FORTRAN function subprogram which may be
used as an argument by subroutine MFUN,

Usage:
RECP(E)

Description of parameters:
E - Matrix element.

Remarks:
Reciprocal of zero is taken to be 1. 0E38,

Subroutines and function subprograms required:
None.

Method:
Reciprocal of element E is placed in RECP.

FUNCTION RECPIE) RECP
BI1G=1,0€38 RECP
TEST ELEMENT =0R ZERQ RECP
TIFLE) 15241 RECP
IF NON-ZERO, CALCULATE RECTPROCAL RFCP

1 RECP=1.0/E RECP
RETURN RECP
IF ZERO, SEY EQUAL TO INFINITY RECP

2 RECP=SIGNI(BIG.E} RECP
RETURN RECP
END RECP
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LOC

Purpose:

Compute a vector subscript for an element in a

matrix of specified storage mode.

Usage:
CALL LOC (1,J,IR,N, M, MS)

Description of parameters:
- Row number of element.
- Column number of element.
- Resultant vector subscript.
Number of rows in matrix,
- Number of columns in matrix,
S - One digit number for storage mode of
matrix;
0 - General.
1 - Symmetric.
2 - Diagonal.

2ERzge "
]

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:

MS=0 Subscript is computed for a matrix with
N*M elements in storage (general ma-

trix).

MS=1 Subscript is computed for a matrix with
N*(N+1)/2 in storage (upper triangle of
symmetric matrix). If element is in
lower triangular portion, subscript is
corresponding element in upper tri-
angle.

MS=2  Subscript is computed for a matrix with
N elements in storage (diagonal ele-
ments of diagonal matrix), If element
is not on diagonal (and therefore not in

storage), IR is set to zero.

SUBRGUTINE LOCIT,JsERyNM,MS) Loc
Tx=1 Lac
JX=4 Loc
IF(MS~1) 10,20,30 Lac
10 [RX=N®{JX-1)+IX Loc
G0 10 36 Lac
20 IF{IX-JX) 22,24,24 Lac
22 IRX=IX+{JIX®I%-IX} /2 Loc
G0 N 36 iac
24 IRX=JX+(IX®IX-1IX}/2 LN
60 10 36 Lnc
30 IRX=0 Loc
IFLIX~-4X) 36,32,36 LocC
32 IRx=1x Lnc
36 IR=IRX Lnc
RETURN Loc
END Loc
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ARRAY

Purpose:

Convert data array from single to double dimen-
sion or vice versa. This subroutine is used to
link the user program which has double dimen-
sion arrays and the SSP subroutines which oper-
ate on arrays of data in a vector fashion.

Usage:

CALL ARRAY (MODE,I,J,N, M, S, D)

Description of parameters:

MODE - Code indicating type of conversion:
1 - From single to double dimen-

sion.
2 - From double to single dimen-
sion.
1 ~ Number of rows in actual data matrix,
J - Number of columns in actual data ma-
trix.
N - Number of rows specified for the ma-
trix D in dimension statement.
M - Number of columns specified for the
matrix D in dimension statement.
S - If MODE=1, this vector contains, as

input, a data matrix of size I by J in
consecutive locations columnwise,
If MODE=2, it contains a data matrix
of the same size as output. The
length of vector S is IJ, where IJ=I*J.
D - If MODE=1, this matrix (N by M)
contains, as output, a data matrix of
size I by J in first I rows and J col-
umns, If MODE=2, it contains a data
matrix of the same size as input.

Remarks:

Vector S can be in the same location as matrix
D. Vector S is referred as a matrix in other
SSP routines, since it contains a data matrix,
This subroutine converts only general data ma-
trices (storage mode of 0).

Subroutines and function subroutines required:

None.

Method:

Refer to the discussion on variable data size in
the section describing overall rules for usage in
this manual.

®




SUBROUT INE ARRAY (MODE«T+JsNeMiSeD} ARRAY
OIMENSION St1),0t 1} ARRAY
NIaN-| ARRAY

c TEST TYPE OF JONVERSION ARRAY
IF{MODE-1) 100, 100, 120 ARRAY

4 CONVERT FROM S INGLE TO ONUSLE DIMENSION ARRAY
100 ld=lejel ARRAY
NMaN®j+1 ARRAY

0N 110 K=1,9 ARRAY
NManNM-NT ARRAY 10

00 110 L=141 ARRAY 11
13s14-1 ARRAY 12
NM=NM-1 ARRAY 13

110 DINMI=STTY) ARRAY 14
60 TO 140 ARRAY 1S

c CONVERT FROM DfIURLE TO SINGLE DIMENSION ARRAY 16
129 19=0 ARRAY 17
NMzQ ARRAY 19

DD 130 K=l,9 ARRAY 19

DO 125 L=141 ARRAY 20
Td=ldel ARRAY 21
NMaNMel ARRAY 77

125 S(I1J}=DINK) ARRAY 23
130 NMaNMeNT ARRAY 24

140 RETURN ARRAY 75
END ARRAY 26

B N

Mathematics — Integration and Differentiation
QSF
This subroutine performs the integration of an

equidistantly tabulated function by Simpson's rule,
To compute the vector of integral values:

X.
2. =zx)= [y dx
1 t (i=1,2,...,n)

with xi =a+ (i-1) h

for a table of function values y; (i= 1,2,...,n),
given at equidistant points xj =a + (i-1) h
i=1,2,...,n), Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules is used. Local truncation error is of the
order hd in all cases with more than three points
in the given table. Only z2 has a truncation error
of the order h# if there are only three points in the
given table, No action takes place if the table
consists of less than three sample points.

The function is assumed continuous and differen-
tiable (three or four times, depending on the rule
used).

Formulas used in this subroutine (zj are integral
values, yj function values) are:

Z, =2, +h 1,25 +2y. 0,25 1
§7 %1 TR(L25Y, 42y, Vi) @
Z, =2 +-11(y + 4y +y.) (Simpson's .(2)
o2 872 "1 le)

2,225 8h(y +3y 2+3YJ R @)

(Newton's 3/8 rule)

z, = +P-(y

: +3. .
i ]_5 3 V55 875 yj_4+ 2,625 yj_3

+2.625y, . +3.87T5y, _+y.
Yj-2 Vi ty) "

[combination of (2) and (3)]

‘Sometimes formula (2) is used in the following form:

h
Z, =gz, -3(yj+4yj+1+yj+2) (5)

Local truncation errors of formulas (1)...
respectively:

(4) are,

1 4
Ri=ggh v () (€ elx;_y» Xjq) )
Rz—-%h v k) (el % ;D)
3
R3=-gohy 7 (b)) (ggelx_pr X))

R =—_1_.h5

1111

(E4E [ xj_5’ X]])

However, these truncation errors may accumulate.

For reference see:

(1) F.B. Hildebrand, Introduction to Numerical
Analysis. McGraw-Hill, New York/
Toronto/London, 1956, pp. 7T1-76.

(2) R. Zurmiihl, Praktische Mathematik fiir
Ingenieure und Physiker. Springer, Berlin/
Géttingen/Heidelberg, 1963, pp. 214-221,

Subroutine QSF

Purpose:
To compute the vector of integral values for a
given equidistant table of function values,

Usage:
CALL QSFH, Y, Z, NDIM)

Description of parameters:

H - The increment of argument values,

Y - The input vector of function values.

Z - The resulting vector of integral values,

Z may be identical to Y,

NDIM - The dimension of vectors Y and Z.
Remarks:

No action in case NDIM less then 3.

Subroutines and function subprograms required:
None

Method:
Beginning with Z(1) = 0, evaluation of vector Z is
done by means of Simpson's rule together with
Newton's 3/8 rule or a combination of these two
rules. Truncation error is of order H**5 (that is,
fourth-order method), Only in case NDIM=3
truncation error of Z(2) is of order H**4,
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SUBROUTINE QSF{H»Ys2ZsNDIM) QSF  MO1
DIMENSION Y(1),2(1) QSF  M02
HT=43333333aH USF  MO3
kl=l QSF  MQ4
L2=2 QSF  MO5
L33 QSF  MO6
La=sy USF  MO7
LS=5 GSF MO8
Lé=6 QSF M09
IFINDIM=5)748,1 QSF  M10
NDIM IS GREATER THAN 5. PREPARATIONS OF INTEGRATION LOOP QSF M1l

1 SuMl=Y{L2)+YI(L2) QSF  M12
5UM]1=5UM]+5UML USF  M13
SUMI=HT®(Y(L1}ASUML+Y(L3)) QSF  Ml4
AUX1=Y(L4I+YILG) QSF  M1S
AUX1sAUX1+AUX] QSF  Ml6
AUX1=SUML4HT# Y (L3 )+AUX1+Y(L5)) QSF  M17
AUX2SHT#(YILL)+3eB75%LY(L2)+YILS) 19206250 (Y {LII4Y(LAII+YILE)) QsF  M18
SUM2sYILS)I+YIL5) USF  M19
SUM2=5UM2+5UM2 QSF  M20
SUMZ=AUX2=HT#(Y{L&4)+SUM2+YILE}) QSF  M21
2{L1)=0, QSF  M22
AUX=Y(L31+YIL3) QSF M23
AUX=AUX +AUX QSF  M24
2{L2)2SUMZ=HT#{ Y (L2) +AUX+Y(L&}) QSF  M25
Z{L31=25UMl QSF  M26
ZiL4)=SUM2 GSF  M27
IFINDIM=615+5+2 QSF  M28
INTEGRATION LOOP USF  M29

2 DO & I=T7sNDIMs2 QsF  M30
SUM1=AUX]1 QSF  M31
SUM2=AUX2 QSF  M32
AUX1=Y{I=1)+Y(1=1} QSF  M33
AUX1=AUX1+AUX] QSF  M36
AUXI*SUMI+HT#IY [ I=2)+AUXT+Y{ ) QSF M35
Z(]=21=5UMl QSF  M36
IFUI=NDIM13+646 QSF  M37

3 Aux2=YiD)evtl) QSF M348
AUX2=AUX2 +AUX2 WSF  M39
AUX2=SUMZ+HT#{Y{I=1)+AUX2+Y(]¢])) USF M40

4 Zil=1)=5um2 USF  Mal
5 Z{NDIM=1)=AUX] USF  M&2
2Z{NDIM) zAUX2 WSF M43
RETURN WEF Mk

6 ZINDIM=1}a5UM2 QSF  Mae5
ZINDIMI=AUX] QSF Mae
RETURN QSF  Ma7
END OF INTEGRATION LOGP QS5F  MaB

7 IFINDIM=3112011+8 QSF M4y
NDIM 1S EQUAL TO 4 OR QSF M50

H SuM2= 1.125!HT'(HLI.MV(LZ)OV(LZIo\'(LZ)*V(LZI*V(LZ)+V(L3)0VH.U) QSF  M51
SUMLl=YiL2)+Y(L2) QASF M52
SUM1=5UML+SUM] QSF  M53
SUML=HT®IY(L1)+SUMI+Y{L3]}) QSF M54
21L11=0a WSF M55
AUX1=Y(L3)+Y{L3) GSF  MS6
AUX1=AUX]1+AUX] YSF M57
ZIL2)=SUMZ=HT#{YIL2)+AUX1+Y{L4)) USF M58
IFINDIM=E11019+9 uSF  M59

9 AUXL=YILGI+YILG) «SF  M&0
AUX1=AUX1+AUX1 J5F M6l
Z(LS)=SUML+HT®IY{L3}+AUXL+Y(L5)) J5F  M62
10 2{L3)1=SUM]1 USF  M63
2{L6125UM2 USF  M64
RETURN JSF M65
NDIM 1S EQUAL TO 3 WSF M6
11 SUMI=HT#{1,25%Y{L1)+Y(L2)+Y{L2)=,25%Y{L3}) uSF  MeT
SuM2=Y (L2} +YIL2} QSF  M68
5UM2B5UM2+SUM2 WSF  M69
ZIL3)=HTHY (L1 )+5UM2+Y(L3 ) WSF  M70
Z(L1}=0e uSF M7l
ZiLZ)=5uM] USF  M72
12 RETURN QSF  M73
END USF M74

This subroutine performs the integration of a given
function by the trapezoidal rule together with
Romberg's extrapolation method in order to compute

an approximation for:
b

y= ] f®d (1)

Successively dividing the interval [ a,b ]into 2!
equidistant subintervals (i = 0,1,2,.:.) and using
the following notations:

=b-a =
By =Tt X atke b ST

(k=0,1,2,...,2)

the trapezoidal rule gives approximations To,i to the
integral value y:

T, =h, E fert@etonl @
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Then the following can be written:

T Z c, 12X
r=1 % t

0,1 2r

with unknown coefficients Co, 2y which do not
depend on i. Thus there is a truncation error of
the order hg.

Knowing two successive approximations, To,i
and To,i+1, an extrapolated value can be generated:

0,i+l 0,i
= —r
T1,17 T, 111 22 -1 @

This is a better approximation to y because:

_1 2 2r 2r
1,i 2 -1 ; hi+1 hi )

, 2.2 2 _ .
Noting that 2 hi+1 hi = 0 and setting:
C ! 2
—_ r
1,2r 021 (2 )°Co,2r
T. . becomes:
1,1
)
2r
Ty i7y+ Z Cy,or Bis1
r=2

This gives a truncation error of the order hf+1'

Knowing Tq, j+2 also, T1, j+1 can be generated
(formula 3), and:

T -T
1,i+1 1,i
T, .=T, . e E— 4
2,1 1, iHl 24 -1 )
Thus:
o 2
r
T, .=y+ C h,
2,1 y rz=3: 2,2r " i¥2
1 2
with C, . = —— @*-2")¢
24_1 1,2r

with a truncation error of the order h?+2. Observe
that the order of truncation error increases by 2 at
each new extrapolation step.

The subroutine uses the scheme shown in the
figure below for computation of T-values and




generates the upward diagonal in the one-dimen-
sional storage array AUX, using the general
formula:

+Tk-1,j+1 Ty, j

T, .=T . (k+j=i,
k k-1,jH
’] ’J 22k_1 (5)
j= i-1,i-2,...,2,1,0)
and storing:

T . into AUX (i)
0,i

T4, 41, into AUX ()

T, into AUX (1)

k,0
Truncation error O(hiz) O(h?) O(hié) O(hl8) .
step length .
oo 1 2 3

h, i\

1
b-a 0 To,O ;1,0] T2,O] T3,O
b-a

2 S IJ] T],]ﬁ ;21[

b-a .

2 2 17,2 | ;1,2 J

b-a I

8 3 To,3

Computation of T-values (QATR)

The procedure stops if the difference between two
successive values of AUX (1) is less than a given
tolerance, or if the values of AUX (1) start oscillat-
ing, thus showing the influence of rounding errors.

Subroutine QATR

Purpose:
To compute an approximation for integral
(FCTX), summed over X from XL to XU).

Usage:
CALL QATRXL,XU,EPS,NDIM, FCT,Y,IER,
AUX) Parameter FCT required an EXTERNAL
statement,

Description of parameters: :
XL - The lower bound of the interval,

XU - The upper bound of the interval,
EPS - The upper bound of the absolute error.

NDIM - The dimension of the auxiliary storage
array AUX, NDIM-1 is the maximal
number of bisections of the interval
(XL, XU).

FCT - The name of the external function sub-
program used,

Y - The resulting approximation for the
integral value.

IER - A resulting error parameter.

AUX - An auxiliary storage array with
dimension NDIM,

Remarks:

Error parameter IER is coded in the following

form:

IER=0 - It was possible to reach the required
accuracy. No error,

IER=1 - 1t is impossible to reach the required
accuracy because of rounding errors.

IER=2 - It was impossible to check accuracy
because NDIM is less than 5, or the
required accuracy could not be reached
within NDIM-1 steps, NDIM should be
increased,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be coded by the user. Its argument X should not
be destroyed.

Method:
Evaluation of Y is done by means of the trape-
zoidal rule in connection with Romberg’s
principle. On return Y contains the best possible
approximation of the integral value and vector
AUX the upward diagonal of the Romberg scheme.
Components AUX(I) (=1, 2,..., I[END, with
IEND less than or equal to NDIM) become ap-
proximation to the integral value with decreasing
accuracy by multiplication by XU-XL),

For reference see:

1, Filippi, Das Verfahren von Romberg-Stiefel- Bauer
als Spezialfall des Allgemeinen Prinzips von
Richardson, Mathematik~Technik-Wirtschaft,
Vol, 11, Iss, 2 (1964), pp. 49-54,

2. Bauer, Algorithm 60, CACM, Vol, 4, Iss. 6
(1961), pp. 255,

SUBROUTINE GATRIXLsXU+EPSINDIMeFCT Y+ IERAUX} QATR

1

DIMENSION AUX(1) QATR 2
PREPARATIONS OF ROMBERG=LOOP QATR 3
AUX(1)m 58 FCT(XL}I+FCT(XU}) QATR &
H=XUs=X| GATR 5
IFINDIM=1)8+841 QATR 6
1 IFUN) 241002 GATR 7
NDIM 1S GREATER THAN 1 AND H IS NOT EQUAL 7O 04 QATR ]
2 HHe=H QATR 9
E=FEPS5/ABS (H) QATR 10
DELT2u0, QATR 11
Pel, QATR 12
JJ=1 GATR 13
00 7 I=2.NDIM QATR 14
Y=AUXI(1) QATR 15
DELT1=DELT2 QATR 16
HOmHH QATR 17
HHm o G#HM QATR 18
p=,58p QATR 19
X=XLAHH QATR 20
SYu0, QATR 21
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FaXaXal

00 3 JulodJ QATR 22
SM=SM+FCT (X) GATR 23
3 XuX+HD QATR 24
AUX(T)meS®AUX{I=1)+P#SM QATR 28
A NEW ADPROXIMATION OF INTEGRAL VALUE IS COMPUTED BY MEANS OF QATR 26
TRAPEZOIDAL RULEs QATR 27
START OF ROMBERGS EXTRAPOLATION METHODs QATR 28
Q=1 QATR 29
Jisi=1 QATR 30
DO 4 JsleJl QATR 31
Ial=y QATR 32
Q=0+0Q QATR 33
Q=Q+Q QATR 34
4 AUXEIT)AUX{IT+1)+tAUXITI+1)=AUXITT}]/(Q=10) QATR 35
END OF ROMBERG=STEP QATR 36
DELT2=ABS{Y=~AUX(11} QATR 37
IF{1=5)7454+5 QATR 38
5 IF(DELT2-E}10+10+6 QATR 39
6 IF(DELT2=DELT1)7s11s11 QATR 40
T Jzdd+ad QATR 41
8 IERw2 QATR 42
9 Y=H®¥AUX({1) QATR 43
RETURN QATR 44
10 lER=0 QATR 45
GO TO ¢ QATR 46
11 I1fR=1 QATR 47
Y=H#*Y QATR 48
RETURN QATR 49
END QATR 50

Mathematics - Ordinary Differential Equations

RK1

This subroutine integrates a given function using the
Runge-Kutta technique and produces the final com-
puted value of the integral.

The ordinary differential equation:

Lty M

with initial condition y(x,) = y,, is solved numeri-
cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the
value of y at x = x, is used to compute y,, 1 =
¥(xn+1) and earlier values y,_j, ¥, _o, €tc., are not
used.

The relevant formulae are:
L=V, t /6 [k0+ 2k

y + 2k2 + k3] (2)

n+ 1

where we define, for step size h

o
It

0 hf(xn’ y1'1)

k1 = hf(xn+ h/2, v, * k0/2) -
k2 = hf(xn+ h/2, vt k1/2)
k3 = hi(x, + h, yp + kz)

Subroutine RK1

Purpose:
Integrates a first order differential equation
DY/DX=FUN(X,Y) up to a specified final value.

Usage:

CALL RK1(FUN, HI, XI, YI, XF, YF, ANSX,
ANSY, IER)
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Description of parameters:

FUN - User-supplied function subprogram
with arguments X,Y which gives
DY/DX.
HI - The step size,
X1 - Initial value of X.
YI - Initial value of ¥ where YI=Y(XI).
XF - Final value of X.
YF - Final value of Y.
ANSX Resultant final value of X.
ANSY Resultant final value of Y,
Either ANSX will equal XF or ANSY
will equal YF depending on which is
reached first.
IER - Error code:
IER=0 No error.
IER=1 Step size is zero.

Remarks:

If XI is greater than XF, ANSX=XI and
ANSY=YI.

If H is zero, IER is set to one, ANSX is set to
X1, and ANSY is set to zero.

Subroutines and function subprograms required:

FUN is a two argument function subprogram
furnished by the user: DY/DX=FUN (X,Y).
Calling program must have FORTRAN external
statement containing names of function subpro-
grams listed in call to RK1.

Method:

on

Uses fourth-order Runge-Kutta integration proc-
ess on a recursive basis as shown in F. B.
Hildebrand, 'Introduction to Numerical Analy-
sis', McGraw-Hill, 1956. Process is termi-
nated and final value adjusted when either XF or
YF is reached.

SUBROUTINE RKLUFUNGHE 4 XTo¥T 4XF ¢YF JANSX ANSY ,TERD RK1 1

IF XF IS LESS THAN OR EQUAL TO xI, RETURN XI,Y! AS ANSWER RX1 2
EFIXF-X1) 11511512 Kl 3

11 ANSX=X! RK1 4
ANSY=Y] RK1 5
RF TURN RK1 5
TEST INTERVAL VALUE RK1 7

12 H=Ml 2Kl L]
IFEHL) 16414420 RK1 9

16 [ER=} RK1 10
ANSXaX] Kl 1
ANSY=0.0 RK 12
RETURN RK1 1
16 Hz-HI RK1 Is
SET XN=INTTIAL X YN=dNIETIAL Y "K1 ts

20 xNaxl RKL 13
YN=Y1 RK1 17
INTEGRATE UNE TIME STEP wl X
HNEW=H /K1 19
JuNP=] RK1 20
Gu o 1710 RKE 21
25 XNl=XX K1 22
YNL=YY RK1 23
COMPARE XNL taX{Nei)} TN X FINAL AND BRANCH ACCORDINGLY /K1 24
T1F{XNL=XF}50,30:40 RK1 25
XMlaXxFy RETURN (XF,YNL) AS ANSWER rxl 26

30 ANSX3XF RK1 27
ANSY=YN] RK1 28
GO YO 160, Kt 29
XN]1 GREATER THAN XF, SET NEW STEP SI2E AND INTFGRATE ONF STEP RK1 n
RETURN RESULTS OF INTFGRATION AS ANSWER rK1 11

40 HNEW=XF-XN RK1 2
JuMP=2 RK1 3
GO 1O 170 RK1 36
45 ANSX=XX Akl 35
ANSYaYY RK1 Ik
60 Y0 t60 . RK1 37
XNl LESS THAN X FINAL, CHECK [F tYN,YN1) SPAN Y FINAL L1 3} 38

50 TFUEYNI-YFISIYF-YN)I60,70,110 RK1 1n

w

&



4 YNL AND YN DO NOT SPAN YF. SET {XN,¥YN} AS [XNI,YNL) AND RFPFAT RK1  4n

60 YNaYNL aKl 41

XN=XN] RK1 “2

G0 TO 170 RK1 43

[4 EITHER YN DR YNI =YF. CHECK WHICH AND SFT PROPER [X,Y) AS ANSWFRK1 44

70 [F(YN1-YF)80,100, RO oKl 45

RO ANSY=YN aKl 4

ANSXaxN L1} 47

GO TD 160 RK1 48

100 ANSY=YN1 ak| 49

ANSX=XN1 /Kl 91

G0 1O 160 aky 51

4 YN AND YNI SPAN YF. TRY TN FIND X VALUF ASSOCIATED WITH YF uky 52

110 DD 140 I=1.10 a1 51

4 INTERPOLATE T) FIND NEW TIME STEP AND INTFSRATE ONF STEP oKl S4

4 TRY TEN INTERSALATIONS AT MOST AK1 55

HNEW={ [YF=YN 1/ (YNL-YN}) € (XNI-XN} RK1L 56

JUMP=3 RK1 57

GO TO 170 RKL S8

115 XNEW=XX RKI 59

YNEW=YY RKI &0

[4 COMPARE COMPUTED Y VALUE WITH YF AND RRANCH Rkl 61

FF{YNEW-YF 120,150,130 RKL 62

¢ ADVANCE, YF IS BETWEEN YNEW AND YNI RKL 63

120 YNSYNEW RKL b4

XN=XNEW RK1 65

GU TO 140 RK1 66

4 ADVANCE, YF IS BETHFEN YN AND YNEW K1 67

130 YNI=YNEW RKI 68

XN1=XNEW RKL 69

140 CONTINUE RKL 70

RETURN {XNEW,YF) AS ANSWER K1 T1

150 ANSX=XNEW Kl T2

ANSY=YF RK1 T3

160 RETURN AK1 74

170 H2=HNFW/2.0 RXl 15

TLxHNEWSFUN (XN, Y4 ) RKL 76

T2=HNEWSFUN(XN#H2 ,YN+T1/7.0) RK1 77

T3=HNEWSFUN{XN#HZ (YN+T2/2.0) RKL 78

ToaHNEWSFUNT XN+HVEW ¢ YN+T 30 KL 79

YY=YN4{T142.0¢T2+2,0#T3¢T41/6.0 RK1 80

XX=XNeHNEW Kkl 81

GO TO {25445,L15), JUMP /Kl 82

END RKE A3
RK2

This subroutine integrates a given function using the
Runge-Kutta technique and produces tabulated values
of the computed integral.

The ordinary differential equation:

-ty @)

with initial condition y(xg) = yg is solved numeri-
cally using a fourth-order Runge-Kutta integration
process. This is a single-step method in which the
value of y at x = x; is used to compute y, 7 =
y(xp.1) and earlier values y,, 4, ¥, o, etc., are not
used.

The relevant formulae are:
L=t 1/6[k0+ 2k, + 2k, + k3] 2)

y

n+ 1

where we define, for step size h

k0 = hf(xn, yn)

k, = hix + h/2,y + k. /2) o)
k, = hi(x +h/2, y +k/2)

kg = hi(x +h, y +k,)

Subroutine RK2

Purpose:
Integrates a first-order differential equation
DY/DX=FUN(X, Y) and produces a table of inte-
grated values.

Usage:
CALL RK2(FUN, H, X1, YI,K, N, VEC)

Description of parameters:

FUN - User-supplied function subprogram
with arguments X,Y which gives DY/DX.

H - Step size,

X1 - Initial value of X.

YI - Initial value of Y where YI=Y (XI).

K - The interval at which computed values
are to be stored.

N - The number of values to be stored.

VEC - The resultant vector of length N in
which computed values of Y are to be
stored.

Remarks:
None.

Subroutines and function subprograms required:
FUN - User-supplied function subprogram for
DY/DX.
Calling program must have FORTRAN EXTER-
NAL statement containing names of function
subprograms listed in call to RK2.

Method:
Fourth-order Runge-Kutta integration on a re-
cursive basis as shown in F. B. Hildebrand,
'Introduction to Numerical Analysis', McGraw-
Hill, New York, 1956.

SUBROUTINE RK2{FINsHs XTI, Y[ ,K,NyVEC) RK2 1
DIMENSION VEC(1) K2 ?
H2=H/2, ”K2 3
Y=vi RK? 3
X=x1 RK? 5
DO 2 I=L4N RK? 6
80 1 J=1,K RK? 7
TL=H#FUNIX,Y) RK? a
F2=HEFUNIX4H2,Y4T 172.) aK2 Q
TI=HSFUNIX$H2, YT 2/2,) Ri2 117
TA=HEFUN[X+H,Y+T3) RX 2 vl
Y= YHIFL147.0T242, 4T 32741 /6, RK2 12
1 X=Xe¢H RK2 13
2 VECLI)=Y RK2 14
RETURN ’x2 15
END RK2 (1.3
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RKGS

This subroutine uses the Runge-Kutta method for
the solution of initial-value problems.

The purpose of the Runge-Kutta method is to ob-
tain an approximate solution of a system of first-
order ordinary differential equations with given
initial values. It is a fourth-order integration pro-
cedure which is stable and self-starting; that is,
only the functional values at a single previous point
are required to obtain the functional values ahead.
For this reason it is easy to change the step size h
at any step in the calculations. On the other hand,
each Runge-Kutta step requires the evaluation of the
right-hand side of the system four times, which is
a great disadvantage compared with other methods
of the same order of accuracy, especially predictor-
corrector methods. Another disadvantage of the
method is that neither the truncation errors nor
estimates of them are obtained in the calculation
procedure. Therefore, control of accuracy and
adjustment of the step size h is done by comparison
of the results due to double and single step size 2h
and h,

Given the system of first-order ordinary differ-
ential equations:

dy1
'=—= =f s 3 ceey
N &Y Yy V)
dy
y'=-—2=f (X Yo Yo +-0s V)
2 a&x 2°rY1rY2 ' n
d
y'=ﬁ=f (X Vo5 Yoo +o05 V)
n d}( n ] 1’ 2’ H n

and the initial values:
Y &) =Yy 0 Yol®) =Yg g0 o0 V&) =Yy g

and using the following vector notations:

¥, ) f(xY) 1,0
Yx) = | vy | FE D = H,7) ) Y =17, ,
yn(x) fn(x’ Y) yn, 0

where Y, F and Yg are column vectors, the given
problem appears as follows:

dy
| J— - 1 =
Y'= x F(x,Y) with Y(x ) =Y
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With respect to storage requirements and com-
pensation of accumulated roundoff errors, Gill's
modification of the classical Runge-Kutta formulas
is preferred. Thus, starting at xg with Y(xq) = Y
and vector Q0 = 0, the resulting vector Y4 =Y(xg+h)
is computed by the following formulas:

1
= . = +— -
K, =hF(x, Y Y, =Y 45K - 2Q)

1 0

- 1 . _1
Q=" 3[2 (B 2Qo)] 2 %

= h v = vk -
Ky =hFey +3, Y s Y, =Y, *+d J;)(Kz Q)

1
Q,=Q +3[a 'J'E)(Kz -Q)] -a '\&)Kz
1)

h 1
Ky =hFx +5, Yp) i Y, =Y, + (1 4[5)(K, - Q)

1
QP =Q,+3[a *\[;(Ks -Qy]-a +\/;)K3

1
K, =hF(x +h, Y ;Y, =Y, +5 (K, - 2Q)

4
Q,=Q, +3 [=(K, - 2Q)] -+K
4 3 6" 4 3 2 4

where Kj, K2, K3, Kg4, Y1, Y2, Y3, Y4, Q1, Q2,
Qg, Q4 are all column vectors with n components.

If the procedure were carried out with infinite
precision (that is, no rounding errors), vector Q4
defined above would be zero. In practice this is not
true, and Q4 represents approximately three times
the roundoff error in Y4 accumulated during one step.
To compensate for this accumulated roundoff, Q4

is used as Q( for the next step. Also (xg +h) and Yy
serve as xq and Y respectively at the next step.

For initial control of accuracy, an approximation
for Y(xq + 2h) called Y(2) (xo + 2h) is computed using
the step size 2h, and then an approximation called
Y(1) (x¢ + 2h), using two times the step size h. From
these two approximations, a test value é for ac-
curacy is generated in the following way:

I @ _ @
¢ = 15 iz:lai'lyi - Y | (2)

where the coefficients ai are error-weights specified
in the input of the procedure.

Test value 8 is an approximate measure for the
local truncation error at point xg+2h. If § is greater
than a given tolerance €2, increment h is halved and
the procedure starts again at the point xo. I § is
less than €2, the results Y(1) (xo+h) and Y(1) (x0+2h)

g



are assumed to be correct. They are then handed,
together with xg + h and xg + 2h and the derivatives
at these points -- that is, the values of F[xo + h,
Y1) (xo+h)] and F[x¢+2h, Y(1) (xg+2h)] respective-
ly -- to a user-supplied output subroutine.

If 8 is less than €1 = €9/50, the next step is
carried out with the doubled increment. However,
care is taken in the procedure that the increment
never becomes greater than the increment h specified
as an input parameter, and further that all points
X + jh (where j =1, 2, ...) which are situated
between the lower and upper bound of the integration
interval are included in the output. Finally, the
increment of the last step of the procedure is chosen
in such a way that the upper bound of the integration
interval is reached exactly.

The entire input of the procedure is:

1. Lower and upper bound of the integration
interval, initial increment of the independent vari-
able, upper bound €g of the local truncation error.

2. Initial values of the dependent variables and
weights for the local truncation errors in each com-
ponent of the dependent variables.

3. The number of differential equations in the
system.

4. As external subroutine subprograms, the
computation of the right-hand side of the system of
differential equations; for flexibility in output, an
output subroutine.

5. An auxiliary storage array named AUX with
8 rows and n columns,

Output is done in the following way. If a set of
approximations to the dependent variables Y(x) is
found to be of sufficient accuracy, it is handed --
together with x, the derivative F[x, ¥(x)], the
number of bisections of the initial increment, the
number of differential equations, the lower and upper
bound of the interval, the initial step size, error
bound €2, and a parameter for terminating subroutine
RKGS ~-- to the output subroutine, Because
of this output subroutine, the user has the opportu-
nity to choose his own output format, to handle the
output values as he wants, to change the upper error
bound, and to terminate subroutine RKGS
at any output point. In particular, the user is able
to drop the output of some intermediate points,
printing only the result values at the special points
X9 +nh(n=20,1, 2, ...). The user may also
perform intermediate computation using the integra-
tion results before continuing the process.

For better understanding of the flowchart and of
the FORTRAN program, the following figure shows
the allocation of special intermediate result vectors
within the storage array AUX,

For reference see A, Ralston/H.S. Wilf, Mathe-
matical Methods for Digital Computers , Wiley,
New York/London, 1960, pp. 110-120.

AUX
function vector Y(x) 1. row (AUX (1) in flowchart)
derivative vector F(x, Y(x)) 2. row (AUX (2) in flowchart)

at point x

vector of accumulated roundoff | 3.

row (AUX (3) in flowchart)

function vector Y(x+2h) for 4,
testing purposes

row (AUX (4) in flowchart)

function vector Y(x+h) 5.

row (AUX (5) in flowchart)

at point x +h

vector of accumulated roundoff | 6.

row (AUX (6) in flowchart)

derivative vector F(x+h, Y(x+h))| 7.

row (AUX (7) in flowchart)

vector of error weights 8.
multiplied by 1/15

row (AUX (8) in flowchart)

Storage allocation in auxiliary storage array AUX (RKGS)

Subroutine RKGS

Purpose:

To solve a system of first-order ordinary differ-
ential equations with given initial values,

Usage:

CALL RKGS(PRMT, Y, DERY,NDIM,HLF,FCT,
OUTP,AUX) Parameters FCT and OUTP require
an external statement,

Description of parameters:

PRMT

PRMT(1)
PRMT (2)
PRMT(3)

PRMT@4)

An input and output vector with
dimension greater than or equal

to 5, which specifies the para-
meters of the interval and of
accuracy and which serves for
communication between the output
subroutine (furnished by the user)

and subroutine RKGS, Except for
PRMT(5), the components are not
destroyed by subroutine RKGS and
they are:

Lower bound of the interval (input).
Upper bound of the interval (input).
Initial increment of the independent
variable (input),

Upper error bound (input). If
absolute error is greater than
PRMT(@4), the increment gets halved,
If the increment is less than PRMT(3)
and absolute error less than PRMT(4)/50,
the increment gets doubled. The user
may change PRMT(4) in his output
subroutine.
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PRMT(5) - No input parameter. Subroutine
RKGS initializes PRMT(5)=0. If the
user wants to terminate subroutine
RKGS at any output point, he must
change PRMT(5) to nonzero in sub-
routine OUTP, Further components
of vector PRMT can be made avail- 2.
able if its dimension is defined
greater than 5, However subroutine
RKGS does not require this, Never-
theless, they may be useful for
handling result values to the main
program (calling RKGS) which are
obtained by special manipulations
with output data in subroutine OUTP.

Remarks:
The procedure terminates and returns to the
calling program, if
1. More than 10 bisections of the initial increment
are necessary to get satisfactory accuracy
(error message THLF=11),
The initial increment is equal to 0 or has the
wrong sign (error messages IHLF=12 or IHLF=13).
3. The integration interval is exhausted.
4, Subroutine OUTP has changed PRMT(5) to non-
zZero,

Subroutines and function subprograms required: %
The external subroutines FCT (X, Y, DERY) and
OUTP(X,Y,DERY, IHLF, NDIM, PRMT) must be

Y - Input vector of initial values furnished by the user, *
(destroyed). On return, Y is the Method:
resultant vector of dependent vari- Evaluation is done by means of fourth-order
ab}es computed at intermediate Runge-Kutta formulae using the modification due
points X, . to Gill, Accuracy is tested comparing the results
DERY - Input vector of error weights of the procedure with the increment.
(desttroy ed). Th:I sum (;‘;f its compo- Subroutine RKGS automatically adjusts the
IIID?RSS{I?“?; equ B} L. £ d re.ztun.l, increment during the whole computation by
£ £ ;S e;ec 01{{0 : elrlwiat;\(/es halving or doubling. If more than 10 bisections
ot tunction vatues X at points 2. of the increment are necessary to get satisfac-
NDIM - An input value which specifies the tory accuracy, the subroutine returns with error
number of equations in the system. message IHLF=11 to the main program.
IHLF - An output value which specifies the To get full flexibility in output, an output
number of bisections of the initial subroutine must be furnished by the user. ﬁ%’
increment, When IHLF is greater o
than 10, subroutine RKGS exits to
the main program with error mes-
sage IHLF=11, Other error mes-
sages are:
THLF=12; PRMT(3)=0 or
PRMT(]'):PRMT(Z) SUBROUT INE RKGS{PRMT oY sDERYsNDIM» IHLF+FCT1OUTP +AUX) RKGS b3
- DIMENSION YU1)eDERY(1)sAUXIBsl)oA{4)+B(&)2CI4) sPRMTIS) RKGS MO}
THLF=13; SIGN(PRMT(3)) is not 00 1 [=1sNDIM Regs 3
1 AU:(:.I)'-06666667’DERV(I) RKeS .
equal to SIGN(PRMT(2)-PRMT gl L RKGS ¢
H=PRMT (3)
o . T2 e S
FCT - The name of the external subroutine - RkGs 10
used. This subroutine computes the , PREPARATIONS FOR RUNGE-KUTTA METHOD REGSs 12
right-hand side, DERY, of the sys- iy RKes 15
= K
tem for given values X and Y. Its htirieaa E:gg ;Z
parameter list must be X, Y, DERY. Egéii fes 19
Subroutine FCT should not destroy LI E:gg g%
X and Y. HE nes o .
OUTP - The name of the external output sub- §§i$:7ﬁ'§:§§?°'r FIRST RUNGE-KUTTA STER SEEE g;
routine used. Its parameter list :3;:551‘ JedERY(T) Regs 20
must be X, Y, DERY,IHLF,NDIM, 3 S;:’EEE(;”'“ EEEE ;g
PRMT. PIone of these parameters a1 EEEE 22 ~
(except’ it necessary, PRMT(4)’ ;Er:g;ooF A RUNGE=KUTTA STEP RKGS 36
PRMT(5),...) should be changed by § I ((KHXEND)XHI 70603 e
subroutine OUTP, If PRMT(5) is S AENRaING OF INITIAL VALUES OF THIS STE® Recs a0
hanged to nonzero, subroutine S Tt S Rxes oz
¢ ange. . ’ B ITEST=( o RKGS 43
RKGS is terminated. * STAT OF INWERMOST RUNGE=KUTTA LOOP EEEE '52 m%‘
AUX - An auxiliary storage array with 8 w ot RKGS 47 B
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R1sH&OERY (1) RKGS 51

R2=AJ¥(R1=BJ*AUX{601)) RKGS 52
YiIleY{I)4R2 RKGS  Ra
R2®R24R2+R2 RKGS 54

11 AUX(63T)2AUX (6010 +R2=CI#R] RKGS 55
IF{U=4)112415415 RKGS 56

12 JeJ+l RKGS 97
IF(J=3113,14,13 RKGS 58

13 X=X+ o5#H RKGS 59

14 CALL FCT{X#YsDERY) RKGS 60
6070 10 RKGS 61

4 END OF INNERMOST RUNGE~KUTTA LOOP RKGS 62
c TEST OF ACCURACY RKGS 63
15 IF(ITESTI16+416420 RKGS 64

4 IN CASE ITFST=0 THERE IS NO POSSIBILITY FOR TESTING OF ACCURACY  RKGS 65
16 DO 17 IaleNDIM RKGS 66
17 AUX(4sly=Y(l} RKGS &7
ITESTH] RKGS 68
ISTEP=]STEDP+1STEP=2 RKGS 69

18 THLF=lHLF+1 RKGS 70
X=X=H RKGS 71

He o 544 RKGS 72

DO 19 Ial,NDIM RKGS 73
Y{1t=AUX{1el} RKGS 74
DERY(1)=AUX(241) RKGS 75

19 AUX{64I)=AUXI2W 1) RKGS 76
GOTO 9 RKGS 77

< IN CASE ITEST=1 TESTING OF ACCURACY 1S POSSIBLE RKGS 78
20 IMOD=1STEP/2 RKGS 79
IF{ISTEP=IMOD=IM0D)21423+21 RKGS 80

21 CALL FCT(X»YoDERY) RKGS 81
DO 22 I=1sNDIM RKGS 82
AUX{Be1)aYLT) RKGS 83

22 AUX(741)=DERYLI) RKGS B4
GOTO 9 RKGS 85

[4 COMPUTATION OF TEST VALUE DELT RKGS B&
23 DELT=0e RKGS 87
DO 24 I#14NDIM RKGS 88

264 DELT=DELT+AUX(B+11%ABS [AUX(4s1)=Y(I)} RKGS 89
IF(DELT=PR¥T(4))28+28+25 RKGS 90

4 ERROR [5 TOO GREAT RKGS 91
25 IFLIHLF=10)26+36036 RKGS 92
26 DO 27 Iw1eNDIM RKGS 93
27 AUX{64T)RAUX(99 1) RKGS 94
ISTEP=ISTEP+ISTEP=4 RKGS 95

Xe X RKGS 96
1END=0 RKGS 97

GOTO 18 RKGS 98

4 RESULT VALUES ARE GOOD RKGS 99
28 CALL FCTIXs+YyDERY) RXGS 100
DO 29 I=1sNDIM RKGS 101
AUX(1el) YD) RKGS 102
AUX{2¢1)=DERY (1) RKGS 103

AUX {391 =AUX(641) RKGS 104

YT mAUXISel) RKGS 105

29 DERY(I)=AUX{T7s1) RKGS 106
CALL OUTP (X~i s +DERY s IMLF yNDIMsPRMT) RKGS 107

IF (PRMT (51140930440 RKGS 108

30 00 31 I=1sNDIM RKGS 109
Y(I)aAUX(1s1) RXGS 110

31 DERY{I1}=AUX(2+1) RKGS 111
IREC=THLF RKGS 112
IFLIEND) 3243239 RKGS 113

< INCREMENT GETS DOUBLED RKGS 114
32 IHLFEHLF=1 RKGS 115
ISTEP=ISTER/2 RKGS 116
HaH+H RKGS 117
TF{THLF)4433433 RKGS 118

33 1MOD=]STER/2 RKGS 119
1FUISTEP=IMOD=IMOD) 423064 RKGS 120

34 IF{DELT=,02¢PRMT (4113543544 RKGS 121

35 IHLFaIuLF=1 RKGS 122
1STEP=ISTER/2 RKGS 123

Hap+H RKGS 124

GOTO & RKGS 125

4 RETURNS TO CALLING PROGRAM RKGS 126
36 IHLF=11 RKGS 127
CALL FCT(XsYsDERY) RKGS 128

GOTO 39 RKGS 129

37 IHLF=12 RKGS 130
GOTO 39 RXGS 131

38 IHLF=13 RKGS 132
39 CALL QUTP(X,YsDERY s IHLF sNDIM:PRUT) RKGS 133
40 RETURN RKGS 134
END RKGS 135

Mathematics - Fourier Analysis

FORIF

This subroutine produces the Fourier coefficients
for a given periodic function.

Given: 1. A function f(x) for values of x between
Oand 2 r
2, N -the spacing desired such that the
interval is 2w/(2N+ 1)
3. M - the desired order of the Fourier
coefficients, 0 < M <N.

The coefficients of the Fourier series that approxi-
mate the given function are calculated as follows:

C. = ¢ (._%.I_
1= %S\ \sN+1 (1)

. 2T
5 = Sm(2N+1) )
U, = 0
U, =0
cC =1
S = 0
J =1

The following recursive sequence is used to compute
Uo, Ul, and Uz:

_ 2mr
Yy = f(2N+1)+ 2C0; -1, @)
U, = U,
U, = U,

for values of m = 2N, 2N-1, ..., 1
The coefficients are then:

2
AJ=2—N+—1(f(O)+CU1-U2) ()

2
R e ®
The values of C and S are updated to:

Q = CIC—SIS
S = CIS+ slc

C

Q

J is stepped by 1 and the sequence starting at equa-
tion (3) is now repeated until M+ 1 pairs of coeffi-
cients have been computed.

Subroutine FORIF

Purpose:
Fourier analysis of a given periodic function in
the range 0-27.
Computes the coefficients of the desired number
of terms in the Fourier series F(X)= A(0)+
SUM(A(K)COS KX+B(K)SIN KX) where K=1, 2,
. «+, M to approximate the computed values of a
given function subprogram.

Mathematics — Fourier Analysis 95



Usage:
CALL FORIF(FUN,N, M, A, B,IER)

Description of parameters:
FUN - Name of function subprogram to be used
for computing data points.,
N - Defines the interval such that 2N+1
points are taken over the interval
(0,27). The spacing is thus 2x/(2N+1).
M - The maximum order of the harmonics
to be fitted.
A - Resultant vector of Fourier cosine co-
efficients of length M+ 1; i.e., AO’ e
A
B ~ Resultant vector of Fourier sine coef-
ficients of length M+1; i.e., BO’ cee
By
IER - Resultant error code where:
IER=0 No error.
IER=1 N not greater than or
equal to M.
M less than 0.

’

IER=2

Remarks:
M must be greater than or equal to zero.
N must be greater than or equal to M.
The first element in vector B is zero in all
cases.

Subroutines and function subprograms required:
FUN - Name of user function subprogram used
for computing data points.

Calling program must have FORTRAN EXTER-
NAL statement containing names of function
subprograms listed in call fo FORIF.

Method:
Uses recursive technique described in A. Ralston,
H. Wilf, '"Mathematical Methods for Digital Com-
puters', John Wiley and Sons, New York, 1960,
Chapter 24. The method of indexing through the
procedure has been modified to simplify the
computation.

SUBROUTINE FORTF{FUNsNsMeA,8,1ER) FORIF 1
DIMENSION Al1),B(1) FORIF 2

c CHECK FOR PARAMETER ERRORS FORIF 3
IER=0 FORIF &

20 IF{N) 30,40:40 FORIF 5
30 IERa2 FORIF &
RETURN FORIF 7

40 [F{N-N} 60,60,50 FORIF 8
50 IER=1 FORIF 9
RFTURN FOREF 1N

4 COMPUTE AND PIESET CONSTANTS FORIF 11
60 AN=N FORIF 12
COEF=s2.0/12.0¢AN+1,0) FORIF 13
CONST=3,141593%COEF FORTF 14
$1=SINICONST} FORIF 18
C1=COS{CONST) FORIF 16
C=1.0 FORTF 17

$=0,0 FORIF I8

Jel
FUNZ=FUN{0.0)
T0 U2=0.0

0.0 FORTF 22

H FORIF 23

c FORM FOURIER COEFFICIENTS RECURSTVELY FORIF 26
75 A=ALSCONST FORIE 25
UO=FUREX) $2.09C03 U2 FORIF 26
u2eu1 FORTF 27

i =uo FORIF 28
AlsAl-1.0 FORIF 29

IFEAL) 80,B0,75

80 A(3}=COEF®{FUNZSUL-U2} FORLF 31

96

81J)=CREFeSeUL
IFiJ=-tnetl) 90,120,100

FORIF 32
FORIF 33

90 geCleC-SieS FORTE 34
S=Ciesesiec FORIF 35
C=Q FORIF 36
Jedel FORTF 37
G0 10 T0 FORIF 38
100 A(1)=A{1)%0.5 FORIE 19 /’%%’
RETURN FORIF 40 3
END FORTF &3 )
FORIT

This subroutine produces the Fourier coefficients of
a tabulated function.

Given: 1. Tabulated values of a function f(x) for x
between 0 and 2 7 in steps of 2x/(2N+1)

™
2. N such that there are 2N+ 1 tabulated
data points: 2K#/2N+1, K= 0, 1, 2,
cees 2N .
3. M - the desired order of the Fourier
coefficients where 0 < M <N
The coefficients of the Fourier series which approxi-
mate the given function are calculated as follows:
_ 2w
€, = cos ( 2N+ 1 ) @)
S. = s 2T
1 - S ( 2N+1 ) (2)
U2 = 0 9
U1 = 0
cC =1
S =0
d =1
The following recursive sequence is used to compute
UO’ Ul’ and Uz:
U —f(zm”>2CU U 3
o = *\en+1 /7 172 @)
U =0y
Ul = UO -

for values of m = 2N, 2N-1, ..,, 1

The coefficients are then:

2 ~
A =

5 = mer (@ +cvU -U, ) (4)




sSu (5)

The values of C and S are updated to:

Q = CIC-SIS
S = CIS+SIC
C =Q

J is stepped by 1 and the sequence starting at equa-
tion (3) is now repeated until M+ 1 pairs of coeffi-
cients have been computed.

Subroutine FORIT

Purpose:
Fourier analysis of a periodically tabulated
function.
Computes the coefficients of the desired number
of terms in the Fourier series F(X)= A(0}+
SUM(A(K)COS KX+B(K)SIN KX) where K=1, 2,
.+., M to approximate a given set of periodically
tabulated values of a function.

Usage:
CALL FORIT(FNT,N, M, A, B,IER)

Description of parameters:

FNT - Vector of tabulated function values of
length 2N+ 1.

N - Defines the interval such that 2N+1
points are taken over the interval
(0,27), The spacing is thus 2x/(2N+1).

M - Maximum order of harmonics to be
fitted.

- Resultant vector of Fourier cosine co-

efficients of length M+1; i.e., AO’ cons
AM.

B - TResultant vector of Fourier sine coef-
ficients of length M+1; i.e., By, ...,

IER - Resultant error code where:
IER=0 No error.
IER=1 N not greater or equal to
M

IER=2 M less than 0.

Remarks:
M must be greater than or equal to zero.
N must be greater than or equal to M.
The first element of vector B is zero in all
cases.

Subroutines and function subprograms required:
None.

Method:
Uses recursive technique described in
A. Ralston, H. Wilf, 'Mathematical Methods
for Digital Computers', John Wiley and Sons,
New York, 1960, Chapter 24. The method of
indexing through the procedure has been modi-
fied to simplify the computation.

SUBRQUTINE FORIT({FNT,NysM,4,B8,JER} FORIT 1t
DIMENSION A(1),8(1),FNT(1} FORIT 2

4 CHECK FOR PARAMETER ERRDRS FORIT 3
IER=0 FORIT ¢4

20 IF{M} 30,40,40 FORIT 5
30 [ER=2 FORIT 6
RETURN FORIT 7

40 IF(M=N} 60,60:50 FORIT 8
50 JER=1 FORIT 9
RETURN FORIT 10

c COMPUTE AND PRESET CONSTANTS FORIT 11
60 AN=N FORIT 12
COEF=2,0/{2.0¢AN+1.0) ENRIT 13
CONST=3.141597¢CIEF FORIT 14
S1=SIN{CONST) FARIT 15
C1=COS(CONST) FORLIT 16
€=1.0 FARIT 17
5=0.0 FORIT 18
J=1 FORIT 19
FNTZ=FNT(1} FORIT 20

70 U2=0.0 FORIT 21
U1=0.0 FORIY 22
[=20N¢1 FORIT 23

c FORM FOURIER CNEFFICIENTS RECURSIVELY FARIT 26
75 UO=FNT(1142,0%C*)1-U2 FORIT 25
u2=yl . FORIT 26
ul=uo FORIT 27
Ist-1 FORIT 28
IF(1-1) 80,80,75 EORIT 29

B0 AfJ)=COEF*{FNTZ4C *UE-U2) FORIT 30
B(J)=COEF*Sey] FORIY 31
IF{J-{M+1}} 90,130,100 FORIT 32

90 Q=C14C-51%sS FORIT 33
S=C1#5¢S]eC FORIT 34
c=b FORTT 35
Jegei FORIT 36

GO Tn 70 FORIT 37
100 at1}=a(1)#%0.5 FORIT 38
RETURN FORIT 39

ENR FORIY 40

Mathematics - Special Operations and Functions

GAMMA
This subroutine computes the value of the gamma
function for a given argument x.

Calculation of the Gamma Function. T (x) is de-
fined for x >0 by:

o0

I &) = / Fet g 6N
0

This function satisfies the recurrence relation:

) = (x-1) - T (z-1) (2)
which defines I' (x) for any x not a negative integer.
Note that when x is a positive integer I' (x) = (x-1)!

To compute I' (x) for x > 1, apply the recurrence (2),
r times until 1< x-r =y <2, Thus, forx>1

I'x)= (x-1) (x-2) ... x-r) T (y) 3)
I'(v) is computed from the following formula:
T ()~ 1- 0.57710166(y-1) + 0.98585399(y-1)%

- 0.87642182(y-1)3 + 0.83282120(y-1)*
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- 0.56847290(y-1)° + 0.25482049(y-1)% 130 teRet Sama 32
END

GAMMA 30

- 0.05149930(y-1)"

LEP
4  — rﬂ%)
This subroutine computes the values of the 1
For x <1, the recurrence (2) is taken in the direc- Legendre polynomials for a given argument x ” ‘
tion of decreasing n, giving and orders zero up to N, The Legendre poly-
nomial Py (x) satisfies the recurrence equation
I'(x) = T (y) (5) =
XGFT) (5+2) ... (xFr-1) P ®)=(@n+]).x. P @-n- P (x))/(n+1)
where 1<x+r=y<2. with starting values Po(x) =1, P; (x) =x.
For reasons of economy and numerical stability
As before, T (y) is computed using equation (4). the recurrence equation is used in the form;: ~
Subroutine GAMMA _
Pn +1(x) =X . Pn(x) - Pn_l(x) +x . Pn(x)
Purpose: s
Computes the gamma function for a given argu- &P (x)- Pn_l(X))/ (n+1)
ment.
For | 1 £ i igi
Usage: or large values of n the last term is negligible,

ivine th imation:
CALL GAMMA (XX, GX, IER) giving the approximation

Description of parameters:; Pn®=2-x-P x-P , &

XX - The argument for the gamma function.

GX - The resultant gamma function value. This form shows that roundoff errors grow at worst
IER - Resultant error code where: linearly, assuming that the argument x is absolutely
IER=0 No error. less than one.
IER=1 XX is within. 000001 of be- If ep+r is the error in Pp4p (x) due to a single
ing a negative integer. rounding error e in Py(x), the approximation is /%
IER=2  XXis greater than 34.5 ‘
GX is set to 1. 0E38 = . -
en+r+1 2x en+r en+r—1
Remarks:

with initial conditions e, = e, e, 1 = 0. The solution

None. s o ; ;
of this difference equation has its maximum for
Subroutines and function subprograms required: |X| =1:
None.
e =0, e =e, |e =2e ..., |e
n-1 > "n 7 | n+1| ? ' Tt
Method:
The recursion relation and polynomial approxi- =(r+1)e
mation by C. Hastings, Jr., 'Approximations
s ' . . . .
for Digital Computers’, Princeton University The order is assumed to be zero for negative
Press, 1955, values of N.
ueQULLNE ShmA Rk e ER Mol Subroutine LEP

* Gxate CAMMANO3
SR Gy | UrpOSe:

6 XexXXx . .
ERR=1.06-6 GamuA 3 Compute the values of the Legendre polynomials »
SXe100 10030015 i P(N,X) for argument value X and orders 0 to N,

10 1F(X=240}110+110+15 g:::: ;

15 Xex=1.0 GAMMA 9 Usage:

60 TC 10 GAMMA 10

50 IF(X=1401605120+110 GAMMA 11 CALL LEP(Y,X,N) *
< SEE IF X 15 NEAR NEGATIVE INTEGER OR 2EROQ GAMMA 12

60 IF(X=ERR)62+62+80 g:::: {z .

2 S FLoAT (k1-x Sauia 18 Description of parameters:

- R GAMMA 16 . . s s

64 1F(1e0evathR) 1300130970 GAnMA 17 Y - Result vector of dimension N+1 containing
[ X NOT NEAR A NEGATIVE INTEGER OR 2ERO GAMMA 18 .

10 IF(X-1,01801801110 Ghuma 19 the values of Legendre polynomials of

Xax+1ad i E; order 0 to N for given argument X, Values
el GAMMA 23 . TR
e zv,-(xfo?vn(-o-rnuunv-(oo.ausswo;t}'-o.anaf}:;v-uo.aazazno GAMMA 24 are ordered from low to high order. !\5
=04 254 S4+Y#(=0,05149930))) .
ittt GAMMA 26 X - Argument of Legendre polynomial.
120 RETURN GAMMA 27 X
N - Order of Legendre polynomial.
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Remarks:
N less than 0 is treated as if N were 0,

me Subroutines and function subprograms required:
None,

Method:

Evaluation is based on the recurrence equation
for Legendre polynomials P(N,X);
P(N+1,X)=2*X*P(N, X)-P(N-1,X)- X*P(N, X)-
P(N-1, X))/ (N+1), where the first term in
brackets is the order, and the second is the
argument,

Starting values are P(0,X)=1, P(1,X)=X,

SUBROUTINE LEP{YsXsN) tE:
DIMENSION Y{l} 7S
TEST OF ORDER 4
e LEP
L2=2
YiLli=1e0 IL.E:
IFINILele2 Lee
1 RETURN Lee
2 Y(L2)sXx L
1F(N=1319193 e
3 DO & Im24N Lee
G=XeY(L} Ler
6 Y(1+1)uG=Y{1=1) =1G=Y{I=1)1/FLOAT(]}+G Lep
RETURN e
END

BESJ

This subroutine computes the J Bessel function for a

given argument and integer order by using the re-
currence relationship:

F L@+ F = (2)F @ (1)

The desired Bessel function is:

F (x)
I (x) = — @)
where
M-2
@ = F,x)+ 2 2 Fzm(x) 3)
m=1

M is initialized at MO'

M0 is the greater of M A and M‘B where:

MA = [x+6] if x< 5a,ndMA = [1.4x+60/x ] if
x25.

My = [n+x/4+2]

FM-Z,’ FM-3’_ sees Fo, Fy, Fis evaluf?;g%d using
equation (1) with FM = 0 and FM_1 = 107°Y,

a and J,(X) are then computed using equations (3)
and (2) respectively.

The computation is repeated for M+ 3.

The values of Jn(x) for M and M+ 3 are compared:

szs‘

I Jn(x)M - Jn(X)M+ 3

Jn(x)M+ 3 |

this value is accepted as J,&X); if not, the computa-
tion is repeated by adding 3 to M and using this as a
new value for M. If M reaches MMAX before the
desired accuracy is obtained, execution is termi-
nated. MMAX is defined as:

2
[20 + 10x -XT] for x <15
Myax = )

[90 + x/2] for x > 15
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Subroutine BESJ c SET UPPR LIMIT OF M AESy 28

90 MMAX=NTEST BESS 29
100 DO 190 M=MZERO,MMAX,3 BESJ 30
C SEY F{4),F(N-1) RESJS 31
Purpose: faugore R ™
o ™
Compute the J Bessel function for a given argu- o g%??f'*gz"z"z"-*l°'12° BE3s 35 ’
ment and order. 120 CB,10 130 sy 37 -
130 M2=M-2 :Egj ;:
az_:l:g K=1,M2 RESJ 40
Usage: IFIM:('-'Z.‘FLGANMK)OFMIIK-FH :E;j :;
M=FM] BESJ 3
CALL BESJ(X, N, BJ, D, IER) TF MR- 11 150, 1404150 REss 45
140 BJ=BMK BESJS 46
. . 150 JI=-JY BESJ 47
Description of parameters: 160 AL PWAs ALPHACAHKSS BES) 9
BMK=2,¢FMI/X-FM
X - The argument of the J Bessel function 170 BNl 1801 170x 160 et 3
g =3k R RESY 52
desired. 150 L e o s %
. IFLABSIBY- - N . -
N - The order of the J Bessel function de- 190 ?Z:S;WJ PPREVIZABSIDRBI 120,200,130 RES) 26
sired, 200 RETURN Siij 2;
ENDY BES 5
BJ - The resultant J Bessel function. n
D - Required accuracy. ®
IER -~ Resultant error code where:;
IER=0 No error.
IER=1 N is negative.
IER=2 X is negative or zero.
IER=3 Required accuracy not
obtained.
IER=4 Range of N compared to X
not correct. (See Re-
marks, )
Remarks:
N must be greater than or equal to zero, but it
must be less than *"W
%
20+10*X-X** 2/3 for X less than or equal to
15;
90+X/2 for X greater than 15.
Subroutines and function subprograms required:
None.
Method:
Recurrence relation technique described by
H. Goldstein and R.M. Thaler, 'Recurrence
Techniques for the Calculation of Bessel Func-
tions', M.T.A.C., V.13, pp.102-108 and
I. A, Stegun and M. Abramowitz, 'Generation
of Bessel Functions on High Speed Computers!?,
M.T.A.C., V.11, 1957, pp.255-257.
SUBROUTINE BESJIX ¢NyBJsDy IER) BESJ 1
B8J=.0 RESJ 2
[F(N)1G,20,20 BESJ 3 -
10 [ER=1 RESY “
RETURN RFSJ 5
20 IF{X)30,30.31 BESJ &
30 IER=2 RESJ 7
RETURN RESJ L]
31 IF(X-15.132,32,3% BESJ 9
32 NTEST=220.,+10.%X~X %8¢ 2/3 BESJ 1N
GO 7O 36 BESJ 11 -
34 NTEST=90,4X/2. BESS 12
36 IF{N-NTEST )40, 38,38 BESJY 13
38 [FR24 BESJ 14
RETURN BESS 15
40 1ER=Q BESS 16
Nl=sN+l BESJ) 17
BPREV= .0 BESJ 18
COMPUTE STARTING VALUE OF M RESS 19
IFEX=5.150,60,60 BESJ 20
50 MA=X+¢b6. RESJ 21
6o T0 70 BESJ 22
60 MA=1.4%X+60./X RESS 23 / %@:\
70 MBaN+IFIX{X)/4¢2 RESS 2?24 )
MZERO=MA BESY 25 K
IFIMA-MR)80,90,9) BESJS 26
AFSJd 27

80 MZERQaMB
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BESY

This subroutine computes the Y Bessel function for a
given argument x and order n. The recurrence re-
lation:

2n

Yn+ l(x) = <—x—) ) Yn(x) -Yn-l(x) @)

is used for this evaluation.

For x >4
Y (x) = \/ 2 [p x)si -r
o® = Vax [ Po® m(x 4)
2)
™
+ Qo(x) cos (x —Z>
Y. (x) = 2 -p os(x-Z
1® =V (& e ( 4)
(3)
. T
+ Ql(x) sin (x T)
PO(X), QO(X), Pl(x), and Ql(X) are:
!p (4 2
\/2_” 0 t): 0.3989422793 - 0.0017530620t
+0, 00017343001‘.4 - 0. 00004:876131‘.6
8 10
+0.0000173565t -~ 0.0000037043t
)
= =~0.124669
o o\t 669441 + 0,0004564324¢t
-0. 00008697911;4 + 0. 00003424681:6
8 10
-0.0000142078t" + 0.0000032312t
(5)
1 4 2
- PlT = 0,3989422819 + 0,0029218256t
Var 6
-0.0002232030t% + 0.0000580759%
-0.0000200920t8 + 0.0000042414¢10
(6)

L Q1<é)= 0,0374008364 - 0.00063904001:2

+0. 0001064741t4 - 0. 00003987081‘.6

+0.00001622001:8 - 0. 0000036594t10
(7
where t =%
Forx<4
9 15 m/x 2m
Y@ =7 3 0™(3) -
m=0 ‘
(8)
[Iog-l)zi + Y- Hm]
where
I1
Hm=z-fifm21=0 ifm=20 9)
r=1

and ¥ = Euler's constant = 0.5772156649

16 2m-1
2 2 m+1l/x
Le =ty D (Y (2)
m=1
1 X 1
m! (m-1)! [10g2+ Y-oHLY Zm]

Subroutine BESY

Purpose:;
Compute the Y Bessel function for a given argu-
ment and order.

Usage:
CALL BESY(X, N, BY, IER)

Description of parameters;

X - The argument of the Y Bessel function
desired.

N ~ The order of the Y Bessel function de-
sired.
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- i 4
BY The resultant Y Bessel function. 90 TE I e ONLY,y0 OR Y1 IS DESIRED sesy 19

- 4 RETURN FITHFR YO OR Y1 A5 RFQUIRFD BES 8
IER Resultant error code where: 100 IF(¥)110+120+110 BES: u;
110 Bysyl . BESY 83
o GO TO 170 BESY B4
- 170 BY=Y0 8ESY 85 "
IER=0 No error. 60 10 170 ssgv 86
. . C PERFORM RECURRFNCF OPFRATIONS TO FIND YN{X) BESY 87 :
IER=1 N is negatlve. 120 :Q-:‘l’ 8ESY 88
= BESY 89
= i i K=1 BESY 9C
IER=2 X is negative or zero. L . ‘ sesy 90
— i %k YC=T#YB=YA BESY 92
IER— 3 BY IS g-reater tha‘n 10 36' IF{ABS(YC1=140F36)14501450161 BESY MOl
lal ;E:;;N BESY M02
BESY MO3
Remarks: 145 MoKl BESY 04
. IF(K=N)150+160+150 BESY 94
150 YA=YR
Very small values of X may cause the range of veuve BESY 56
. N Go To 140 BESY 97
the library function ALOG to be exceeded. For 160 BYavc BESY 98
BESY 99
N >30 and X <5, this condition may occur. 180 IeRel KM
190
X must be greater than zero. RETORN HME
END BESY 104 -
N must be greater than or equal to zero.
Subroutines and function subprograms required:
None, =
Method:
Recurrence relation and polynomial approxima-
tion technique as described by A.J.M. Hitchcock,
'"Polynomial Approximations to Bessel Functions
of Order Zero and One and to Related Functions!,
M.T.A.C., V.11, 1957, pp.86-88, and
s .
G.N, Watson, 'A Treatise on the Theory of
Bessel Functions', Cambridge University Press,
1958 p. 62.
SUBROUTINE BESY{XINsBYIER) BESY 1
[ CHECK FOR ERRORS IN N AND X BESY 2
IFIN}180410410 BESY 3
10 1ER=0Q BESY 3
IF(X)1904290420 BESY 5 - -
BRANCH IF X LESS THAN OR EQUAL &4 BESY 7
20 IF(X=4,0)40,40430 BESY MOS5
COMPUTE YO AND Y1 FOR X GREATER THAN & BESY 9
30 Tl=4e.0/X BESY M0&
TreT1#T] BESY MD7
PO=({((=40000037043#T24,0000173565)#T2=,0000487613)4T72 BESY M08
1 +400017343)1%72=40017530621#T72+43989423 BESY M09
QO=({{(.00000323124T2~,0000142078)#72+,0000342468)»#T2 BESY Mlo
1 =4N000REQTIL)IST2+.N0N456432418T2=,01246694 BESY M1l
Plo{({ls0000042414%T2=,0000200920)%T2+,00005RC759)#T2 BESY M12
1 =e000223203)#T2+.002921826)#T2+439089423 BESY Ml3
Qlu{{t1=e0000036594%T2+.00001622)4T72~,00003987C8)%T2 BESY Mls
1 +40001064741)%T2=,000639040034T24+,03740084 BESY M15
Ax24,0/SQRT(X) BESY Mls
BaA#T] BESY M17
CoX=s7R539A2 BESY M18
YOrA®POSSIN(C)+R#Q0#COS(C) BESY M19
Yla=A#P1%COS{C)+BN1I*SINIC) BESY M20
GO TO 90 BESY 51
< COMPUTE YO AND Y1 FOR X LESS THAN OR EQUAL TO & BESY 52
40 XXuX/2e BESY 53
X2uXXEXX BESY 54
TeALOGIXX)+e5772157 BESY MZ}
SumaQ, BESY 56
TERMaT BESY 57
Y0=T BESY 58
DO 70 L=1.15 BESY 59
IF(L=1150+60+50 BESY 60
50 SUMBRSUM+14/FLOATIL=1) BESY 61
60 Fi=L BESY 62
TS2T=SUM BESY 63
TERM= (TERM# (=X2) /FL*%#2)%(1a=1a/(FL#TS5)) BESY 64
70 YO=YO+TERM BESY 65
TERM = XX#(T=e5) BESY 66
SuM=0, BESY 67
Y1=TERM BESY 68
B0 RO L=2416 BESY 69 =
SUMBSUM+1 4 /FLOAT(L=1) BESY 70
FL=L BESY T1
FL1=FL=1. BESY 72
TSaT=SuUM BESY 73
TERMz (TERM# {=X2) /(FL1#FL} ) #{ (TS=s5/FL)/{T5+e5/FL1}) BESY 74
A0 Y1=Y1+TERM BESY 75
P122,6366198 BESY M22
Y0=P124Y0 BESY 77 A
¥Y1==P12/X+P128Y1 BESY 78
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BESI SURROUTINE BESI(XsNe BIeIER}
— [ CHECK FOR ERRORS IN N AND X AND EXIT IF ANY ARF PRESENT
1ER=0
Bl=1.0
-, s IF(N]I150+15+10
This subroutine computes the I Bessel function for a 10 IF(x1160,20120
F 041742
i 17 RETURN
given argument x and order n. c VBN NE TOLERANCE
20 TOL=1,E=§
4 1f ARGUMENT GT 12 AND GT N+ USE ASYMPTOTIC FORM
< < IF{X=124140+40430
Forx<12o0r<n 30 IF{X=FLOAT(N)}40+40+110
4 COMPUTE FIRST TERM OF SERIES AND SET INITIAL VALUE OF THE SUM
40 XX3X/24
50 TERM=1.0
IF(N) 70470455
n 1 30 Zs 1 55 DO 60 I=lsN
1 (x) = (X ) (5) n: ) Fial
=\ 5 -t IF{ABS{TERM)=1,E=36156+60+60
n 2 n! E : 2 s!(n+ S)! 56 IER=3
B120,0
s=0 RETURN
60 TERM=TERM#XX/F1
70 Bl=TERM
XXnXX#XX
C COMPUTE TERMSsSTOPPING WHEN ABS(TERM) LE ABSISUM OF TERMS)
Forx >12and >n c TIMES TOLERANCE
DO 90 k=1,1000
IF{ABSITERM)=ABS(B]#TOL)) 1004100580
RO FKzK#*(N&K)
TERM=TERM# { XX /FK)
X 30 -m 1 90 Bi=BI+TERM
I X = 8x) b —— C RETURN Bl AS ANSWER
( ) ! 100 RETURN
n m < X GT 12 AND X GT N+ 50 USE ASYMPTOTIC APPROXIMATION
27X 110 FNeaeNeN
m=0 IF(X= 6040111541115111
111 1ER=4
RETURN
115 XXale/(Ra%X)
TERMs1,
m 2 2 Blsl,
N0 130 K=1430
o (2K-1) -4n ) (2) IF(ABS(TEAMI=ABS(TOL#R111140+140+120
120 FK=(29K=1)¥¥2
K=1 TERMaTERM#XX® LFK=FN) /FLOAT (K)
130 BleBI+TERM
4 SIGNIFICANCE LOSY AFTER 30 TERMSsTRY SERIES
a GO TO 40
Subroutine BESI 140 P123,141592653
BIRBI*EXP{X)/S50RT(2.,%P1#X)
60 TO 100
P 150 JER=}
rp . 60 10 100
urpose: . . 160 IER=2
Compute the I Bessel function for a given argu- o

ment and order.

Usage:
CALL BESI(X, N, BI, IER)

Description of parameters:

X - The argument of the I Bessel function

desired.

N - The order of the I Bessel function de-

sired.

BI - The resultant I Bessel function.

IER - Resultant error code where:

IER=0 No error.

IER=1 N is negative.

IER=2 X is negative.

IER=3 BI is less than 1. 0E-36,
and is set to zero.

IER=4 X is greater than 60 and

Remarks:

and greater than N,

X and N must be greater than zero.

Subroutines and function subprograms required:

None.

Method:

Computes the th Bessel function using series
or asymptotic approximations depending on the
range of the arguments.

P REY: QTR O
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BESK

This subroutine computes the K Bessel function for a

given argument x and order n.
The recurrence relation:

Kn+ l(x) - 2?11 Kn(x) * Kn—l(x)

is used for this evaluation.

@)

The initial values K0 and K1 are found as follows:

Forx >1

Ve G®

o) 2x

=X
K (x) = e \/é G, (x)

where x = 1/t fort <1

1 T _
Go(t)-,/z = 1.2533141373

+0. 08811127821;2

+0, 13445962281:4

+0, 37924097301:6

+0.557536836 7t8

+0, 21845180961;10

+0. 00918938301‘.12
1.2533141373
-0. 14685829571:2
4
~-0.1736431637t
-0. 45943421171:6
-0. 6632295430t8

-0. 25813037651;10

-0. 01082417'751:12

Forx<1

@)

@)

-0.1566641816t

- 0. 09139095461:3

- 0. 22998503281:5

- 0.5247277331t"
- 0.4262632912t°

- 0. 06680976721:1:l

(4)
+ 0.4699927013t
+ 0. 12804266361:3
+ 0. 28476181491:5
+ 0, 62833806811:7
+ 0. 50502385761'.9

+ 0. 07880001181:11

®)

Y = Euler's constant = 0,5772156649 (6)
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1)’
M)

where

S
. Z% ®)

9)
[Be s (vomed-n,)]

Subroutine BESK

Purpose:
Compute the K Bessel function for a given argu-
ment and order.

Usage:
CALL BESK(X, N, BK, IER)

Description of parameters:

X - The argument of the K Bessel function
desired.
N - The order of the K Bessel function de-
sired.
BK - The resultant K Bessel function.
IER - Resultant error code where:
IER=0 No error.
IER=1 N is negative.

IER=2 X is zero or negative.

IER=3 X is greater than 60.
Machine range exceeded.

IER=4 BK is greater than

1. E36.

Remarks:
N must be greater than or equal to zero.

Subroutines and function subprograms required:
None.

Method:
Computes zero-order and first-order Bessel
functions using series approximations and then
computes N'R order function using recurrence
relation.

d



Recurrence relation and polynomial approxima-
tion technique as described by A, J. M. Hitchcock,
"Polynomial Approximations to Bessel Functions
of Order Zero and One and to Related Functions!,
M.T.A.C., V.11, 1957, pp.86-88, and

G.N. Watson, 'A Treatise on the Theory of
Bessel Functions', Cambridge University Press,
1958, p. 62,

SUBROUT INE BESK{XsNsBK,IER) BESK 1
OIMENSION T(12) BESK 2
BK=eQ BESK 3
IF{NI10311411 BESK 4

10 IERsl BESK 5
RETURN BESK 6

11 IF{X)12+12420 BESK 7
12 IER=2 BESK 8
RETURN BESK 9

20 IF(X= 60a0)22+22421 BESK MOl
21 lER=3 BESK M02
RETURN BESK MO3

22 IER=0 BESK MO&4
TF{X~14136036425 BESK 11

25 A=gXPl=X1 BESK 12
Bwls/%X BESX 13
CsSQRT{(B) BESK 14
T(l)=8 BESK 1%
DO 26 L®2912 BESK 16

26 T{L)=T(L=1)%*B BESK 17
IF(N=1127+29427 BESK 18
COMPUTE KO USING POLYNOMIAL APPROXIMATION BESK 19

27 GO=A®(1529331414=0156664184T(11+.0881112784T(2)~4091390954%T(3) BESK 20
2?0!3#&5962*1’(h)-.22998503'T(5)#.3792“097'T(6)-.52672773'\'(7) BESK 21
3+4557536B4#T(8)=042626329%T15)4+421845181#T7(10)=4066809767#T(11) BESK 22
4+40091893838T(12))%C BESK 23
IFIN) 20928429 BESK 24

28 BKsGO BESK 25
RETURN BESK 26
COMPUTE K1 USING POLYNOMIAL APPROXIMATION BESK 27

29 Gl=A#(1625331414046999270#T(1)=¢14685830%T(2)+412004266%T(3} BESK 28
2-017364316%T (4)4+4284761814T(5)=e45943421%T(6)+462833807%T(7) BESK 29
3=466322954%T (B144505023B68T(9)1=425813028%T(10)+4078600012#T(11} BESK 30
4=e 01082417747 (12))%C BESK 31
IF(N=1120530+31 BESK 32

30 BK=Gl BESK 33
RETURN BESK 34
FROM KOsX1 COMPUTE KN USING RECURRENCE RELATION BESK 35

31 DO 35 Jw2.N BESK 26
GJm2o# {FLOAT(J)=]4)%G1/X+G0 BESK 37
IF{GJ=140E36)33433,32 BESK MO5

32 1ER=4 BESK MO&
GO TO 34 BESK MOT

33 GO=Gl BESK M08
35 Gl=GJ BESK 39
34 BKeGJ BESK MO9
RETURN BESK 41

36 B=X/2. BESK 42
A=eB87721566+AL0GIB) BESK 43
CaB#8 BESK 44
IF{N=1137+43437 BESK 45
COMPUTE KO USING SERIES EXPANSION BESK 46

37 GO=wp BESK 47
X2J4mwle BESK 48
FACT=1, BESK 49
HJ=,0 BESK 50
DO 40 Jsleé BESK 51
RJ=1e/FLOAT{S) BESK 52
X2JuX2J%C BESK 53
FACT=FACT®RJ#RJ BESK 54
HJ=HJS+RY BESK 58
40 GOWGO+X2J*FACT¥ (HJ=A) BESK 56
IFIN143442953 BESK 87

42 BK=GO BESK 58
RETURN BESK 5%
COMPUTE K1 USING SERIES EXPANSION BESK &0

43 X2Je8 BESK 61
FACT=1,4 BESK 62
HJele BESK 63
Glel o /X4X2I%( 4S+A=MI} BESK 64
DO 50 Ju2,8 BESK 65
X2 J=mX2J#C BESK 66
RJu1¢/FLOAT(J) BESK 67
FACT=FACT#RJ#RJ BESK 68
HJ=HJ+RJ BESK 69
50 GI=Gl+X2J#FACT# {48+ A=HJI#FLOAT()) BESK 70
IF{N=1131+52,31 BESX 71

32 BK=Gl BESK 72
RETURN BESK 73
END BESK 74

CEL1

This subroutine computes the complete elliptic inte-
gral of the first kind. This is defined as:

1I'/2

K(k) = f dt
0

V 1—k2 sinzt

An equivalent definition is:

0<k<1

dx

0
K(k) = f P .. S
0 \f(1+x2) (1+k§ xz)

where k. is the complementary modulus:
K+ k2= 1, 0<kP<1
c c=

The subroutine CELI1 calculates K (k) for given
modulus k.

The calculation of RES = K (k) is based on the
process of the Arithmetic-Geometric Mean.

Starting with the pair of numbers:

a0=1, g0=k

(¢]

the sequences of numbers (a_), (s,) are generated
- . . n

using the definition:

1
a —E(a

n n-1 * gn-l)’ gn = an-l g

n-1

This iterative process is stopped at the nth step,
when ay; = N

If D is the number of decimal digits in the man-
tissa of floating-point numbers, then the equality

= gy must be interpreted as | ay - is less
?Ill\lanal\?- 107D, l N gNI

Since the sequences (a, ), (gn) converge quadrati-
cally to the' same limit (Arithmetico-Geometrical
mean) the test for the end of iteration may be re-
placed by comparing |aN_1 - EN-1 | against
aN-1 * 10~D/2, thus saving one calculation of the
geometrical mean.

The value of K (k) =

™

2aN'

Subroutine CEL1

Purpose:
Calculate complete elliptic integral of first kind.

Usage:
CALL CEL1 (RES, AK, IER)
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c

Description of parameters:
RES - Result value,
AK - Modulus (input).

IER -~ Resultant error code where:
IER=0 No error.
IER=1 AK not in range -1 to +1.
Remarks:

For AK=+1, -1 the result is set to 1. E38.
For modulus AK and complementary modulus
CK, equation AK*AK+CK*CK=1.0 is used.
AK must be in the range -1 to +1.

Subroutines and function subprograms required:
None,

Method:
Landen's transformation is used for calculation.
Reference:
R. Bulirsch, '"Numerical Calculation of Elliptic
Integrals and Elliptic Functions', Handbook
Series Special Functions, Numerische Mathe-
matik Vol. 7, 1965, pp. 78-90.

SUBROUTINE CEL1(RESsAKsIER} CELL 1
1ER=0 CEL] 2
TEST MODULUS CEL] 3
GEO=14~AK#AK CELY 4
IF(GEO) 19243 CELL L}
1 lERs=l CELL 6
RETURN CELL 7
SET RESULT VALUE =OFLOW CEL1 8
2 RES=1.E38 CELY 9
RETURN CELY 10
3 GEO=SQRT{GEO} CELY 11
ARl=1le CELL 12
4 AARIwARE CELL 13
TESToAARI®#]1,E=4 CEL1 14
ARIaGEO+AR! CELL 15
TEST 6F ACCURACY CELL 16
IF{AARI=GEO=TEST)161618 CEL1 17
5 GEOwSQRT(AARI#GEO) CEL1l 18
ARIw045*AR1 CEL1 19
GO TO & CEL1 20
& RES=3,141593 /ARL CELI 21
RETURN CELL 22
END CELl 23
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CEL2

This subroutine computes the generalized complete
elliptic integral of the second kind. Thisis definedas

/2 A+ B-A)sin’t
cel 2 (k; A,B) = f (B-A)sin t 4
0 \/ 1- k2 Sinzt
Equivalent is the definition:
- A+ B 2
cel 2 (k; A,B) = X dx,

0 @+x?) Va+xd)a+ ki x2)

where k, is the complementary modulus:

k2+ k2= 1, 0<k2<1
(¢ c~

The subroutine CELI2 calculates cel 2 (k; A, B)
for given modulus k, and constants A, B.

The calculation of RES = cel 2 (k, A, B) is based
on the process of the Arithmetic~Geometric Mean.

Starting with the pair of numbers:

a =1,g0=k

0 c

the sequences of numbers (a,), (g,) are generated
using for definition:

0" (an—l * gn—1)’ Ea " 2\/an—1 Bn-1

This iteration process is stopped at the nth step,
when ay = 8N

Further needed are the sequences

(Ai)’ (Bi) defined by means of:
A = A, B0 =B
An = Bn—l/ an-

2 (Bn-l * ga-1° An—l)

1 * An-1

w
]

If D is the number of decimal digits in the man-
tissa of floating-point numbers, the iteration proc-
ess is stopped as soon as (ay_3 - gn-1) is less than
ay_y - 107D/2,

Since (ay), (g,) converge quadratically to the
same limit (Arithmetico-Geometrical mean) this
implies that (a); - &) is less than ay . 10-D,

&



~

4 RES=],.E38

T, A 5 RESSA.
The value of cel 2 (k; A,B) = T N+1 RETuRN
4 COMPUTE INTEGRAL
aN I ﬁ;g.icnnsso»
AAmp *
AN=A+8
Subroutine CEL2 7 WeusARRGED
o
A -
- A;‘;IGQO“AR!
Purpose: ANeW/ART+AN
Computes the generalized complete elliptic inte- ¢ JEST 0F ACCURACY @ i19e0es
o . )
gral of second kind. ? Gromgrosseo
G 7
9 235127853932 #AN/ART
ETURN
Usage: END

CALL CEL2(RES, AK, A, B, IER)

Description of parameters:

RES - Result value.

AK - Modulus (input).

A - Constant term in numerator.

B - Factor of quadratic term in numerator.
IER - Resultant error code where:

IER=0 No error.
IER=1 AK not in range -1 to +1.

Remarks:

For AK = +1, -1, the result value is set to 1. E38
if B is positive, to -1, E38 if B is negative.
Special cases are:

K(K) obtained with A= 1, B= 1.

E(K) obtained with A = 1, B = CK*CK where CK
is complementary modulus.

B(K) obtained with A = 1, B = 0.

D(K) obtained with A = 0, B= 1

where K, E, B, D define special cases of the
generalized complete elliptic integral of second
kind in fthe usual notation, and the argument K of
these functions means the modulus.

Subroutines and function subprograms required:

None,

Method:

Definition;

RES= integral ((A+ B¥*T*T)/(SQRT ((1+T*T)*

(1+ (CK*T)**2)y*(1+ T*T)) summed over T from 0
to infinity).

Evaluation:

Landen's transformation is used for calculation,
Reference:

R. Bulirsch, "Numerical Calculation of Elliptic
Integrals and Elliptic Functions', Handbook
Series Special Functions, Numerische Mathe-
matik Vol., 7, 1965, pp. 78-90.

SUBROUT INE CEL2(RES+AKeAsB+1ER) CEL2 1
1ER=0 CEL2 2
TEST MODULUS CEL2 3
GEO= ] o=AK#AK CEL2 4
IF{GEO)1¢2+6 CEL2 L}

1 1ERe1 CEL2 &
RETURN CEL2 7
SET RESULT VALUE » OVERFLOW CEL2 3

2 1F(B)3+544 CEL2 9
3 RES==1,E38 . CEL2 10
RETURN . CEL2 11
CEL2 12
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EXPI

This subroutine computes the exponential integral in
the range from -4 to infinity.

For positive x, the exponential integral is defined
as:

]

E, (%)= f e-tdt, x>0
1 Tt

X

This function, E;(X), may be analytically con-
tinued throughout the complex plane, and defines a
multivalued complex function., However, for any
given real argument, this extended multivalued func-
tion has a unique real part. The subroutine EXPI
computes this unique real number for x = -4, x # 0.

For negative x, the real part of the extended ex-
ponential integral function is equal to -E; (-x),

where
-}
-t
E;() = - f_e_ dt, y > 0
t
-y

( f denotes Cauchy principal value.)

For x = 0, a singularity of the function, the pro-
gram returns 1.0 x 10",

No action is taken in case of an argument less
than -4.

Polynomial approximations which are close to
Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the range x = 4.

A polynomial approximation is obtained by
means of truncation of the Expansion of Eq (x) in
terms of shifted Chebyshev Polynomials T, *

-x ®
_& (2
El(x)_TZ An Tn <x) , ford = x<mw
n=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray', Math, Comp., Vol. 17, 1963, Iss.
84, p. 400.
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The coefficients A, are given in the article by
Luke/Wimp. *

Using only nine terms of the above infinite
series results in a truncation error e (x) with:

-Xx ®

=X 8
€ (%) <& A <&
S| v <%
v=9

«0.82 +10

Transformation of the shifted Chebyshev poly-
nominals to ordinary polynomials finally leads to the
approximation:

o0
v
EXPIx) = e (i) Z a (—4-) for x 2 4
X v=0 V \X

The coefficients of this approximation given
to eight signification digits are:

a, = 0.24999 999

a1 = -0,06249 8588
a, = 0.03120 8561

ag = -0, 02295 1979
a, = 0.02041 2099

a5 = -0.01755 5779

ag = 0.01172 3273
a, = -0.00493 62007
a, = 0.00094 42761 4

2. Approximation in the range | x| = 4.

A polynomial approximation is obtained by
means of telescoping of the Taylor series of the

function:
X

-t
f (it'_—l) dt = ~Inx - C - E, (%),

0

where C = 0.57721 56649 is Euler's constant.
This results in the approximation:

14 v
EXPI(x) = -In| x| + Z b x
v
v=0



with a truncation error E absolutely less than
3x 1078,

The coefficients of this approximation given to
eight significant digits are:

b0 = =0,57721 566

b1 = 1.00000 00

b2 = -0.25000 000

b3 = 0.05555 5520

b4 = -0.01041 6662

b5 = 0.00166 66906

b6 = =0.00023 14839 2

bl7 = 0.00002 83375 90

b8 = ~-0.00000 30996 040

b9 = 0.00000 03072 6221

b10 = =0.00000 00276 35830
bll = 0.00000 00021 91569 9
b12 = =-0.,00000 00001 68265 92
b13 = 0.00000 00000 15798 675
b14 = -0.00000 00000 01031 7602

Subroutine EXPI

Purpose:
Computes the exponential integral in the range
-4 to infinity.

Usage:
CALL EXPI(RES, X, IER)

Description of parameters:
RES - Result value.

X - Argument of exponential integral.
IER - Resultant error code where:

IER=0 No error.
IER=1 X less than —4.

Remarks:
For X = 0 the result value is set to 1. E38.
For X less than -4 calculation is bypassed.
The argument remains unchanged.

Subroutines and function subprograms required:

None.

Method:

Definition:

RES=integral(EXP(-T)/T, summed over T from
X to infinity).

Evaluation:

Two different polynomial approximations are

used for X greater than 4 and for ABS(X) equal

or less than 4.

Reference:

Luke and Wimp, 'Jacobi Polynomial Expansions

of a Generalized Hypergeometric Function over

a Semi-Infinite Range', Mathematical Tables

and Other Aids to Computation, Vol. 17, 1963,

Issue 84, pp. 395-404.

SUBROUT INE EXPE(IES,Xy[ERD ExPl 1
TEST OF RANGE EXPt ?

IER=0Q EXPI 3
IFtX~4.} 10410,20 Fxpl 4

10 IF(X+4.) 55,30,30 Expl 5
ARGUMENT IS GREATER THAN 4 EXpi 6

20 ARG34./X Expt 7
RESEXPI-X)*#{((({ {({.00094427614%ARG-.0049362007) #ARG+,011723273) EXPI [}

1 *ARG~.017555779) #ARG+.020412099}*ARG-,022951979)#ARG+.031208561) ExXPL <

2 SARG-.06249B588) *ARG+.24999999) *¥ARG ExPl 1
RETURN ) EXPY 1.
ARGUMENT IS A3SOLUTELY LESS OR EQUAL 4 ExpPT 12

30 IF(X) 40050,40 Expl 13
400RES=—ALOG{ABS (X)) ~{{ (L ({UCCLL1(.[0317602E-118X-,15T9B6TSE-10)&Xe EXPI 14

le16826592E-918X—, 21915699E-B1#X+.276358306-7)#X~-,30726221E~-6)*X+ EXPY 15
2+30996040FE-51%X~, 2833 7590E-4)%X+,23148392E~3) #X-. 00166669061 8X+ ExP1 16
3.0104166621%X=,0555555201%X+.25) #X~1.0}*X-, 57721566 EXPI 17

RETURN Expl 18
50 RES=1.E38 ExPl 19
RETURN Expl 20
ARGUMENT IS LESS THAN -4, Expr 21

55 IER=1 Expl 22
RETURN ExP1 23
END EXpl 24
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SICI

This subroutine computes the sine and cosine inte-
grals. These integrals are defined as:

X .
sig) = —S%—(Q &, x>0

(o)

and

x
Ci(x) = f %@-dt, x>0
0

The subroutine SICI calculates both Si (x) and
Ci (x) for a given argument x. Two different ap-
proximations are used for the ranges |x|< 4 and
4 <|x|<ew. Negative values of the argument x are
handled by means of the following symmetries:

Si(x)= ~7- 8i(x)
Real part of

Ci(=x) = Ci(x), x > 0 (see discussion of EXPI).

For x = 0, a singularity of Ci (x), the routine re-
turns -1. 0 x 1038,

Polynomial approximations that are close to
Chebyshev approximations over their respective

ranges are used for calculation.

1. Approximation in the range |x|> 4.

The sine and cosine integrals are closely re-
lated to the confluent hypergeometric function:

YY) = -ix ¥ (1, 1; -ix).

We have:
Si(x) + 1Ci() = 5+ jen w(l, 1; -ix).

Setting:

o0
iX ¥ (1, 1;ix) = Z A+ iBn)T; (%)

n=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray’, Math. Comp. Vol, 17, 1963, Iss. 84,
p. 402.

110

we get the expansions:

0 A «scosx B .sinx
sigg - 3 (2t D T e ()
n=0

0 Bn- coS X An. sin x (4
Cix) = Z - - — Tn -X—)

n=0

in terms of shifted Chebyshev polynomials T;: .
The coefficients A, and B, are given in the
article by Luke/Wimp. *
Using only ten terms of the above infinite
series results in a truncation error E (x) with:

E®)| < %-2.3 . 1078

Transformation of the shifted Chebyshev poly-
nomials to ordinary polynomials finally leads to the
approximations:

8ix) = —(%) ¢« (cosx e« V (x) + sinx + U (x))

Ci(x) = @ «(8inx « V(x) - cos X« U (X)),

where

10 4n
V (x) = Z an.(;)

=0
9 4n

U (x) = an.<x—>
n=0

The coefficients of these expansions given to
eight significant digits are:

a, = 0.25000 000

b0 = 0.00000 00002 58398 86
al = -0,00000 06646 4406

bl = 0.06250 0111

a, = -0.03122 4178

b2 = -0,00001 13495 79

L)



a; = -0.00037 64000 3
(VR b, = -0.02314 6168
| a, = 0.02601 2930
b, = -0.00333 25186
a;, = -0.00794 55563
by = 0.04987 7159
. a, = -0.04400 4155
by = -0.07261 6418
» a, = 0.07902 0335
b, = 0.05515 0700
ag = -0.06537 2834
by = -0.02279 1426
a, = 0.02819 1786
by = 0.00404 80690
a . = -0.00510 86993

B

2. Approximation in the range |x|< 4.

A polynomial approximation for Si (x) is ob~

tained by means of telescoping of the Taylor series:

sint

Si () :

dt

T,
2

© Sy 4

_ 1) x x2
Z (@nt 1) « 2n+1)!

Il

This results in the approximation:

6
8i(x) = -21+ X o Z av(xz)v,

n=0
with a truncatlon error E absolutely less than |X|

o 1.4 1079
e Snmlarly an approximation for Ci (x) is ob-
tained by means of telescoping of the Taylor series:

(_1)n x2n
2N « (2n)!
n=1
This results in the approximation:

Ci(x) - C - In (x) =

Ci(x) = C+ In|x]| —xz.

5

2. n
3 B )
n=0

with a truncation error E absolutely less than x2 .
5.6 + 1079,
The coefficients of these approximations
given to eight significant decimal digits are:

C = 0,57721 566

a, = 1. 00000 00

bO = 0.24999 999

a; = -0. 05555 5547

b1 = -0.01041 6642

a, = 0.00166 66582

b2 = 0,00023 14630 3

a, = -0.00002 83414 60

b3 = -0.00000 30952 207

a, = 0.00000 03056 1233

b4 = 0.00000 00269 45842

a; = -0.00000 00022 23263 3
b5 = -0.00000 00001 38698 51
a, = -0.00000 00000 09794 2154

Subroutine SICI

Purpose;
Computes the sine and cosine integral.

Usage:
CALL SICI(SI, CI, X)

Description of parameters:
SI - The resultant value SI(X).
CI - The resultant value CI(X).
X - The argument of SI(X) and CI(X).

Remarks:
The argument value remains unchanged.
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Subroutines and function subprograms required:

None.

Method:

Definition:

SI(X)=integral (SIN(T)/T, summed over T from
infinity to X).

CI(X)=integral (COS(T)/T, summed over T from
infinity to X),

Evaluation:

Reduction of range using symmetry.

Different approximations are used for ABS(X)

greater than 4 and for ABS(X) less than 4.

Reference:

Luke and Wimp, 'Polynomial Approximations to

Integral Transforms', Mathematical Tables and

Other Aids to Computation, Vol. 15, 1961,

Issue 74, pp. 174-178.

SUBROUTINE SICIIST.CIeX) sIct 1

[4 TEST ARGUMENT RANGE sicr 2
Z2sABS{X). sicCt 3
1F(2-4.) 10410,53 st1cl &

[4 Z 1S NOT GREATER THAN 4 sict 5
10 v=1el stct 6
S1==1.57079634X% [(({(.97942154E-119Y-,22232633F-8)%¥+.30561233E-5SIC1 7
1I#Y-.28341460E-4) #Y+.16666582F-2)#Y=-,5555554TF~1}*Yel,} sict B

c TEST FOR LOGARITHMIC SINGULARITY sicl e
1F(Z) 30,20,30 s1ct 1

20 Cl==1.E38 siet tl
RETURN sict 12
300CI=0.5T721566+ALIGIZ)~Yo{ L{{{~,13869851F-9%Y+.26945842E~T) ¢y~ s1cr 13
1.309522076-51%Y+, 23146303E-3)%Y-.10416642E-1) #Y+,24999999} STCL 14

40 RETURN sIct 1S

[ Z 15 GREATER THAN 4. SIC! 16
50 SIaSIN(Z) sict 17
¥=COStZ) SICT 18
2=4./2 sicl 19
OU=[LI({(LL.404B05F0E-242-.02279F426)%2+.0551507001%2-,072616418)#7SICI 20
14.049877159) ¢2-.33325186E~-2)%1~,023146168)¢Z-,11349579E-4) %] ster 21
2¢.062570111)%2¢.25839886F-9 sIct 22

OV= (L1 ELLEi-.005108699387+,028191 7T84)¢7-.065172834)62+,0790203351sS1Cl 23
12-.044004155)%1-, 70794555631 %2+.026012930)1%2-,37640003F-3} %7 SICI 24
2-.0312241781%7-.56464406F-6)%Z2+,25000000 sict 25
ClaZ*{SIsy-YaU} sIct 26
SI=~-I*(SI*UsY*V) sicr 27

c TEST FOR NEGAT IVE ARGUMENT stct 28
IF(X} 60,40,40 sIicl 29

< X IS LESS THAN -4, stcr 30
60 S1==3,14]15927-§1 sIct 31
RETURN stel 32

END stct 33
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cs

This subroutine computes the Fresnel integrals for
a given value of the argument x, The Fresnel inte-
grals are defined as;

C (x) CQS—U it

11

mf

and

X
S (x) . 5 S——U at.

Ver

The subroutme CS calculates both C(x) and S(x)
for a given argument x.

In case of a negative argument x the absolute
value of x is taken as argument for C and for S.

Polynomial approximations that are close to
Chebyshev approximations over their respective
ranges are used for calculation.

1. Approximation in the range| x|> 4.

The Fresnel integrals C(x) and S(x) are close-
ly related to the confluent hypergeometric function:

Y = ¥ G 5

We have:

\/é ‘ , (sin (x) Re (Y) ~cos (x) Im (Y))
S(x) % - —%5 "% (cos (x) Re(Y)+ sin(x) Im (Y))
" L

The expansions of real part Re (Y) and com-
plex part Im (Y) in terms of shifted Chebyshev poly-
nomials T* over the range 4 <x< = are easily
obtained using the method of computation described
by Luke/Wimp, *

By means of truncation of the infinite series:

xi) = xi ¢ (1, %; xi).

Cx) = %

Il

Re (Y (x)) = E A T (—%)
V=0
. ® x4
Im (Y @) = 5+ BT <-§)
V=0

*Luke/Wimp, "Jacobi Polynomial expansion of a
generalized hypergeometric function over a semi-
infinite ray', Math. Comp., Vol. 17, 1963, Iss.
84, pp. 395-404.
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beyond the eighth and ninth term respectively we get
approximations with errors E,(x) and Eg(x) where
both errors are absolutely less than:

e=v 2 431078
X

Transformation of the shifted Chebyshev poly-
nomials to ordinary polynomials finally leads to the
approximations:

Cx) = %TV ; (sin (x) ¢ P (x) + cos (x) « Q(X))

S(x) = % +‘/ % (-cos (x) * P(x) + sin(x) » Q(x))

where

7 4\v
P ) = Z av(}—{-)

0
8

Q@ = ¥ bv(%)v.
0

The coefficients a, and b, are given to eight
significant decimal digits:

a, = 0.19947 115

b0 = -0,00000 00044 44090 9
a, = -0. 00000 12079 984
bl = -0.02493 3215

a, = -0. 00931 49105

b2 = -0,00001 60642 81
ag = -0.00040 27145 0
b3 = 0,00597 21508

a, = 0.00742 82459

b4 = =0,00030 95341 2
a; = -0. 00727 16901

b5 = -0,00679 28011

0.00340 14090

6

b6 = 0.00797 09430
a, = -0. 00066 33925 6
b7 = -0.00416 92894
b8 = 0.00087 68258

2. Approximation in the range 0S x S 4.

Approximations for C(x) and 8(x) in the range
0= x£ 4 were obtained by means of telescoping of
the respective Taylor series expansions:

v

2
_J2. * 1" x
Cw =N 7 x5 @vrl) @v) 1

v=0

— g o 3 . «© (_l)v sz
S) =y 7 V<"* ¥ @+3) @vr )T
v=0

This leads finally to the following approxima-
tions:

2 v

6
C(x)=\’x Z cv.(x)
v=0

5
Sx) = x\x 5 4 7,
v=0

with respective errors E, (x) and Eg (x), where

-8

Ec(x) <\ X ¢ 2.6 <10

E (x)|<xVx *35° 1078

The coefficients c, and % are given below to
eight significant decimal digits:

Co = 0.79788 455
d0 = 0.26596 149
¢, = -0.07978 8405
dl = -0.01899 7110
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c, = 0.00369 38586

d2 = 0.00060 43537 1

ey = -0.00008 52246 22

d3 = -0.00001 05258 53

e, = 0.00000 11605 284

d4 = 0.00000 01122 5331

Cy = -0.00000 00101 40729

d5 = -0.00000 00006 67774 47
Ce = 0.00000 00000 50998 348

Subroutine CS

Purpose:
Computes the Fresnel integrals.

Usage:
CALL CS (C,8,X)

Description of parameters:
C - The resultant value C(X).
S =~ The resultant value S(X).
X - The argument of Fresnel integrals,
If X is negative, the absolute value is
used.

Remarks:
The argument value X remains unchanged.

Subroutines and function subprograms required:
None.

Method:

Definition:

C(X)=integral (COS(T)/SQRT (2*PI*T) summed
over T from 0 to X).

S(X)=integral (SIN(T)/SQRT (2*PI*T) summed
over T from 0 to X).

Evaluation:

Using different approximations for X less than

4 and X greater than 4.

Reference:

'Computation of Fresnel Integrals' by Boersma,

Mathematical Tables and Other Aids to Compu~

tation, Vol. 14, 1960, No. 72, p. 380.
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SUBROUTINE CSICeS+X)
2=ABSIX)
2 IF(2-4.1 343,46
X 1S-NOT GREATER THAN 4
3 C=SQRT(2)
S=7eC
=182
C2Co{I{111.50998348E-1097-,10140729E~T)82+.11605284F-5)¢Z
1 -eB5224622E-4)02 +,36938506£~-2)42-,079788405)¢2+.79788455)
SeSe[((I-066TTTRATE-982¢,11225331E~6)%2-.10525053E~4) 02
1 ¢.804353T1E-3182-,109971 10E-1122+.26596149)
RETURN
X 1S GREATER THAN 4
4 DsCOS(2}
S=SINLZ)
Inh. /2
As{(TT((1.07682593E-392-.416928F4E~2)%2+,79T09430E~210 2~

1.67928011F-2)1%2~, 30953412E-3)07¢,59721508E=-2)87-. 16064281 E~4) ¢Z-

2.024933215197~,44440909E-8
Belilli{-e66339256E-3¢2+.34014090E~2192~,T2T1690E~-21%24

1.742082459E-2)82~, 402714 50E~3)%2-,93149105E~2) #Z~-, 12079984E-5192+

2.1994711
I=SQRT{ 1)
Ca.5¢70(D%A+52B)
S=,5428(S8A=DeB)
RETURN
END

CDAP NS W -
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Mathematics - Linear Equations

SIMQ

Purpose:
Obtain solution of a set of simultaneous linear
equations, AX=B,

Usage:
CALL SIMQ(A, B, N, KS)

Description of parameters:

A - Matrix of coefficients stored columnwise.
These are destroyed in the computation.
The size of matrix A is N by N.

B - Vector of original constants (length N).
These are replaced by final solution
values, vector X.

N - Number of equations and variables.

N must be greater than 1.
KS - Output digit:
0 For a normal solution.
1 For a singular setof equations.

Remarks:
Matrix A must be general.
If matrix is singular, solution values are mean-
ingless.
An alternative solution may be obtained by using
matrix inversion (MINV) and matrix product
(GMPRD).

Subroutines and function subprograms required:
None.

Method:
Method of solution is by elimination using larg-
est pivotal divisor. Each stage of elimination
consists of interchanging rows when necessary
to avoid division by zero or small elements.
The forward solution to obtain variable N is
done in N stages. The back solution for the
other variables is calculated by successive sub-
stitutions. Final solution values are developed
in vector B, with variable 1 in B(1), variable 2
in B2),..+....., variable N in B(N).
If no pivot can be found exceeding a tolerance of
0. 0, the matrix is considered singular and KS
is set to 1. This tolerance can be modified by
replacing the first statement.

SUBROUTINE STMQ(A.ByNeKS) SINQ 1
DIMENSION Atl).8L 1) Simo 2
[ FORWARD SOLUTION SING 3
ToL20,0 S[MQ 4
KS=0 SINg S
JJ==N SIMQ 6
DO 65 J=1,N stmg 7
Jy=Jel SI®Q )
JU=JIeNeL SIMQ 9
B1GA=0 SING 10
1T=44-J SIRQ 11
00 30 I=JoN SImQ 12

€ SEARCH FOR MAXIMUM COEFFICIENT IN COLUMN Sing. 13

14s1T+1 SIMO 14
1F(ABS{BIGA)I=-ABSIA(1J))} 20,30,30 StMO 1S

20 BIGA=AL1J) SINQ 16
[MAXa] SIMQ 17,

30 CONTINUE Stko 18

[4 TEST FOR PIVOT LESS YHAN TOLERANCE (SINGULAR MATRIXI STMQ 19
IF(ABSIBIGA}=TOL) 35, 35,40 . SIinG 20

3% KS=) Sing 21
RETURN sStMQ 27

c ENTERCHANGE RIWS IF NECESSARY SiMQ 23
A0 Ll=JeN®(4-2) SInQ 24
[t=inax-4 SIngG 2%

DO 350 K=JoN SING 26
[1=11¢N SinQ 27
12s1L+1T SIMQ 28
SAVE=ALIL) SIMg 29
ALT1)=AL12) SiMQ 30
ALE2)=SAVE Sing 31

14 “DIVIDE EQUATIIN'BY LEADIRG COEFFICIENT SimQ 32
50 ALIL)=ALI1)/781GA Sing 33
SAVE=B( IMAX) SIng 3&
BLINAX)=BLJY Stug 35
B{JI=SAVE/RIGA Stma 38

c ELIMINATE NEXT VARTABLE SIMQ 37
IFtJ=-N} 55,70,55 StmQ 38

55 1QS=N®(J-1) SIMQ 39
D0 65 IX=JY,N SIKQ 40
IXJ=1QSeIX SINQ &)
1T=J-1% SENQ 42

DO 60 JX=JY4N SIMQ 43
IXIX=N®(JX=1)*IX SING 46
JIX=IXINGIT . SING &S5

60 ALIXJIX)=ACINIXD)=t ACIXJISALIIX)) SINO 46

65 BLIX)eBLIXI-(B(JI*ALIXJID SINQ 47

c BACK SOLUTION SIMQ 48
70 NY=N-) Sing 49
1T=NeN Sing S0

BO A0 J=l,NY SInQ 51
TA=1T-g SiMQ 52

::::" . SimQ 53

00 50 K=l,J sSII'D:% ;:
BLIBI=AIB)~ALIAISBIICY SINO S
IA=LA-N SIMo 57

80 ICsIC-1 SIXQ S8
RETURN SIMQ 39

END SINQ 60
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Mathematics - Roots of Nonlinear Equations
RTWI

This subroutine refines the initial guess xq of a
root of the general nonlinear equation x = f(x).
Wegstein's iteration scheme is used in order to get
accelerated convergence in case of a function f (x),
which has at least continuous first derivative in the
range in which iteration moves.

Following Figure 8, set x =y =f(x Jandy =
£(x.). 1 0 0 1

1

Refinement of x; is done by determination of the
intersection of the linear functién y = x and the
secant through the points (x 0’ yO) and (xl, yl), thus
getting:

1 0
X, =x, +
© %0 "%
— -1
17N
andy2=f(x2)

The next step is done by starting at (x 9 y2) and
setting:

X =-X
xy =% +X2—y1
e e R
X9~ Yy
yg = fx5)
‘Yr y =f(x) y=x
Yy = f(x])w————
|
!
! I
y2 = f(xz)“—____lT___l
| P
Yo = fixg) g — — — #o— —l o - _
0 0 ol
| I |
| [ !
) [ I
| (| I
| [ |
é & — o x
1Y X3%2 0

Figure 8. Wegstein's iterative method

Itcanbe seen that this determines the intersec-
tion between y =x and the secant through the points
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(%1, y1) and (x2, y9). Therefore Wegstein's itera-
tion scheme is often called the secant modification
of the normal iteration scheme X~ f(xi).

Repeating these steps, the result is the iteration
scheme:

i i-1
=x. +
TN S
_i-1 7i-1 -1 Yi=1,2,...) @
X.-y.
i7i
Vieg =T

Each step requires one evaluation of f(x).

This iterative procedure is terminated if the
following two conditions are satisfied;

< d <10.¢
8; = and 5, 10

Xi+1—X_
1 if 'Xi“'ll >1
with 5 = A4
X, X .
| i+l i if %4 £ 1 Vo)
X, Y.
+1 - Yi+1
o i %491 21
5, = Tin
Ixi+1_yi+ if 1%, S1

and tolerance € given by input.

The procedure described above may not cenverge
within a specified number of iteration steps. Rea-
sons for this behavior, which is indicated by an
error message may be:

1. Too few iteration steps are specified.

2. The initial guess x is too far away from any
root.

3. The tolerance & is too small with respect to
roundoff errors.

4. The root to be determined is of multiplicity
greater than one.

Furthermore, the procedure fails if at any iteration
step the denomiinator of equation (1) becomes zero.
This is also indicated by an error message. This
failure may have two reasons:

1. The secant has the slope 1, either exactly or

due to roundoff errors. In both cases it is probable
that there is at least one point £ in the range in
which iteration moves with ¢/( £ ) =1,

2. xi=xi-1and xj # yi = f(xi). This case is
possible due to roundoff errors or to a very steep
slope of the secant.

1o



Subroutine RTWI

Purpose:
To solve general nonlinear equations of the form
X=FCTX) by means of Wegstein's iteration
method,

Usage:
CALL RTWI (X,VAL,FCT,XST, EPS,[END, IER)
Parameter FCT requires an EXTERNAL state-
ment,

Description of parameters:

X - Resultant root of equation X=FCT(X),
VAL - Resultant value of X-FCTX) at rootX.
FCT - Name of the external function sub-
program used.
XST - Input value which specifies the initial
guess of the root X,
EPS - Input value which specifies the upper
bound of the error of result X,
IEND - Maximum number of iteration steps
specified.
IER - Resultant error parameter coded as
follows:
IER=0 - no error
IER=1 - no convergence after IEND
iteration steps
IER=2 - at some iteration step the
denominator of iteration
formula was equal to zero
Remarks:

The procedure is bypassed and gives the error
message IER=2 if at any iteration steps the
denominator of the iteration formula is equal to
zero, That means that there is at least one point
in the range in which iteration moves with the
derivative of FCT(X) equal to 1.

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user,

Method:
Solution of equation X=FCT(X) is done by means
of Wegstein's iteration method, which starts at
the initial guess XST of a root X, One iteration
step requires one evaluation of FCT(X). For
test on satisfactory accuracy see formula (2) of
mathematical description.

For reference, see:

' 1, G, N, Lance, Numerical Methods for High
’ Speed Computers, Iliffe, London, 1960,
| pp. 134-138,
2, J, Wegstein, "Algorithm 2," CACM, Vol, 3,
Iss. 2 (1960), pp. 74.
3. H.C. Thacher, "Algorithm 15," CACM, Vol.
3, Iss. 8 (1960), pp. 475.

4, J,G. Herriot, "Algorithm 26," CACM, Vol,
3, Iss, 11 (1960), pp. 603.

SUBROUTINE RTWI{XsVALsFCTsXST+EPSsIENDILER) RTWL 1

< PREPARE ITERATION RTW1 2
IER=Q RTWI 3
TOLsXST RTWI 4
XsFCY(TOL} RTWI 5
AxX=XST RTWI ]

B==a RTWI ki

TOLeX RTWI 8
VAL=X=FCT(TOL) RTWI 9

4 START ITERATION LOOP RTWI 10
00 & I=1+1END RTWI 11
IF(VALI1sTsl RTWI 12

4 EQUATION IS NOT SATISFIED 8Y X RTWI 13
1 B=f/VAL=l, RTWI 14
IF{B}2+842 RTWI 15

4 ITERATION 1S POSSIBLE RTWI 16
2 A=A/8 RTWI 17
X=X+A RIWIL 18

BsVAL RTWL 19

TOL=X RTWI 20
VALaX=FCT(TOL) RTWI 21

[4 TEST ON SATISFACTORY ACCURACY RTWI 22
TOL=EPS RTWl 23
D=ABS(X) RIWL 24
IF({D=ls1404s3 RTWl 25

3 TOL=TOL#D RTWI 26

4 IF{ABS(A)=TOL)5+5+6 RTWI 27

5 IF(ABS({VALI=10%TOL} 79746 RYWI 28

6 CONTINUE RTW! 29

[ END OF ITERATION LOOP RTWI 30
[ NO CONVERGENCE AFTER TEND ITERATION STEPSe ERROR RETURN. RTWI 31
1ER=1 RTwl 32

T RETURN RTWI 33

[ ERROR RETURN IN CASE OF ZERO DIVISOR RTW! 34
8 [ER=2 RTWI 35
RETURN RTWL 36

END RTW! 37

RTMI

This subroutine determines a root of the general
nonlinear equation f(x) = 0 in the range of x from
x1i up to Xri (xli, Xri given by input) by means of
Mueller's iteration scheme of successive bisection
and inverse parabolic interpolation. The procedure
assumes f(x1j) . f(xpi) £ 0.

Starting with x| = x|j and xp = xpj and following
Fig. 9, one iteration step is described.

First, the middle of the interval x; , . .xy is
computed:
1
== +
Xn =9 x 1 xr).

In case i(x,,) . f(x,) <0, Xy and x,, are interchanged
to ensure that f(x,,)) - f(x;) > 0.

In case

2 f(xm) [f(xm)—f(xl)] - f(xr) [f(xr) - f(xl)];o )
Xy is replaced by x,,, and the bisection step is re-
peated. If, after a specified number of successive
bisections, inequality (1) is still satisfied, the
procedure is bypassed and an error message is
given.

In Fig, 9, the second bisection step leads to a
configuration which does not satisfy inequality (1).
Thus by inverse parabolic interpolation:

X -X
m 1

1 T -t
f(x)-21£x )H(x,)
r m’ 1
1+ f(xm) [f(xr)_f(xm)] [f(xr)—f(x 1)] (2)

Ax = f(x

a.ndx=x1- Ax

and x is sure to be situated between X, and x
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/ inverse quadratic
/ parabola

f(xy) (2. step) # — — — — — — —
y=f(x)

f(xy) (4. step) $— — — — — y——p—————

|
|
I
!x‘y (4. step)

x =
X
~
=~
«
@
o
T

flx) g —

Figure 9. Mueller’s iterative method

Now, for the next iteration step, x becomes x 1
and Xy, becomes x,. if f(x) - f(x;) > 0, or x becomes
xp if £(x) - £(x;) < 0.

Convergence is either quadratic or linear if the
multiplicity of the root to be determined is equal to
one or greater than one respectively, and if £(x) can
be differentiated continuously at least twice in the
range xj; - - - Xpj- Each iteration step requires two
evaluations of f(x).

This iterative procedure is terminated if either
the two conditions (checked in bisection loop)

- €.
jx, - x| < € max (1, |x|)

and (3)
lfx_ ) - fx )l < 100.¢
r 1
or the two conditions (checked after inverse para-
bolic interpolation)
laxl € e. max@, K)
and 4
f ) < 100 .€ @

are satisfied, where tolerance € is given by input.

The procedure described above may not converge
within a specified number of iteration steps followed
by the same number of successive bisections. Rea-
sons for this behaviour, which is indicated by an
error message, may be:

1. Too few iteration steps are specified.

2. The initial interval xjj--- Xyj is too long.

3. The tolerance € is too small with respect to
roundoff errors.

Furthermore, the procedure is bypassed, also
giving an error message, if the basic assumption
f(xyy) . £xpi) <0 is not satisfied.

For reference see G. K. Kristiansen, ""Zero of
Arbitrary Function", BIT, vol. 3 (1963), pp. 205-
206.

118

Subroutine RTMI

Purpose:
To solve general nonlinear equations of the form
FCT(X)=0 by means of Mueller's iteration method.

Usage:
CALL RTMI(X, F, FCT,XLI,XRI, EPS, IEND, IER)
Parameter FCT requires an EXTERNAL state-
ment,

Description of parameters:
X ~ Resultant root of equation FCTX)=0,
F - Resultant function value at root X,
FCT - Name of the external function sub-
program used,
Input value which specifies the initial
left bound of the root X,
XRI - Input value which specifies the initial
right bound of the root X,
EPS - Input value which specifies the upper
bound of the error of result X,
Maximum number of iteration steps
specified,
IER - Resultant error parameter coded as
follows:
IER=0 - no error
IER=1 - no convergence after IEND
iteration steps followed by
IEND successive steps of
bisection
IER=2 - basic assumption FCT(XLI)
*FCTXRI) less than or
equal to zero is not satis-
fied

XLI -

IEND

Remarks:
The procedure assumes that function values at
initial bounds XLI and XRI have not the same sign,
If this basic assumption is not satisfied by input
values XLI and XRI, the procedure is bypassed
and gives the error message IER=2,

Subroutines and function subprograms required:
The external function subprogram FCT(X) must
be furnished by the user,

Method:
Solution of equation FCT(X)=0 is done by means
of Mueller's iteration method of successive
bisections and inverse parabolic interpolation,
which starts at the initial bounds XLI and XRI,
Convergence is quadratic if the derivative of
FCT(X) at root X is not equal to zero. One
iteration step requires two evaluations of FCT(X).
For test on satisfactory accuracy see formulae
(3, 4) of mathematical description.



SUBROUTINE RTM!I(XsFsFCTsXL1sXRISEPS+IENDWIER) RTMI 1
[ PREPARE ITERATION RTMI 2
1ER=0 RTMI 3
XLexXLy RTMI &
XR=XR1 RTMI 5
XmXL RTMI 6
TOLsX RTMI 7
FafFCT{TOL) :Iq} g
FIF)1s169] h
1 ;L-F P RTMI 10
XaXR RTMI 11
ToL=X RTMI 12
FaFCT(TOL) RTMI 13
IF({F)221692 RTML 14
2 FRuf RTMI 15
IF(SIGN(14sFLI+SIGN(1esFR}12503925 RTMI 16
C BASIC ASSUMPTION FL#FR LESS THAN O 1S SATISFIEO. RTMI 17
C GENERATE TOLERANCE FOR FUNCTION VALUES RIMI 18
3 I=0 RTMI 19
TOLF=1004*EPS RTMI 20
< START ITERATION LOOP RTMI 21
4 lwle} RTMI 22
4 START BISECTION LOOP RTMI 23
DO 13 K=1,IEND RTMI 24
X o 68 {XL+XR) RTMI 25
TOL=X RTMI 26
FaFCT(TOL) RTMI 27
IF(F)801645 RTMI 28
5 IFISIGN(1esF)4SIGNITesFRY)To607 RTMI 29
4 INTERCHANGE XL AND XR [N ORDER TO GET THE SAME SIGN IN F AND FR RTMI 30
6 TOL=xL RTMI 31
XL=XR RTMI 32
XR=sTOL RTMI 33
TOL=FL RTMI 34
FL=FR RTMI 35
FReTOL RTMI 36
T TOL=F=FL RTMI 37
A=F#TOL RTMI 38
Axa+a RTMI 39
IF{A=FR#(FR-FL)}8+9»9 RTMI 40
8 IFI1=1ENDI17+1749 RTMI 41
9 XRax RTMI &2
FReF RTM! 43
4 TEST ON SATISFACTORY ACCURACY IN BISECTION LOOP RTMI 44
TOL=EPS RTMI 45
A=ABS (XR) RTMI 46
IF{A=14111+11510 RTMI 47
10 TOLSTOL#A RTMI 48
11 IF(ABS(XR=XL)=TOL112+12+13 RTMI 49
12 IF{ABS{FR=FL)=TOLF) 141413 RTMI 50
13 CONTINUE RTMI 51
c END OF BISECTION LOOP RTMI 52
[4 NO CONVERGENCE AFTER TEND ITERATION STESS FOLLOWED BY IEND RIM!I 53
C SUCCESSIVE STEPS OF BISECTION OR STEADILY INCREASING FUNCTION RTMI 54
< VALUES AT RIGHT BOUNDSe, ERROR RETURNS RTMI 55
ER=) RTMI 56
14 IF(ABS{FRI=ARS{FL1}16+16+15 RTMI 57
15 xaxL RTM] 58
FuFL RTMI 59
16 RETURN RTMI 60
< COMPUTATION OF ITERATED X=VALUE BY INVERSE PARABOLIC INTERPOLATIONRTMI 61
17 A=FR=F RTMI &2
DX=(X=XL}oFL#{1e+Fe{A~TOL) /(AR {FR=FL) }1/TOL RTMI 63
XMax RTM! 64
FMuF RTMI 65
XuXL=DX RIMI 66
TOL=X RIMI 67
FaFCT(TOL) RTMI 68
IFIF)18+16418 RTMI 69
< TEST ON SATISFACTORY ACCURACY IN ITERATION LOOP RTM1 70
18 TOLeEPS RTMI 71
A=ABS(X) RTMI 72
IFlA=10120420519 RIMI 73
19 TOL=TOL#A RTMI 74
20 IFIABSIDX)=TOL)21421422 RTMI 75
21 IF(ABS(F}=TOLF)16+16422 RTMI 76
14 PREPARATION OF NEXT BISECTION LOOP RYMI 77
22 IFUISTIGN{LesF)+SIGNILasFL} 24123424 RIMI 78
23 XR=X RTMI 79
FR=F RTMI 80
G0 To & RTMI 81
24 XLeX RTMI 82
Flaf RTMI 83
XR=XM RTMI 84
FRuFM RTMI 85
GO TO 4 RIMI 86
c END OF ITERATION LOOP RTMI 87
< ERROR RETURN [N CASE OF WRONG INPUT DATA RTMI 88
25 1ER=2 RTMI 89
RETURN RTMI 90
END RTMI 91
RTNI
This subroutine refines the initial guess x; of a
root of the general nonlinear equation f(x) = 0.
Newton's iteration scheme is used in the following
form:
f(x.)
1 s
X, =X - i=0,1,2, ...) @)
it1 i f (x)
1

Convergence is quadratic or linear if the multiplicity
of the root to be determined is equal to one or
greater than one respectively, and if f(x) can be
differentiated continuously at least twice in the

range in which iteration moves. Each iteration

step requires one evaluation of f(x) and one evalua-
tion of £/ x).

This iterative procedure is terminated if the
following two conditions are satisfied:

< L
5S¢ and If(xi+1)| £100-¢

with in case of|x, 1

| >
i+l )

;1 ~ %l in case of |x;,,]& 1

and tolerance € given by input.

The procedure described above may not converge
within a specified number of iteration steps. Rea-
sons for this behaviour, which is indicated by an
error message, may be:

1. Too few iteration steps are specified.

2. The initial guess x( is too far away from any
root.

3. The tolerance € is too small with respect to
roundoff errors.

4. The root to be determined is of multiplicity
greater than one.

Furthermore, the procedure fails and is by-
passed if at any iteration step the derivative f(x)
becomes zero. This is also indicated by an error
message.

For reference see:

(1) F. B. Hildebrand, Introduction to Numerical
Analysis, McGraw-Hill, New York/Toronto/
London, 1956, pp. 447 - 450.

(2) R. Zurmuhl, Praktische Mathematik fiir
Ingenieure und Physiker, Springer, Berlin/
Gottingen/Heidelberg, 1963, pp. 12 - 17.

Subroutine RTNI

Purpose:
To solve general nonlinear equations of the form
FX)=0 by means of Newton's iteration method,

Usage:
CALLRTNI (X, F, DERF, FCT, XST, EPS, IEND,
IER) Parameter FCT requires an EXTERNAL
statement

Description of parameters:

X - Resultant root of equation F(X)=0,

F - Resultant function value at root X,

DERF - Resultant value of derivative at root X,

FCT - Name of the external subroutine used.
It computes for given argument X the
function value F and derivative DERF,
Its parameter list must be X, F, DERF,

XST - Input value which specifies the initial
guess of the root X,

EPS - Input value which specifies the upper
bound of the error of result X,
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IEND - Maximum number of iteration steps

specified,
IER - Resultant error parameter coded as

follows:

IER=0 - no error

IER=1 - no convergence after IEND
iteration steps

IER=2 - at some iteration step
derivative DERF was equal
to zero

Remarks:

The procedure is bypassed and gives the error
message IER=2 if at any iteration step the
derivative of F(X) is equal to 0. Possibly the
procedure would be successful if it were started
again with another initial guess XST.

Subroutines and function subprograms required:

The external subroutine FCTX, F, DERF) must
be furnished by the user.

Method:

N e

o P W

7
8

Solution of the equation F(X)=0 is obtained by
means of Newton's iteration method, which starts
at the initial guess XST of a root X,* Convergence
is quadratic if the derivative of F(X) at root X is
not equal to zero. One iteration step requires
one evaluation of F(X) and one evaluation of the
derivative of F(X), For tests on satisfactory
accuracy see formula (2) of the mathematical
description,

SUBRGUTINE RTNI{XsFsDERFsFCTsXSTsEPS+IEND21ER}
PREPARE ITERATION

1ER=Q

X=XST

TOL=X

CALL FCT(TOL +F+DERF)

TOLF=100+*EPS

START ITERATION LOOP

DO & I=1+1END

IF{FI1e7sl

=
jor)
z
VRACWE W

EQUATION 1S NOT SATISFIED BY X RTNI 11
IFIDERF124892 RTNI 12
ITERATION 1S POSSIBLE RTNI 13
DX=F /DERF RTNL 14
XexeaDX RINI 15
TOL=x RTNI 16
CALL FCT(TOLsFsDERF) RTNL 17
TEST ON SATISFACTORY ACCURACY RTN1 18
TOL=EPS RTNI 19
AmABSIX) RTNT 20
IFtA=14)41403 RTNI 21
TOL=TOL*#A RTNI 22
IFLABS{DX)=TOL)5¢546 RTNI 23
IF(ABS(F)=TOLF} 74746 RTNI 24
CONTINUE RTINI 25
END OF ITERATION LOOP RTNI 26
NO CONVERGENCE AFTER IEND ITERATION STEPSe ERROR RETURNs :;:{ g;
IERs

RgTU;N RTNI 29
ERROR RETURN IN CASE OF ZERO DIVISOR RTND 30
1ERw2 RINT 21
RETURN RTNL 32
END RTN] 33

Mathematics - Roots of Polynomial

POLRT

This subroutine computes the real and complex roots

of a real polynomial.

120

let

Given a polynomial

N n
Kz) = 3 a z
n=0

(1)

Z = X + iY be a starting value for a root of f(z).

Then:

Z" = (X + 1Y) 2)
Define X, as real terms of expanded equation (2).
Define Y,, as imaginary terms of expanded equa-

tion (2).
Then for:
n=290
X =1.0
o
Y =0.0
o
n>o0
= [} -— * 3
Xn X Xn-l Y Yn-l (3)
= . . 4
Yn X Yn_1+Y Xn—l 4)
Let U be the real terms of (1).
V be the imaginary terms of (1).
Then:
N
U= % ()
n=0
N
V= a, Yn (6)
n=0
or
N
U=a + E a X )
n=1
N
V= Z a Y (8)
n=1
N
au
&_Zn'xn-l.an (9)
=1
N
au _
ay Z nY 12 (10)
n=1

Note that equations (3), (4), (7), (8), (9), and (10)

can be performed iteratively for n =1 to N by saving

Xn

-1 a.IldYn_l.

L



Using the Newton-Raphson method for computing
AX, AY, we have:

v av\ [/ [\2 (a0 1
_ ov _ 192 — — 11
AX = Va5 - Usx x/ to\ay (11)
- .
2 2
au  cou)/lfev)®, (a9)*| .2
aY = - (U35 + Vax ) \ox) © \ox (12)
L -

after applying the Cauchy-Riemann equations.
Thus, for the next iteration:

X'=X+ AX
» Y' =Y + AY
Subroutine POLRT
Purpose:
Computes the real and complex roots of a real
polynomial.
Usage:
CALL POLRT(XCOF, COF, M, ROOTR, ROOTI,
IER)
Description of parameters:
XCOF - Vector of M+1 coefficients of the
p polynomial ordered from smallest
to largest power.
COF - Working vector of length M+1.
M - Order of polynomial,
ROOTR - Resultant vector of length M contain-
ing real roots of the polynomial.
ROOTI - Resultant vector of length M contain-
ing the corresponding imaginary
roots of the polynomial.
IER - Error code where:
IER=0 No error.
IER=1 M less than one.
IER=2 M greater than 36.
IER=3  Unable to determine
root with 500 iterations
on 5 starting values.
IER=4¢ High order coefficient is
» Zero.

Remarks:
Limited to 36th order polynomial or less.
Floating-point overflow may occur for high
order polynomials but will not affect the accu-
racy of the results.

Subroutines and function subprograms required:

@ ’ None.

Method:

15
20

25

30

32
35

40

I

w

50

5

59
60

&

e

10

1

w

7

=3

85
90

95
100

10

w

110
115

120

122
125

130

le0

165
150
155

160

Newton-Raphson iterative technique.

The final

iterations on each root are performed using the
original polynomial rather than the reduced
polynomial to avoid accumulated errors in the

reduced polynomial,

SUBROUTINE POLRT(XCOF sCOF sMsROOTRIROOTI#IER)
DIMENSION XCOF(1)sCOF(1)+ROOTR{1}+ROOTII1)

IF1T=0

N=M

IER=0

IF{XCOFtIN+1)) 10025510
IFIN 15015932

SET ERROR CODE Y0 1
1ER=}
RETURN

SET ERROR CODE TO &
1ER=4
GO TO 20
SET ERROR CODE TO 2
1ER=2
GO TO 20
IFIN=36) 35+35¢30
NX=N
NXXsN+]

NZs)

KJ1l = N+l

00 %0 L=14KJ)
MT=KJl=Lel
COF{MTI=XCOF (L]

SET INITIAL VALUES
X0=,400500101
Y0=0,01000101

ZERO INITIAL VALUE COUNTER
IN=0O
x=x0

INCREMENT INITIAL VALUES AND COUNTER
X0==10s0#Y0
YO==10e00X

SET X AND Y TO CURRENT VALUE
X2X0
Y=Y0O
IN=IN+]

GO TO 59
IFITs}
XPRaX
YPReY

EVALUATE POLYNOMIAL AND DERIVATIVES
1CT=0
UXa0e0
UYs040
vV =0e0
¥Te040
XTrle0
UsCOF(N+1)

IFty) 659130065

DO 70 I=1sN

L aN=l+l
XT2nX#XTmyayT
YT2ax#YTevexT
UsU+COFIL J#XT2
VaV+COF (L )eYT2

Flsl

UX=UX+F I0XT#COF (L
VUYsUY=Fl#YT#COFIL )
XT=xT2

YTeyYT2
SUNSQaUX#UX+UY#UY
IFLSUMSQLl 754110475
DX= (VAUY=USUX) / SUMSQ
X=X+DX
DY=={UrUY+VRUX ) /SUMSQ
YaY+DY

IFL ABSIDY)+ ABS(DX)=140E=05) 1004804680

»STEP ITERATION COUNTER
1CT=ICT+)

IFLICT=5001 604685485
IFLIFIT) 100+90+100
IFLIN=5) 50095495

SCT ERROR CODE TO 3
1ER=3
GO TO 20
DC 105 L=1eNXX
MTsKJi=Lel
TEMP=XCOF (¥T)
XCOF (MT ) =COF (L)
COFILIBTEMP
I1TEMPaN
Ne=NX
NXs ] TEMP
IFLIFIT) 1204554120
IFUIFIT) 1159504115
X=XPR
Y=YPR
1FITa0
IF1x)12201254122
IFLABS(Y}=ABS{X)%140E~04)135+1254125
ALPHAZX+X
SUMSQEX#XsYRY
NeN=-2
GO TO 140
X=0e0
NXaNX~1
NXXeNXX=1
Y2040
SUMS3Z=0.0
ALPHA=X
LELTS
Llal
L2a2
COFIL2)=COF{L2}+ALPHA®COF (L))
DO 150 L=2eN

COFtL+L)=COF (L+1)+ALPHA*COF (L) =SUMSQ#COF tL=1}

ROOTI (N2} =Y
ROOTRIN2 ) =X

N2=N2+1

IFISUMSQ) 16091651160
Y==y

SUMSQs040

GO T0 155

IF{N} 209201045

END

POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRY
POLRT
POLRT
POLRT
POLRY
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRY
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLAT
POLRT
POLRY
POLRT
POLRT
POLRT
PULRT
POLRT
POLRT
POLRT
POLRY
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT

-
COVD GO W WN-

= s e e
wEwN -

o gt
cve o

"~
st

22

89

POLRTMOL
POLRTMO2

POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT
POLRT

91
92
93
9
95
96
97
28
99

POLRT100
POLRT1Q1
POLRTMO3
POLRTMOG
POLRTMOS
POLRT103
POLRT104
POLRT105
POLRTI06
POLRTI107
PULRT1O8
POLRT109
POLRT1LD
POLRTI1
POLRT1lé
PULRTLL}
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Mathematics - Polynomial Operations

PADD

Purpose:
Add two polynomials.

Usage:
CALL PADI{Z,IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z -~ Vector of resultant coefficients,
ordered from smallest to largest
power,

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X (degree is IDIMX-1).

Y - Vector of coefficients for second
polynomial, ordered from smallest
to largest power.

IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.

Subroutines and function subprograms required:
None.

Method:
Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vector dimen-
sions. Corresponding coefficients are then
added to form Z.

SUBROUTINE PADD(Z + IDTMZ¢X o TDEMX, Y, 1DINY) PADD 1
DTMENSION 2{1}4X(1},¥YL1) PADN ?

< TEST DIMENSIONS OF SUMMANDS PADD 3
NDINaIDIMX PADD 4

IF {IDIMX-IDIMY) 10,+20,20 PADD 5

10 NDIHaIDINY PADD &
20 IF(NDIM} 30,90,3) eapnp 7
30 D0 80 [=1,NDIM PADD 8
IF(I-IDIMX} 40,40+60 PADD 9
40 [FLI-10IMY} 50,50.,70 PADD 10
50 ZCIV=x{[)ev(]} PADD 11
GO TO 80 PADD 12
60 241)=v¥(1} PABD 13
G0 1O 80 PADD 14

70 Zi0)=X(1) PADD 1S
80 CONTINUE PADD 16
90 IDIMI=NDIM PADD 17
RETURN PADD IR
END 2ADD 19
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PADDM

Purpose:
Add coefficients of one polynomial to the product
of a factor by coefficients of another polynomial.

Usage:
CALL PADDM(Z, IDIMZ, X, IDIMX, FACT, Y,
IDIMY)

Description of parameters:

A - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.
IDIMX - Dimension of X (degree is IDIMX-1).
FACT - Factor to be multiplied by vector Y.
Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power.
IDIMY - Dimension of Y (degree is IDIMY-1).
Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.
Subroutines and function subprograms required:
None.
Method:
Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vectordimen-
sions. Coefficient in vector X is then added to
coefficient in vector Y multiplied by factor to

form Z.
SUBROUT INE PADDNC Zo IDIMZyXs INIMXFACT, Yy (DINY) PADDN 1
DIMENSION 2€10+X8 2D Y01} PADON 2
c TEST DIKENSTONS OF SUMMANDS PADDM 3
NDEM= 10 TMX PACDM &
IFLIDIMX-IDINY) 10,20,20 PAODM S
10 NDIH=IDINMY PADDM &
20 IF(NDIM) 90490430 PACON T
30 00 A0 I=l+NDIN PADDM 8
IF(I-TDINX) 4044360 PADDM 9
40 TF(I~IDIMY) 50,50,70 PADOM 10
S0 ZUT)YaFACT®RYLEIeXIL) PADDM 1
Gt TD 80 PADDM 12
60 Z(1)=FACT*Y{1] PADDN 13
G0 TO A0 PADDM 14
T0 Z(1)=x4 1) PADDN 15
80 CONTINUE PADDN 16
90 IDIMZ=NDIM PADBDM 17
RETURN PADDM 18
END PADOM 19
PCLA
Purpose:

Move polynomial X to Y.

Usage:
CALL PCLA(Y, IDIMY, X, IDIMX)
Description of parameters:

Y - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMY - Dimension of Y.

2
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X - Vector of coefficients for polynomial,
ordered from smallest to largest

power.

IDIMX - Dimension of X.
Remarks:

None.

Subroutines and function subprograms required:
None.

Method:
IDIMY is replaced by IDIMX and vector X is
moved to Y.

SUBROUTINE PCLA [ Yy IDIMY X, IDINX} pcLa 1
DIMENSION X{1)»Y(1} PCLA 2
[0IMy=10TMX PCLA 3
IF{IDIMX) 30,30410 PCLA &4
10 B0 20 I=1,T0IMX PCLA 5
20 Y({I)=Xx{I} pCLA 6
30 RFTURN PCLA 7
END PCLA 8
PSUB
Purpose:

Subtract one polynomial from another.

Usage:
CALL PSUB(Z, IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power,

IDIMZ - Dimension of Z (calculated).

X - Vector of coefficients for first poly-

nomial, ordered from smallest to
largest power.
IDIMX Dimension of X (degree is IDIMX-1).
Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power,
Dimension of Y (degree is IDIMY-1).

IDIMY

Remarks:
Vector Z may be in same location as either vec-
tor X or vector Y only if the dimension of that
vector is not less than the other input vector.
The resultant polynomial may have trailing zero
coefficients.

Subroutines and function subprograms required:
None.

Method:

Dimension of resultant vector IDIMZ is calcu-
lated as the larger of the two input vector dimen-
sions. Coefficients in vector Y are then
subtracted from corresponding coefficients in
vector X.

SUBROUTINE PSUBIZ 4 EDIMZ4X41DINX, Y, TDINY) PSuB 1
OINENSION ZEL1)oXU11e¥I1) PSUB 4
4 TEST DIMENSIONS OF SUNMANDS pSUR 3
NDIM=]DINX PSUR 4
IF {1DIMX-IDIMY) 10+20,20 PSuB 5
10 NDIM=1DINY PSUS &
20 IF (NDIM} 90,90,30 pSuUBs 7
30 00 80 I=1,NDIN PSUB e
IF (I-IDINX) &0440,60 esus 9
40 IF LI-IDINY) 50,50,70 pSUB 10
50 (1) =x(1)-Y{1) PSUS 11
G0 TO 80 pSUR 12
60 ZUI)==Y(I} PSUB 13
G0 TD 80 PSUB 14
T0 Zilisx{1) PSUB 15
80 CONTINUE PSUR 16
90 IDIMZ=NDIM psus 17
RETURN PSUB 18
END psus 19
PMPY
Purpose:

Multiply two polynomials.

Usage:
CALL PMPY(Z, IDIMZ, X, IDIMX, Y, IDIMY)

Description of parameters:

Z - Vector of resultant coefficients,
ordered from smallest to largest
power.

IDIMZ - Dimension of Z (calculated).

X -~ Vector of coefficients for first poly-

nomial, ordered from smallest to
] largest power.
IDIMX - Dimension of X (degree is IDIMX-1).
Y - Vector of coefficients for second poly-
nomial, ordered from smallest to
largest power.
IDIMY - Dimension of Y (degree is IDIMY-1).

Remarks:
Z cannot be in the same location as X.
Z cannot be in the same location as Y.

Subroutines and function subprograms required:
None.

Method:
Dimension of Z is calculated as IDIMX+IDIMY-1.
The coefficients of Z are calculated as sum of
products of coefficients of X and Y, whose ex-
ponents add up to the corresponding exponent of

Z,
SUBRGUT INE PMPY[Z, IDIMZ X+ 1DINX, Y, 10INY) PHPY 1
DTMENSION Z(1)4X(2)4¥I(1) PMpY 2
LF(IDIMX®IDINY) 10,10, 20 PMPY 3
10 101MZ=0 PHPY 4
GO fO 50 PNPY S
20 [DINZ=IDIMX¢IDIMY -1 PHPY 6
DO 30 I=1,IDIM2 pupy 7
30 Z{1)=0. PMPY B
00 40 f=1,10IMX PuPY 9
00 40 J=1,1DIMY PMPY 10
Kal+g-1 PNPY 11
40 ZIK)=X{IIOYLIIeZIK) PNPY 12
50 RETURN puey 13
END PMPY 14
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PDIV

Purpose:
Divide one polynomial by another,

Usage:
CALL PDIV(P, IDIMP, X, IDIMX, Y, IDIMY, TOL,
IER)

Description of parameters:

P - Resultant vector of integral part.

IDIMP - Dimension of P.

X - Vector of coefficients for dividend poly-
nomial, ordered from smallest to
largest power. It is replaced by re-
mainder after division.

IDIMX - Dimension of X.

Y - Vector of coefficients fordivisor poly-
nomial, ordered from smallest to

. largest power.

IDIMY - Dimension of Y.

TOL - Tolerance value below which coeffi-
cients are eliminated during normali-
zation.

IER - Error code., 0 is normal, 1 is for
zero divisor.

Remarks:

The remainder R replaces X.

The divisor Y remains unchanged.

If dimension of Y exceeds dimension of X,
IDIMP is set to zero and calculation is bypassed.

Subroutines and function subprograms required:
PNORM

Method:
Polynomial X is divided by polynomial Y giving
integer part P and remainder R such that
X =P*Y + R.
Divisor Y and remainder vector get normalized.

SUBROUTINE POIVIP+TDIMPoX,IDIMX, Y, IDIMY,TOL,IER) pOIV 1
DIMENSION P(L1XI1D,Y(1) POV 2

CALL PNORM [Y,IDIMY,TOL) PRIV 3
IFLIDIMY) 50,50,10 POV 4

L0 IDIMP=[DIMX-T0IMY+] PDIV 5
IFUIDINPY 20,30,50 PDIV &

[4 DEGREE OF DIVISOR WAS GRFATER THAN DEGREF NF DIVIDEND PDIV 1
20 IpiMpag PDIV 8

30 [ER=0 PDIV 9
40 RETURN PDIV 10

c ¥ IS ZERD POLYNDMIAL POIV 11l
50 lER=1 POIV 12
50 TD 40 PDIV 13

c START REDUCTIIN POIV 14
60 10THX=IDIMY-] POIV 15
Is1DIMP POIV 16

70 II=1+¢1DIMX eniy 17
PLDI=X{I1N/YCIDINY) PDIV 18

[ SUBTRACT MULTIPLE GF DIVISOR PDIV 19
DO 40 K=1,IDIMX POTV 20
JeK-141 PDIV 21
XtJ1=xtJI-PLEY*Y{K] POV 22

80 CONTINUE PDIV 23
I=1-1 PDEIV 24

IFLI) 90,90,70 PDIV 25

[4 NORMALTZE REMA INDER POLYNOMIAL POIV 26
90 CALL PNORM(X,TOIvMX,TOL) PDIV 27

G0 T0 30 POIV 28

END POIV 29
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PQSD

Purpose:

Perform quadratic synthetic division.

Usage:
CALL PQSD(A, B, P, Q, X, IDIMX)

Description of parameters:

A - Coefficient of Z in remainder (calcu-
lated).

B - Constant term in remainder (calcu-
lated). :

P - Coefficient of Z in quadratic poly-
nomial.

Q - Constant term in quadratic polynomial.

X - Coefficient vector for given polyno-
mial, ordered from smallest to
largest power.

IDIMX - Dimension of X.

Remarks:
None.

Subroutines and function subprograms required:
None,

Method: .
The linear remainder A*Z+B.

SUBROUTINE PQSDIA4B,P,Q4X, IDIMX} PQSD 1
DIMENSION XxI1) PQSD 2
A=0. PQSD 3
B=0. PQSN 4
J=IniMx PQSD 5
1 1F8J13,3,2 P0SN 6
2 I=P*A+R POSD 7
B=QeA+X({J) POSD 8
A=2 PQSO 9
J=J-1 PQSD 10
GO TO 1 POSD 11
3 RETURN POSO 12
END POSD 13
PVAL
Purpose:
Evaluate a polynomial for a given value of the
variable.
Usage:

CALL PVAIL(RES, ARG, X, IDIMX)

Description of parameters:

RES - Resultant value of polynomial,
ARG - Given value of the variable.
X - Vector of coefficients, ordered from
smallest to largest power.
IDIMX - Dimension of X,
Remarks:
None.
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Subroutines and function subprograms required:
None.

Method:
Evaluation is done by means of nested multipli-

cation.

SUBROUTINE PVAL{RESARGsXs IDIMXI PVAL
DIMENSION X{1) . PVAL
RES=0. PVAL
J=1DINX pvaL
1 IFLJ)3+342 PVAL
2 RES=RES®ARGHX(J) PYAL
J=i-1 PVAL
G0 10 1 PVAL

3 RETURN PVAL
END PVaAL

DOR~NT NS SN

PVSUB

Purpose:
Substitute variable of a polynomial by another
polynomial.

Usage:
CALL PVSUB(Z, IDIMZ, X, IDIMX, Y, IDIMY,
WORK1, WORK2)

Description of parameters:

Z - Vector of coefficients for resultant
polynomial, ordered from smallest
to largest power.

IDIMZ Dimension of Z.

X - Vector of coefficients for original
polynomial, ordered from smallest
to largest power.

IDIMX Dimension of X,

Y - Vector of coefficients for polynomial
which is substituted for variable,
ordered from smallest to largest
power,

IDIMY - Dimension of Y.
WORK1 - Working storage array (same dimen-
sion as Z).
WORK2 - Working storage array (samedimen-
sion as Z).
Remarks:
None.

Subroutines and function subprograms required:
PMPY
PADDM
PCLA

Method:
Variable of polynomial X is ¢#bstituted by poly-
nomial Y to form polynomial Z., Dimension of
new polynomial is (IDIMX-1)*(IDIMY-1)+1,
Subroutine requires two work areas.

SUBRGUTINE PVSUBGZ,IDIMZyXs IDINK, Y, 1DIMY(KDRK] (WNRK?) PVYSUA 1
DIMENSION Zt11eX0104Y{1)yWORKIEL) ,WORK2(L) eysuR 2
TEST OF DIMENS TONS PYSUR 3
IF CIDIMX-1} 1,3,3 DVSIIR &4
1 D14z=0 PYSUB 5
2 RETURN PYSUB &
3 IDIMZsl pvsus T
e=xe PYSUR A
IF (IDIMY*IDIMX-IDIMY) 2,2,4 PVSUS 9
4 IWl=l PVSIIB 10
WORKLI(1d=1, pVsUR 11
DO 5 [=2,1DIMX PVSII3 12
CALL PMPYLIWORKZ2,1W2,Y,IDIMY,WORK1,IW1) PVSUA 13
CALL PCLA(WORK],[ W1 ¢WORK2,IW2} PYSIR 14
FACT=x{1) PYSUR 1%
CALL PADDMIZ,IDIMZ¢Zo1DTMI4FACTyWORK],THL) PVSUB 16
5 CONTINUF PYSUR 17
G0 TO 2 . PYSUR 13
END pVSUB 19
PCLD
Purpose:
Shift of origin (complete linear synthetic
division).
Usage:

CALL PCLD(X, IDIMX, U)

Description of parameters:
X - Vector of coefficients, ordered from
smallest to largest power. It is re-
placed by vector of transformed co-

efficients.
IDIMX - Dimension of X.
U - Shift parameter.
Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Coefficient vector X(I) of polynomial P(Z) is
transformed so that Q(Z)=P(Z-U) where QZ)
denotes the polynomial with transformed coeffi-
cient vector.

SUBRCUTINE PCLD (X, IDIMX,U) PCLO 1
DIMENSION XI1) PCLD 2
K=] PCLD 3
1 J=1DIMX PCLD 4
2 IF [J3=-K) 49447 PCLD S
3 X(J-11=XT[J-1)+UsX (I} PCLD 6
J=J-1 PCLD 7
G0 YO 2 PCLD B
4 KaKel PCLD 9
IF (IDIMX-K} S5+5 1 PCLD 10
5 RETURN ecLn 11
END PCLD 12
PILD
Purpose:

Evaluate polynomial and its first derivative for
a given argument.

Usage:
CALL PILD(POLY, DVAL, ARGUM, X, IDIMX)

Mathematics — Special Operations and Functions 125



Description of parameters:

POLY - Value of polynomial.

DVAL - Derivative.

ARGUM - Argument,

X - Vector of coefficients for poly-

nomial, ordered from smallest to
largest power.
IDIMX - Dimension of X,

Remarks:
None.

Subroutines and function subprograms required:

PQSD

Method:
Evaluation is done by means of subroutine PQSD
(quadratic synthetic division).

SUARDUTINE PILD (POLY,OVAL ) ARGUM, X 1DIMX) PILD 1
DIMENSION x(1) PlLD 2
PaARGUM+ARGUM PILD 3
Q= =ARGUMSARGUM PILD 4
CALL PQSD (DVAL,POLY.P Qs X, INIMX) PILD 5
POLY=ARGUMSOVAL+POLY PILD 6
RETURN PILD 4
END PILD 8
Purpose:

Find derivative of a polynomial,

Usage:
CALL PDER(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for derivative,
ordered from smallest to largest
power,

IDIMY - Dimension of Y (equal to IDIMX-1).

X - Vector of coefficients for original

polynomial, ordered from smallest to
largest power.
Dimension of X.

IDIMX

Remarks:
None.

Subroutines ‘and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X less one.
Derivative is then calculated by multiplying co-
efficients by their respective exponents.
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SUBROUT INE PDER{Y o [DINY,X, 1OTNX ) PDER 1
DINENSTON X{1)4¥( 1) : PBER 2
3 TEST . OF DINENS ION POER 3
IF (IDIMX-1) 3,3,1 PDER &
L 10IMY=1DINX-1 PDER S
EXPTag. POER &
00 2 I=l,IDINY POER 7
EXPY=EXPT¢1, PDER 8
2 YU sX({1¢LVSEXPY POER 9
s ?o T0 4 PDER 10
DENYsO POER 11
& RETURN PDER 12
PDER 3
PINT
Purpose:

Find integral of a polynomial with constant of
integration equal to zero.

Usage:
CALL PINT(Y, IDIMY, X, IDIMX)

Description of parameters:

Y - Vector of coefficients for integral,
ordered from smallest to largest
power,

IDIMY - Dimension of Y (equal to IDIMX+1),

X - Vector of coefficients for original

polynomial, ordered from smallest to
largest power.
IDIMX - Dimension of X,

Remarks:
None.

Subroutines and function subprograms required:
None.

Method:
Dimension of Y is set at dimension of X plus
one, and the constant term is set to zero. Inte-
gral is then calculated by dividing coefficients
by their respective exponents.

PINT

SUBROUTINE PINT(Y ,[DIMY (X4 IDIMX) PINT ;
DIMENSION X{l1,¥t 1) PINT 3
IOINY=IDINX+L PINT °
Y(1)=0,
IFLIDINX) 14102 ‘;::; Z
1 RETURN PINT 7
2 EXPT=L, PINT 8
00 3 122,1D1INY PINT 9
YOI}=sx(1-1)7EXPY PINT 10
3 EXPT=EXPT+1, PINT I
GO 101
END PINT 12
PGCD Lo
Purpose:
Determine greatest common divisor of two poly-
mials,
nomials ,%m,
Usage:
CALL PGCD(X, IDIMX, Y, IDIMY, WORK, EPS,
IER)



Description of parameters:

X - Vector of coefficients for first poly-
nomial, ordered from smallest to
largest power.

IDIMX - Dimension of X,

Y - Vector of coefficients for second
polynomial, ordered from smallest to
largest power. This is replaced by
greatest common divisor.

IDIMY Dimension of Y.

WORK - Working storage array.

EPS - Tolerance value below which coeffi-
cient is eliminated during normaliza-
tion.

IER - Resultant error code where:

IER=0 No error,
IER=1 X or Y is zero polyno-
mial.
Remarks:

IDIMX must be greater than IDIMY.
IDIMY=1 on return means X and Y are prime,
the GCD is a constant.

Subroutines and function subprograms required:
PDIV
PNORM

Method:
Greatest common divisor of two polynomials X
and Y is determined by means of Euclidean algo-
rithm. Coefficient vectors Xand Y aredestroyed
and greatest common divisor is generated in Y.

SUBROUTINE PGCO(X ¢ I0IMXoY,IDIMY,WORK EPS, 1ER) PGCO 1
DIMENSION X(1),Y( 1) WORK{]} PGCD 2

4 CIMENSION REQJIRED FOR VECTOR NAMED WORK 1S T0IMX-TOIMYe]l  PGCD 3
t CALL POIVIKORK o NOIMo Xy IDIMXo Yy [DEMY,EPS,TER] PGCD L
[FUIERY 542,45 PGLO S

2 IFLIDIMX) 5,5,3 PG [

4 INTERCHANGE X AND Y PGEO 7
3 D0 4 Jsl,IDINY PGLD 8
WORK{1)=xX{J} [} e
XtJ)syiy) PGCD 0

4 Y{J)=WORKI 1) P6CD 11
NOIM={DTIMX PGLO 12
IDIMX=1DINY psCN 13
[DIMYeNOIH °GCD 14

G0 ra 1 . PGCD 1S

5 RETURN PGCD 16

END PGCD 17

PNORM
Purpose:

Normalize coefficient vector of a polynomial.

Usage:
CALL PNORM(X, IDIMX, EPS)

Description of parameters:
X - Vector of original coefficients,
ordered from smallest to largest
power, It remains unchanged.

IDIMX - Dimension of X. It is replaced by

final dimension.
EPS - Tolerance below which coefficient is
eliminated.

Remarks:
If all coefficients are less than EPS, result is a
zero polynomial with IDIMX=0 hut vector X re-
mains intact.

Subroutines and function subprograms required:
None.

Method:
Dimension of vector X is reduced by one for
each trailing coefficient with an absolute value

less than or equal to EPS.

PNORY
PANDRM
PNORM
PNORM
PRARKY
PNORM
PNORM
PNORM

SUBROUT INE PNORAL X, IDIMX, EPS)
DMIENSTION XI1)
-1 TFUIDINXE 49402
2 IFLABSIXUINIMX)I-EPS) 3,344
3 1DIMX=101MX=1
G0 10 1
4 RETURN
END

BN NS W
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APPENDIX A: ALPHABETIC GUIDE TO
SUBROUTINES AND SAMPLE PROGRAMS,
WITH STORAGE REQUIREMENTS

The following alphabetic index lists the number of
characters of storage required by each of the sub-
routines in the Scientific Subroutine Package. The
figures given were obtained by using 1130 Monitor
FORTRAN, Version 2, Modification Level 1.
Storage requirements are not given for the sample
subroutines.

Storage
Required
Name (Words) Page
ABSNT 94 16
ADSAM 179
ANOVA 164
ARRAY 198 86
AUTO 180 46
AVCAL 268 35
AVDAT 326 34
BESI 414 03
BESJ 448 99
BESK 844 104
BESY 704 101
BOOL 145
BOUND 206 14
CADD 92 72
CANOR 1132 30
CCPY 78 82
CCUT 162 79
CEL1 126 105
CEL2 200 106
CHISQ 490 50
CINT 96 74
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Name
CORRE
CROSS

Cs

CRST
CSUM
CTAB
CTIE
DASCR

DATA

DCLA
DCPY
DISCR
DMATX
EIGEN
EXPI
EXPON
EXSMO
FACTO
FORIF
FORIT
FUN
GAMMA
GAUSS

GDATA

Storage
Required

(Words)

1164
248

310

306
98
198

166

50
58
980
422
1058

262

274

292

284

260
68

668

47

112

78

75

76

80

144

151

160

173

84

83

39

38

62

108

175

49

172

95

96

184

97

60

28



Storage Storage

Required Required
Name (Words) Page Name (Words) Page
GMADD 52 64 MULTR 518 26
GMPRD 156 65 NROOT 752 32
GMSUB 52 64 ORDER 206 25
GMTRA 88 65 PADD 110 122
GTPRD 152 66 PADDM 118 122
HIST 145 PCLA 48 122
KRANK 524 56 PCLD 74 125
LEP 132 98 PDER 88 126
LOAD 98 42 PDIV 198 124
LOC 108 86 PILD 56 125
MADD 226 66 PINT 88 126
MATA 194 69 PGCD 108 126
MATIN 145 PLOT 156
179

190 PMPY 142 123

MCANO 159 PNORM 48 127
MCPY 52 . 81 POLRG 155
MDISC 168 POLRT 820 120
MEANQ 560 : 36 PSUB 112 123
MFUN 66 85 PQSD 78 124
MINV 784 61 PVAL 54 124
MOMEN 404 20 PVSUB 132 125
MPRD 230 67 QATR 386 88
MSTR 116 84 QDINT 182
MSUB 226 67 QSF 806 87
MTRA 68 QTEST 232 54
MXOUT 80 RADD 90 71

91
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Storage Storage

Required Required

Name (Words) Page Name (Words) Page
RANDU 52 60 SIMQ 540 115
RANK 216 59 SMO 166 48
RCPY 78 82 SMPRT 186
RCUT 162 79 SMPY 56 70
RECP 44 85 SOLN 190
REGRE 150 SRANK 378 55
RINT 94 73 'SRMA 108 72
RKGS 1174 92 SSUB 56 70
RKINT 184 SUBMX 134 20
RK1 468 90 SUBST 224 15
RK2 210 91 TAB1 612 16
RSUM . 98 74 TAB2 1140 18
RSRT 308 77 TALLY 356 13
RTAB 198 75 TIE 196 59
RTIE 178 80 TPRD 230 68
RTMI 536 117 TRACE 160 41
RTNI 172 119 TTSTT 538 21
RTWI 208 116 TWOAV 324 53
SADD 56 69 UTEST 242 52
SCLA 52 83 VARMX 1186 43
SCMA 110 73 WTEST 498 58
SDIV 66 71 XCPY 128 81
SICI 366 110
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APPENDIX B: ACCURACY OF SUBROUTINES

The subroutines in SSP can be broken down into
three major categories from the standpoint of accu-
racy. They are: subroutines having little or no
affect on accuracy; subroutines whose accuracy is
dependent on the characteristics of the input data;
and subroutineg in which definite statements on ac-
curacy can be made.

SUBROUTINES HAVING LITTLE OR NO EFFECT
ON ACCURACY

The following subroutines do not materially affect
the accuracy of the resuilts, either because of the
simple nature of the computation or because they do
not modify the data:

TALLY totals, means, standard deviations,
minimums, and maximums

BOUND selection of observations within bounds

SUBST subset selection from observation
matrix

ABSNT detection of missing data

TAB1 tabulation of data (1 variable)

TAB2 tabulation of data (2 variables)

SUBMX build subset matrix

MOMEN first four moments

TTSTT tests on population means '

ORDER rearrangement of intercorrelations

AVDAT data storage allocation

TRACE cumulative percentage of eigenvalues

CHISQ X 2 test for a contingency table

UTEST Mann-Whitney U-test

TWOAV Friedman two-way analysis of variance

QTEST Cochran Q-test

SRANK Spearman rank correlation

KRANK Kendall rank correlation

WTEST Kendall coefficient of concordance

RANK rank observations

TIE calculation of ties in ranked observations

RANDU uniform random numbers

GAUSS hormal random numbers

GMADD
GMSUB
GMPRD
GMTRA
GTPRD

MADD
MSUB
MPRD
MTRA
TPRD
MATA
SADD
SSUB
SMPY
SDIV
RADD

CADD
SRMA
SCMA

RINT
CINT
RSUM
CSUM
RTAB
CTAB
RSRT
CSRT
RCUT
CCUT
RTIE
CTIE
MCPY
XCPY
RCPY
CCPY
DCPY
SCLA
DCLA

add two general matrices
subtract two general matrices
product of two general matrices
transpose of a general matrix

transpose product of two general
matrices

add two matrices

subtract two matrices

matrix product (row into column)
transpose a matrix

transpose a product

transpose product of matrix by itself
add scalar to matrix

subtract scalar from a matrix
matrix multiplied by a scalar

matrix divided by a scalar

add row of one matrix to row of an-
other matrix

add column of one matrix to column of
another matrix

scalar multiply row and add to another
row

scalar multiply column and add to an-
other column

interchange two rows

interchange two columns

sum the rows of a matrix

sum the columns of a matrix
tabulate the rows of a matrix
tabulate the columns of a matrix
sort matrix rows

sort matrix columns

partition row-wise

partition column-wise

adjoin two matrices row-wise
adjoin two matrices column-wise
matrix copy

copy submatrix from given matrix
copy row of matrix into vector
copy column of matrix into vector
copy diagonal of matrix into vector
matrix clear and add scalar

replace diagonal with scalar
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MSTR storage conversion

MFUN matrix transformation by a function

RECP reciprocal function for MFUN

LOoC location in compressed-stored matrix

CONVT single precision, double precision
conversion

ARRAY vector storage--double dimensioned
conversion

PADD add two polynomials

PADDM multiply polynomial by constant and
add to another polynomial

PCLA replace one polynomial by another

PSUB subtract one polynomial from another

PMPY multiply two polynomials

PDIV divide one polynomial by another

PQSD quadratic synthetic division of a
polynomial

PVAL value of a polynomial

PVSUB substitute variable of polynomial by
another polynomial

PCLD complete linear division

PILD evaluate polynomial and its first
derivative

PDER derivative of a polynomial

PINT integral of a polynomial

PGCD greatest common divisor of two
polynomials

PNORM normalize coefficient vector of

polynomial

SUBROUTINES WHOSE ACCURACY IS DATA
- DEPENDENT

The accuracy of the following subroutines cannot be
predicted because it is dependent on the character-
istics of the input data and on the size of the prob-
lem. The programmer using these subroutines
must be aware of the limitations dictated by numer-
ical analyses considerations. It cannot be assumed
that the results are accurate simply because sub-
routine execution is completed. Subroutines in this
category are:

CORRE means, standard deviations, and
correlations

MULTR multiple regression and correlation

GDATA data generation

CANOR canonical correlation

NROOT eigenvalues and eigenvectors of a

special nonsymmetric matrix
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AVCAL
MEANQ
DMATX
DISCR
LOAD
VARMX
AUTO
CROSS
SMO

EXSMO
MINV
EIGEN

SIMQ

QSF

QATR

RK1

RK2

RKGS

FORIF

FORIT
RTWI

RTMI

RTNI

POLRT

Z and A operation

mean square operation
means and dispersion matrix
discriminant functions

factor loading

varimax rotation
autocovariances
crosscovariances

application of filter coefficients
(weights)

triple exponential smoothing
matrix inversion

eigenvalues and eigenvectors of a
real, symmetric matrix

solution of simultaneous linear, alge-
braic equations

integral of tabulated function by
Simpson's Rule

integral of given function by
trapezoidal rule

integral of first-order differential
equation by Runge-Kutta method

tabulated integral of first-order differ-
ential equation by Runge-Kutta method

solution of a system of first-order
differential equations by Runge-Kutta
method

Fourier analysis of a given function
Fourier analysis of a tabulated function

refine estimate of root by Wegstein's
iteration

determine root within a range by
Mueller's iteration

refine estimate of root by Newton's
iteration

real and complex roots of polynomial



SUBROUTINES WITH DEFINITE ACCURACY CHARACTERISTICS

' gave results in fixed-point form.
' are given in terms of number of decimal places (d.p.) which agreed, rather than

number of significant digits (s.d.) which agree.
the maximum was taken over the set of points indicated in the table.

difference was normally much smaller.

The notation x = a (b) ¢ implies thata, a+ b, a+ 2b, ...

‘ \ This table was developed by comparing floating-point results from the subroutines
with the tables given in Abramowitz and Stegun*. In certain cases the reference table

In these cases the maximum differences below

In compiling maximum differences,
The average

., ¢ were the arguments

(%) used,
Maximum
Difference
® s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references* places
GAMMA T'(x) (gamma) x£34,5, and x x=.1(1)3 2 in 6th s.d.
not within 10-6
of zero or a x=1(1) 34 1 in 6th s.d.
negative integer
LEP Pyu(x) -1&£xL1 x=0(.2)1 3 in 6th s.d
(Legendre) n=2, 3
n20 n=9, 10 1 in 5th s.d.
BESJ JIn(x) (Bessel) (The accuracy x>0;n>0 x=1(1) 17 8 in 6th s.d.
p Factor, D, used n=20,1, 2
y in the program when x £15; 2/3
was 1079,) n<20 + 10x~X n=3(1)9 1in 5th s.d.
x=1(1)n-2
when x >15,
n<90 + x/2 n=3(1)9 1 in 5th d.p.
x=n-1(1)20
x=1,2,5,10,50 3 in 6th s.d
n = 10 (10) 50%*
BESY Yn(x) (Bessel) nao x=1(1) 17 9 in 6th s.d
x>0 n=90,1, 2
n=3(1)9 1 in 5th s.d.
x=1(1)n-2
n=23(1)9 1 in 5th d.p.
x =n-1(1) 20
N x=1,2,5,10,50 3in 5th s.d.
n = 10 (10) 50%*
BESI In(x) (Bessel) (Table values x>0 x=1(1)20 8 in Tth s.d.
° are e~XIy(x). 0£n£30 n=0,
maximum _ R
difference is X = g (1) 20 6 in 7th s.d.
for these n=
values) x=1(1)20 1 in 5th s.d.
____________ n=3(1)9
Gﬂ\ (Table values x=1,2,5,10 8 in 7th s.d.
are I(x)) n = 10, 20, 30%*
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Subroutines with Definite Accuracy Characteristics (continued)

Maximum
Difference
s.d.=significant
Allowable Range Checked digits
Parameter with d.p.=decimal
Name Functions Remarks Range references¥ places
BESK Kp(x) (Bessel) (Table values x>0 x=1(1) 20 8 in 7th s.d.
are e* Ky (x). n2o0 n=0,1
These were
used for maxi- x=5(1) 20 9 in 7th s.d.
mum differ- n=2
ences)
x=1(1)20 1 in 5th s.d.
n=3(1)9
(Tabled values x=1,2,5,10,50 1 in 6th s.d.
are Ky (%) n = 10 (10) 50%*
CEL1 K (k) (Tabled values 14k41 m=0(.1).9 1 in Tth s.d.
(elliptic 1st are K(m);
integral) m= Kk
CEL2 (Generalized K(m) when -1£k£&1 m=0(1).9 1 in Tth s.d.
Integralof2nd A =B=1
kind) E(m) when m=0(1).9 1 in Tth s.d.
A= 1,2
B =ck
e wherew=k?
EXPI Exponential -Ei (-x) X2 -4 =-.5(.-5)-2 0in 7th s.d.
Integral when X< 0
x==2,5 (-.5) -4 1in Tth s.d,***
E1 (x) when
x>0 x=.5(.5)2 2 in Tth s.d.
x=2.5(.5)4 6 in 5th s.d. ***
Xx=4.5(.5)8 3 in Tth s.d.***
SICI 8j (x) none x=1(1) 10 3 in 7th s.d.
(sine integral) x=10mw 0 in 7th s.d.
SICI Ci(x) none x=1(1) 10 3 in 7th s.d.
(cosine x=10w 0 in 5th s.d.
integral)
Cs Ca(u) none x=.1,.8,.6,.8 1in 6ths.d.
(Fresnel)
“=—;fx x=1(1)5 2 in 7th s.d.
s Sg(w 7 " nome  x=.1,.3,.6,.8 1in4ths.d.
(Fresnel)
#=%1rx2 x=1(1)5 3 in Tth s.d.

*Handbook of Mathematical Functions, Abramowitz and Stegun, National Bureau of Standards publication.

**Results outside the range of the 1130 are set to zero or machine infinity., Results are subject to com-

patability of x and n.

***Tabled results, used for maximum difference, were given for xein (-x) and xeXEl(x)
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APPENDIX C: TIMING

1. Sample program SOLN was chosen to exem-

plify the overall timing of a problem.

In all cases

the 1442 Card Reader, Model 7, is used for input
and all necessary subroutines are already on disk.
(Core speed: 3.6us.)

a.

2, To

Compile time, using a LIST ALL card
(gives a program listing of its 56 cards
and a memory map which includes vari-
able allocations, statement allocations,
features supported, called subprograms,
integer constants, and core requirements),
requires 1 minute 32 seconds on the 1132
Printer. (Compile time, minus the LIST
ALL card, requires 36 seconds.)

To store the program on disk takes 10
seconds.

After the XEQ control card is read, the
computer uses 17 seconds to locate the
necessary subprograms and the main
program, and to load them in core.
Execution time is four seconds. Output
printing time is 53 seconds on an 1132
Printer and 3 minutes 32 seconds on the
console typewriter.

illustrate the computational time used by

an IBM 1130 computer, the following program was

selected:

DIMENSION A(1600),L(40),M(40)
- IX=3
2 PAUSE 1

DO 1 I=1,1600

CALL RANDU (IX,IY,Y)

IX=TY
1 ACD=Y

PAUSE 2

CALL MINV

(A,10,D,L,M

PAUSE 3

CALL MINV

(A,15,D,L,M

PAUSE 4

CALL MINV

(A,20,D,L,M

PAUSE 5

CALL MINV

(A,30,D,L,M

PAUSE 6

CALL MINV

(A,40,D,L,M

PAUSE 7
GO TO 2
END

Q.

RANDU - random number generator sub-
routine. To generate 1600 numbers,
using subroutine RANDU, execution time
is 5 seconds.

b,

MINV -~ matrix inversion subroutine.
Matrix inversion, using subroutine MINV,
is performed on five different sized ma-
trices, with the following results in
execution time:

(1) The 10 x 10 matrix uses 4 seconds.

(2) The 15 x 15 matrix uses 12 seconds.

(3) The 20 x 20 matrix uses 27 seconds,

(4) The 30 x 30 matrix uses 1 minute
28 seconds.

(5) The 40 x 40 matrix uses 3 minutes
27 seconds.

SAMPLE PROBLEM TIMING

The table below gives sample problem times from
the reading of the XEQ card to the printing, on the
1132 Printer, of the last output line:

Problem

DASCR

ADSAM
ANOVA
EXPON
FACTO
MCANO
MDISC
POLRG
QDINT
REGRE
RKINT
SMPRT

SOLN

Time

2 min, 20 sec. (5 min., 30 sec. using the
console typewriter)

1 min, 25 sec,

55 sec.,
1 min, 5 sec,
1 min, 55 sec.
1 min, 55 sec.
2 min. 12 sec.
2 min. 53 sec.

30 sec.
2 min. 25 sec.

55 sec.

30 sec.

1 min, 15 sec.
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APPENDIX D: SAMPLE PROGRAMS

This appendix describes a set of sample programs
designed to illustrate typical applications of the
scientific subroutines. The sample programs also
make use of certain user-written special sample
subroutines. Such subroutines are, of course, to be
taken only as typical solutions to the problem under
consideration, each user being urged to tailor such
subroutines to his own specific requirements.

A "Guide to the Sample Programs'' immediately
follows this introduction. The guide indicates the
location of the sample program (if any) calling a
particular subroutine of the SSP or referencing a
special sample subroutine. The SSP listings are not
repeated in this appendix; to locate such listings
refer to "Guide to Subroutines' in the introduction,

Listings of the special sample subroutines (HIST,
MATIN, PLOT, MXOUT, BOOL, DATA, and FUN)
are provided immediately following each sample
program. The subroutines DATA, MATIN, and
MXOUT are used with several sample programs,
and for purposes of clarity the listings of these spe-
cial user-written routines are repeated with each
sample program.

GUIDE TO THE SAMPLE PROGRAMS

Data Screening Page
DASCR--Sample Main Program 144

Hlustrates use of:

SUBST--subset selection from observation
matrix

TAB1--tabulation of data (1 variable)

LOC--location in compressed-stored
matrix

Special sample subroutines are:

BOOL--Boolean expression 145
HIST--histogram printing 145
MATIN--matrix input 145

Multiple Regression

REGRE--Sample Main Program 150

Hlustrates use of:

CORRE--means, standard deviations, and
correlations

ORDER--rearrangement of intercorrelations
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Page
" MINV--matrix inversion
MULTR-~-multiple regression
Special sample subroutine is:
DATA--sample data read 151
Polynomial Regression
POLRG--Sample Main Program 155

INlustrates use of:
GDATA—;-data generation
ORDER--rearrangement of intercorrelations
MINV--matrix inversion

MULTR--multiple regression

Special sample subroutine is:

PLOT--output plot 156

Canonical Correlation

MCANO--Sample Main Program 159

Hlustrates use of:

CORRE--means, standard deviations, and
correlations

CANOR--canonical correlation
MINV--matrix inversion

NROOT--eigenvalues and eigenvectors of a
special, nonsymmetric matrix

EIGEN--eigenvalues and eigenvectors of a
symmetric matrix

Special sample subroutine is:

DATA--sample data read 160

Analysis of Variance

ANOVA--Sample Main Program 164

Ilustrates use of:
AVDAT--data storage allocation
AVCAL-- Zand Aoperation

MEANQ--mean square operation




Page

Discriminant Analysis

MDISC~-Sample Main Program 168

Hlustrates use of:
DMATX--means and dispersion matrix
MINV--matrix inversion

DISCR--discriminant functions

Factor Analysis

FACTO--Sample Main Program 172

Tlustrates use of:

CORRE--means, standard deviations, and
correlations

EIGEN--eigenvalues and eigenvectors of a
real, symmetric matrix

TRACE--cumulative percentage of
eigenvalues

LOAD--factor loading
VARMX--varimax rotation

Special sample subroutine is:

DATA--sample data read 173

Triple Exponential Smoothing

EXPON--Sample Main Program 175

TOlustrates use of:

EXSMO--triple exponential smoothing
Matrix Addition

ADSAM--Sample Main Program 179

Mlustrates use of:

MADD--matrix add

LOC--location in compressed-stored
matrix

Special sample subroutines are:
MATIN--matrix input 179
MXOUT--matrix output 180

Numerical Quadrature Integration

QDINT--Sample Main Program 182

Page

Ilustrates use of:
QSF--numerical integration by
Simpson's rule
Runge-Kutta Integration

RKINT--Sample Main Program 184

Ilustrates use of:

RK2--Runge-Kuita integration

Special sample function is:

FUN--definition of differential equation 184

Real and Complex Roots of Polynomial

SMPRT--Sample Main Program 186

Hlustrates use of:

POLRT--redl and complex roots of
polynomial

Solution of Simultaneous Equations

SOLN--Sample Main Program 190

Nlustrates use of:
SIMQ--solution of simultaneous equations

LOC--location in compressed-stored
matrix

Special sample subroutines are:
MATIN--matrix input 190
MXOUT--matrix output 191

SAMPLE PROGRAM DESCRIPTION

The specific requirements for each sample program,
including problem description, subroutines, program
capacity, input, output, operating instructions, error
messages, program modifications, and timing, as
well ag listings of data inputs and program results,
are given in the documentations of the individual
sample programs.

There are, however, several significant facts,
which apply to all these sample programs.

1. Data input to programs produced by 1130
FORTRAN is required to be right justified within a
field, even if the data includes decimal points. Only
leading blanks are permitted. T

2. All sample programs as distributed will run
on an 8K Model IIB with 1132 Printer and 1442 Card
Read Punch, Model 6 or 7. If the user has different

Appendix C — Timing 139



card I/0O devices, he must change the *IOCS card
and the first READ instruction of éach sample pro-
gram to conform to his configuration.

3. All of the output format statements in the
sample main programs and the sample subroutines
specify the console typewriter as the output device.
However, the logical unit numbers for input and out-
put are optional. The first card of the sample prob-
lem data deck defines the input/output units for a
specific run, and is read from the principal card
reader by the sample main program. Format for
this card is as follows:

Column 2 contains the logical unit number for

output

Column 4 contains the logical unit number for

input

4. The IOCS card, included with each sample
main program, specifies three devices (CARD,
TYPEWRITER, 1132 PRINTER). The user should
include only those I/0O devices employed by the pro-
gram, thus eliminating any unnecessary Monitor
subroutines.

5. Since core storage for the IBM 1130 Model II B
computer is 8K, only a limited number of the sample
programs have ample storage area for increases in
dimension statements. The majority of the programs
are now dimensioned so near maximum storage size
that any increases in the dimension would create
system overlays (SOCAL's) or would necessitate the
use of a LOCAL overlay area.

6. For each sample program given below, there
is a schematic diagram showing deck setup, This
schematic gives a general description of deck re-
quirements, Specific details pertaining to three
different situations should be understood. To fol-
low the discussion of the three cases for all sample
programs, consider Figure 10,

a, Initial run of a sample program under the
disk monitor system: All required moni-
tor control cards are distributed with
decks. I the deck setup given in Figure
10 is used, the final card of the routine
DASCR, the //XEQ card (which is a
monitor control card), should be taken
out of the routine DASCR and placed after
the *STORE card which has stored the
routine LOC on the disk., With this
change, DASCR will be compiled, stored
on disk (with all of its required routines),
and then will execute, After this initial
run is complete, the second case can be
considered (b, below),

b, After the initial run of a sample program
under the disk monitor system, following
runs can be made by using only the
//XEQ card and any required *LOCAL
cards, followed by data. This case
assumes that all routines are on the disk.
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c. Running sample programs under Card
FORTRAN (1130-F0-001) @on~disk sys-
tem): All monitor control cards (see the
Application Directory) must now be re-
moved from decks. Using Figure 10,
consider that the labeled decks refer to
object programs which were previously
compiled using Card FORTRAN (C26-
3629)., With this consideration, noting
the binary loaders and library required
as stated under "Object Deck Loading
Procedures' in the 1130 Card/Paper
Tape Programming System Operator's
Guide, and with decks in Figure 10 order,
DASCR will run,

NOTE: Remarks in (a) above about changes in
placement of //XEQ cards pertain also to any
required *LOCAL cards,which must succeed the
//XEQ cards,

A fourth situation may also be considered. K the
user has all subroutines stored on the disk, and
none of the sample problems are on the disk, then
any individual sample problem will run as it was
distributed in card form,

A LOCAL card, following the XEQ Monitor con-
trol card, allows the user todesignate all subroutines
to be loaded into a LOCAL overlay area on call at
execution time. For the function of SOCAL and the
use of LOCAL, the reader is referred to IBM 1130
Disk Monitor System, Version 2, Programming and

Operator's Guide (C26-3717). The sample programs

employ the LOCAL facility.

DATA SCREENING
Problem Description

A set of observations is read along with information
on propositions to be satisfied and limits on a se-
lected variable. From this input a subset is obtained
and a histogram of frequency over given class inter-
vals is plotted for the selected variable. Total,
average, standard deviation, minimum, and maxi-
mum are calculated for the selected variable. This
procedure is repeated until all sets of input data
have been processed.

Program

Description

The data screening sample program consists of a

main routine, DASCR, and six subroutines:
SUBST

are from the Scientific Subroutine

TAB1 Package

LOC

W&



MATIN is a sample input routine
HIST is a sample program for plotting a
histogram
BOOL refer to subroutine SUBST
Capacity

The maximum size of matrix of observations has
been set at 1000 elements, the number of observa-
tions at 200, and the number of conditions at 21.
Therefore, if a problem satisfies the above condi-
tions, no modification to the sample program is
necessary. However, if the maximum sizes must
be increased, the dimension statements in the sample
main program must be modified to handle this par-
ticular problem. The general rules for program
modification are described later.

Input

One 1/0 Specification card defines input/output units
(see ""Sample Program Descriptions',)

A parameter card with the following format must
precede each matrix of observations:

For Sample
Columns Contents Problem
1-2 Blank
3 -6 Up to four digit identification
code (numeric only) 0001
7 - 10 Number of observations 0100
11 - 14 Number of variables 0004

Matrix of Observations

Each matrix of observations must be followed by a
card with a 9 punch in column 1.

The condition matrix and bounds data are pre-
ceded by a parameter card containing the number
of conditions and the variable to be selected for
analysis:

For Sample

Columns Contents Problem
1-2 Number of conditions 02
3-4 Variable to be selected 03

UBO Vector

A card with an asterisk in column 1 must follow the
UBO vector. A blank card after the last set of input
data terminates the run.

Data Cards

1. The observation matrix: Data cards have
seven fields of ten columns each, starting in column
one. The decimal point may appear anywhere in a
field or may be omitted, if the number is an integer.
However, all numbers must be right justified even if
the decimal point is punched. The number in each
field may be preceded by blanks. All values for an
observation are punched consecutively and may con-
tinue from card to card. However, a new observation
must start in the first field of the next card.

2. The condition matrix (see description in the
subroutine SUBST): Each ten-column field contains
a condition to be satisfied, The first two columns
contain the variable number (right justified), the
third column the relational code, and the last seven
columns of each field a floating-point number. There
may be as many as seven conditions per card and a
total of three cards or 21 conditions.

3. The UBO vector (see description in the sub-
routine TAB1): The UBO vector is punched in three
fields of ten columns each as a floating-point number.

Deck Setup
The deck setup is shown in Figure 10.

Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.
Output

Description

The output consists of the subset vector showing
which observations are rejected (zero) and accepted
(nonzero), summary statistics for the selected vari-
able, and a histogram of frequencies versus inter-
vals for that variable.

Sample

The output listing for the sample problem is shown in
Figure 11,

Program Modification

Noting that storage problems may result, as pre-
viously discussed in '"Sample Program Description',
program capacity can be increased or decreased by
making changes to the DIMENSION statement. In
order to familiarize the user with the program modi-
fication, the following general rules are supplied in
terms of the sample problem:

1. Changes in the dimension statement of the
main program, DASCR.

a. The dimension of array A must be greater
than or equal to the number of elements in
the observation matrix. For the sample
problems the value is 400,

Appendix D - Sample Programs 141



b. The dimension of array C must be greater
than or equal to the number of conditions,
c times 3. For the sample problem this
product is 6 = 2 x 3.

c. The dimension of array S must be greater
than or equal to the number of observa-
tions, m. Since there are 100 observa-
tions in the sample problem the value of m
is 100.

d. The dimension of array R must be greater
than or equal to the number of conditions,
c. For the sample problem the value of
cis 2,

A = Matrix of observations Run
termination

C = Condition matrix

Asterisk card

e. The dimensions of array FREQ and PCT
must be greater than or equal to the num-
ber of intervals for the selected variable.
For the sample problem this value is 20.

2, Insert the dimension size for A in the third
argument of the CALL MATIN statement (following
statement 24).

3. Subroutine BOOL can be replaced if the user
wishes to use a different boolean expression (see
description in subroutine SUBST). The boolean ex-
pression provided in the sample program is for both
conditions to be satisfied:

T=R(1)*R ()

Blank card

Data cards
for C

Parameter

UBO data

card for C

Card with 9
in col. 1

Data cards
for A

Parameter
card for A

Figure 10. Deck setup (data screening)
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Last problem /

Asterisk card

UBO data

Data cards
for C

Parameter
card for C

Card with 9
in col. 1

First problem

Data cards
for A

Parameter
card for A

1/0 Specification
card for A

Subroutines and main program
(including system control cards)
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/7 FOR

Operating Instructions *10CS{CARD, TYPENRITER, 1132 PRINTER)
®ONE WORD INFEGERS
SAMPLE MAIN PROGRAM FOR DATA SCREENING — UDASCR bascr 1
EXTERNAL B00L DASCR 2
3 3 [ YHE FOLLOWING OIMENSION MUST BE GREATER THAN OR TO THE ASCR
The Sample program for data Screemng is a Stand_ c Dlu::)s(lﬂu"iLh‘luHBE;l OF ELEHEN‘[IS' aF TH‘E’RUBSEKVATIQN Mi:ll‘:E " §ASCR 2
s . . NSION A(1000 ASCK 5
ard FORTRAN program. Spe01a1 operating instruc- 4 THE FOLLOMING DIMENSION MUST U GREATER THAN OR EQUAL TO THE  DASCK 6
. . . . N < NUMBER OF CONDITIOGNS TIMES 3. DASCR 7
tions are not required. Logical unit 2 is used for DIMENSION Clo3) DASCK 8
N [+ DIH;nE FOLLOWENG DIMENSION MUST BE GREATER THAN OR EQUAL TO 3. DASCR 9
i i i SION UBD(3) DASC! ]
input, and logical unit 1 is used for output. ¢ i FOLLONING DIMENSION NUST BE GAEATER THAN OR EQUAL TO THE  DASCR 1)
(4 NUMBER UF OBSERVATIONS. DASCR 12
Dx“ENSKggLEAl)S?gé DIHMENSION MUST BE GREATER THAN OR EwUAL TO THE g:igﬁ ‘):3
c THE S
Error Messages [ NUMBER OF CONDIT IONS. DASCR 13
———— DIMENSION R{21)
4 THE FOLLOWING DIMENSIONS MUST oE GREATER THAN OR EQUAL TO THE 3:?(625‘2 i{;
. [+ ! NUMBER OFklNYERVALS ;ﬂﬂ THE SELECTED VARIABLE. DASCR 18
i 143 1 i - DIMENSION FREQU20),PCT(20}
The follOWIng error COndlthIlS W]']']' result inmes 14 :HE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 5. g::f& ég
SageS‘ D‘:EN“a: a:ATS(El OASCR 21
. COMMON 0 DASCR 22
. . LO FORMAT(///7234 DATA SCREENING PROBLEM,
1. Reserved storage area is too small for matrix: 11 Fu:nuu/«su oméusmu:n AREA rog '§nAL|I.3::oa INPUT MATRIX »14) 3:221‘2 53
12 FORMAT(//21H EXECUTION TERMINATED) DASCR 25
DIMENSIONED AREA TOO SMALL FOR INPUT }2 l;gm:nxuan lncuzn$§anu::sgn OF DATA CARDS FOR MATRIX ,14) DASCR 26 )
T(//19H GO 0 EX ASE) DASLR 27
MATRIX. GO ON TO NEXT CASE. 15 FORMATL 7(F2.00F 1.0 12001 DASCH 25
L7 FORMAT(3F10.0)
2. Number of data cards does not correspond to :Z Fum‘}{:?/m SBSET VECTOR»///) DASCR 31
. 9 FORMAT{164F5.0) DASCR 32
that required by parameter card: INCORRECT NUM- 20 FORMAT(////33H SUMMARY STATISTICS FUR VARLABLE +13) DASCR 33
21 FORMATL//8H TOTAL =+F104352XeFHAVERAGE =4F10.35 2X+20HSTANDARD UEVIDASCR 34 L]
BER OF DATA CARDS FOR MATRIX. EXECUTION zzlészﬂtrféié? «332Xs SHMINIMUM =4F10.342Xs9HHAXIMUM =,F10.3) DASCR g:
TERMINATED [4 Kc‘gEAD £/0 UNIT NUMBERS basce 38
» DASCR 38
a4 READ( 2, 223MX ¢
Error condition 1 allows the computer run to 26 KCokeal o e DASCR 40
. . i CALL MATINCICODsA,1000 +NOoNY NS, TEK) UASCR 41
continue. Error condition 2, however, terminates IE(NU} 25,50,25 DASCR 42
. . 25 IFLIER~-1) 40,30,35 DASCR 43
execution and requires another run to process suc- 0 ey oo asCh w4
: G Q 24
ceeding cases. 35 WRITECAR 131 OASCH 47
HRI]‘E(NXalz) DASCR 48
GD 7O 6
40 READ{MY,22}NKC,NOVAR g:zg: 15'3
JC=NC*3 DASCR 51
READINY163(CIL),1=1,4C)
READIMY +17)LUBDLT )y I=143) 3:22: gg
. . CALL SUBSTUA,CoReBOOL,SyNDsNVNC) DASCR Sa
- ITE(MX41C)K LASCR 55
Sample Main Program for Data Screening - DASCR HRITE(MX) LOIKC basck 5
00 50 [=1+NO DAS‘E: ::
50 WRITE(MX,19)}1,S(1) LAS
Purp0se‘ EALL TABL{AySyNDVAR yUBGLyFREQIPCT y STATS NOyNV) DASLR 59
. RITE{MXy20) NUVAR DASCR &C
. . :R:TE(M)&,EU(S‘T’XTS( 1)s1=1+5) UASCh 51
Perform data screening calculations on a set of 2=0B0 23 DASCR ©2
bservations R man ™
observa . ' CR 64 D
GU Ta 24 DASCR o
o« S wEE
Remarks: iérﬁg'é WS UA  DASCR
. e . . . /4 XEQ DASCR
I/ 0 specifications transmitted to subroutines by
COMMON.
Input Card: 12 1
. . 000101000004 2 3
Column 2 MX - Logical unit number for a6 o HH b N
154 16 5
output. 3 o 12 10 C
. . 50 6% 192 9
Column 4 MY - Logical unit number for H i 203 12 s
input. 28 55’ }3# 11.3 }g
&
;: Z'l 153 18 12
3 % 1 10 1
. . . 7 7
Subroutines and function subprograms required: I 7 205 1 1
5 219
SUBST G & 150 6 17
28 62 160 18 ]1.:
7 161 13
oot A A 2
LOC :Z 28 186 13 gg
1
BOOL 6 o 133 12 2
19 68 225 13 §:
188
HIST CHEE : L
MATIN a % 120 e % .
52 71 123 le 30
29 68 128 14 g;
L] 1585 17
Method: B0% 0 x 2
6
N . N s 3
Derive a subset of observations satisfying cer- & b e L 3;'
. sps . s 171 ] 3
tain conditions on the variables. For this sub- 2 o 153 12 3 ¥
. 49 13 165
set, the frequency of a selected variable over 52 2 172 e e
given class intervals is obtained. This is ] n 1 ¥ -
. . o4
plotted in the form of a histogram. Total, 49 s i 16 i
. . P 71 154 12 b
average, standard deviation, minimum, and 5 & 19 10 o1
. 25 6 [ A
maximum are also calculated. 37 68 182 16 ' /’%ﬁ\
ab 70 159 15
41 69 137 14 51
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JE=JS+IDC-]) MAT
IFLIS-1)17419,17 N:Y:: ig
17 JF=J§ MATIN 3t
[ SET UP LODP FIR DATA ELEMENTS WITHIN CARD NATIN 32
19 B0 30 J=JS,JE MATIN 33
IF{J-1COL)20,20,31 MATIN 34
20 CALL LOCU{IRDCR +JsIJdeIROW,ICOL,IS) MATIN 35
LsL+l MATIN 35
30 AtIJS)=CARDIL} MATIN 37
31 CONTINUE MATIN 338
IROCR=IROCR+! MATIM 39
LFLIROW-IROCR} 33,35,35 MAT N "0
35 IF(§5~1137,236:36 MATIN 41
36 ICOLT=ICOLY-1 MATIN 42
37 60 1O 11 MATIN 43
38 REAU(MY.3) ICARD MATIN 44
IF{ICARD~9) 39,40, 39 MATIN 45
39 [ER=2 MATIN 46
40 RETURN MATIN 47
END MATIN 48

MULTIPLE LINEAR REGRESSION

Problem Description

Multiple linear regression analysis is performed for
a set of independent variables and a dependent vari-
able. Selection of different sets of independent vari-
ables and designation of a dependent variable can be
made as many times as desired.

The sample problem for multiple linear regression
consigts of 30 observations with six variables as
presented in Table 2. The first five variables are
independent variables, and the last variable is the
dependent variable. All five independent variables
are used to predict the dependent variable in the
first analysis, and only second, third, and fifth
variables are used to predict the dependent variable
in the second analysis.

Program

Description

The multiple linear regression sample program
consists of a main routine, REGRE, and five sub-

routines:
CORRE
ORDER
MINV
MULTR
DATA

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to 21 variables, including both independent

are from the Scientific

Subroutine Package

is a special input subroutine

and dependent variables.

2. Up to 99,999 observations, if observations are
read into the computer one at a time by the special
input subroutine named DATA. If all data are to be
stored in core prior to the calculation of correlation
coefficients, the limitation on the number of observa-
tions depends on the size of core storage available

Table 2. Sample Data for Multiple Linear Regression

“/ariables

Observation X, X2 X3 X, Xs Xs
1 29 289 216 85 14 1
2 30 391 244 92 16 2
3 30 424 246 90 18 2
4 30 313 239 91 10 0
5 35 243 275 95 30 2
6 35 365 219 95 21 2
7 43 396 267 100 39 3
8 43 356 274 79 19 2
9. 44 346 255 126 56 3
10 44 156 258 95 28 0
11 44 278 249 110 42 4
12 44 349 252 88 21 1
13 44 141 236 129 56 1
14 44 245 236 97 24 1
15 45 297 256 111 45 3
16 45 310 262 94 20 2
17 45 151 339 96 35 3
18 45 370 357 88 15 4
19 45 379 198 147 64 4
20 45 463 206 105 31 3
21 45 316 245 132 60 4
22 45 280 225 108 36 4
23 44 395 215 101 27 1
24 49 139 220 136 59 0
25 49 245 205 113 37 4
26 49 373 215 88 25 1
27 51 224 215 118 54 3
28 51 677 210 116 33 4
29 51 424 210 140 59 4
30 51 150 210 105 30 0

for input data.

3. (12F6.0) format for input data cards.

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 22
variables, dimension statements in the sample main
program must be modified to handle this particular
problem. Similarly, if input data cards are pre-
pared using a different format, the input format in
the input subroutine, DATA, must be modified. The
general rules for program modification are described
later.

Input

One 1/0 Specification card defines input/output units
(see ""Sample Program Descriptions').

One control card is required for each problem
and is read by the main program, REGRE. This
card is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE

alphameric)

o,



For Sample

Columns Contents Problem
7 - 11 Number of observations 00030

12 - 13  Number of variables 06

14 - 15 Number of selection cards 02

(see below)

Leading zeros are not required to be keypunched,
but all numbers must be right-justified, even if a
decimal point is included.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 2 is
keypunched on a separate card using the format
(12F6.0). This format assumes twelve 6-column
fields per card.

If there are more than twelve variables in a
problem, each row of data is continued on the second
and third cards until the last data point is keypunched.
However, each row of data must begin on a new card.

Selection Card

The selection card is used to specify a dependent
variable and a set of independent variables in a
multiple linear regression analysis. Any variable
in the set of original variables can be designated as
a dependent variable, and any number of variables
can be specified as independent variables. Selection
of a dependent variable and a set of independent
variables can be performed over and over again using
the same set of original variables.

The selection card is prepared as follows:

For Sample
Problem

Selec- Selec-

For Sample
Problem
Selec- Selec-

Columns Contents tion 1 tion 2
5 -6 (the subscript numbers
(cont) of individual variables
are specified below)
7 - 8 1st independent variable 01 02
included
9 - 10 2nd independent variable 02 03
included
11 - 12 3rd independent variable 03 05
included
13 - 14 4th independent variable 04
included
15 - 16 5th independent variable 05
included
ete.

The input format of (3612) is used for the selec-
tion card.

Deck Setup

Deck setup is shown in Figure 12,

The repetition of the data cards following a selec~
tion card is dependent upon the option code for the
table of residuals. If the table is required (option
01), the data must be repeated; if the table is not
required (option 00), card G immediately follows
card E.

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Columns Contents tion1l tion 2 Output
1 -2 Option code for table of 01 01 Description
residuals
00 if it is not desired The out;?ut c?f the sample program for multiple linear
regression includes:
01 if it is desired 1. Means
2. Standard deviations
3 -4 Dependent variable desig- 06 06 3. Correlation coefficients between the independ-
nated for the forthcoming ent variables and the dependent variable
regression Regression coefficients
Standard errors of regression coefficients
5 -6 Number of independent 05 03 Computed t-values

variables included in the
forthcoming regression

Intercept
Multiple correlation coefficients

e I
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Data
cards
Control
card
/
/
/
Data
cards
Selection
card
Data
cards
Control
card Second problem
Data
card
Selection
card
Data
rards
Selection
card
Data
cards
Control
card

First problem

1/0 Specification
Card

MULTR

MINV

Subroutines and main program
(including system control cards)

REGRE

Figure 12. Deck setup (multiple linear regression)
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MULTIPLE REGRESSIONeesssSAMPLE

9. Standard error of estimate e o
10. Analysis of variance for the multiple
regression e g OPRUO SRS, PLUEL. SRR
i 3 1 434133323 6452173 04266422 001262 0403634 0434172
11. Table Of reSIduals (optlonal) 2 316.18668 114442996 0.42169 0400733 000186 3496545
3 241.8000) 36463074 0,11900 0401504 0400634 24360882
- 105466067 17.85638 0.37822 0400150 0403678 Ca04101
Sample L] 94213333 15497369 0439412 0404918 Ve0a14) le18782
DEPENDENT
s 2425066 1s41258

The output listing for the sample problem is shown in

Flgure 13. INTERCERT =6.07933
MULTIPLE CORRELATION 0e73573
5TDe ERROR OF ESTIMATE 1405161

Program Modification

ANALYSIS OF VARIAKCE FOR THE REGRESSION

oo vition R, S e e
Noting that Storage problems may result, as pre— ATTRIBUTABLE TO REGRESSION 5 31432517 526503 5086512
2 . s 3 : 17 DEVIATION FROM REGRESSION 26 2654149 120389
viously discussed in "Sample Program Description'), Torat i sranes60
program capacity can be increased or decreased by
making changes in dimension statements. Input data B o
in a different format can also be handled by providing
a specific format statement. In order to familiarize e ormsoons
CASE NO« ¥ VALUE | MA UAL
the user with the program modification, the following ; Howw  Lime sl
general rules are supplied in terms of the sample R = S R 1
& 2000000 1452126 0447875
. H 20500 3ita00s  -ouzsess
problem: N I
11 4400000 2049735 1e50266
Booomw o opem o
1. Changes in the dimension statements of the PR e 1 QR
3 18 440000G 45229 0s56770
main program, REGRE: B B a
a. The dimension of arrays XBAR, STD, D, 5 g md sha
RY, ISAVE, B, SB, T, and W must be i i T e
greater than or equal to the number of B imme gl T
variables, m. Since there are six vari-
ables in the sample problem the value of KULTIPLE REGRESSION-» o0 sSAAPLE
SELECTIONGeaas 2
m is 6.
b. The dimension of array RX must be ARIBLE  MEAW  STANOMD  COMELATION  HEGRESSION  STD. EWROR  CONPUTED
NO. DEVIATION X Vs Y COEFFICIENT OF REG.COEFs T VALUE
greater than or equal to the product of d seaesss  Bawaame  cwnsy  0Gos  monTz eeditee
- 3 241480001 36043074 Qe11%00 0a01497 000551 2eTibY3
m X m. For the Sample prOblem thls s 34413333 13297569 0439612 0405362 0.,01258 4426263
pI‘OduCt iS 36 = 6 X 6- DEPENDENT
c. The dimension of array R must be greater
6 2226666 1e#1258
than or equal to (m + 1) m/2. For the
sample problem this number is 21 = (6 + 1) INTERCEPY “oeasa0
MULTIPLE CORRELATION 0073423
6/2 . STDs ERROR OF ESTIMATE 101281
ANALYSIS OF VARIANCE FOR THE REGRESSION
SOURCE OF VARIATION DEGREES SUM OF HEAN F VALUE
OF FREEDOM SQUARES SGUARES
ATTRIBUTABLE TO REGRESSION 3 31419601 10439867 1013718
DEVIATION FROM REGRESSION 25 26.67065 1402379
TOTAL 29 $7286866

MULFIPLE REGRESS10Ksaes oSAMPLE
SELECTIONsasss 2

TABLE OF RESIDUALS

CASE KOs Y VALUE ¥ ESTIMATE RESIDUAL
1 1400000 0489868 040131
2 2400000 1.88362 0411627
3 2400000 2.26619 =0426619
s 0+00000 0.90703 0490703
[ 2400000 1,99812 000187
6 2400000 1.58607 0441592
7 3400000 3.49858 =0, 49858
] 2400000 2423347 “0.2334
9 3.00000 3.83875 =0485875
10 0400000 0498543 0498943
1Y 4400000 2.512%4 1euB745
12 1400000 195925 ~0,95928
13 1400000 2404998 =1,06998
s 1400000 1,10725 =0.10725
15 1400000 2491951 0408088
18 2400000 1476838 0e2346;
17 3400000 2454082 Q463947
18 4400000 3436592 0463408
19 4400000 3467961 0432038
20 3400000 2055434 0434568
21 4400000 3470045 0429958
22 4400000 1484628 2415371
23 1400080 2,06899 =1406899
2 0400000 1493640 =1495860
23 4400000 1438019 265900
28 1400000 1.79816 0279416
27 3200000 2026542 0075458
28 4400000 Aa42268 =0s41268.
29 4400000 3492577 197423
30 9400000 0433331 0433331

Figure 13. Output listing
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2. Changes in.the input format statement of the
special input subroutine, DATA:

Only the format statement for input data may be

changed. Since sample data are either one-,

two-, or three-digit numbers, rather than using

six-column fields as in the sample problem,

each row of data may be keypunched in six 3-

column fields, and, if so, the format is changed
to (6F3.0).

The special input subroutine, DATA, is normally
written by the user to handle different formats
for different problems. The user may modify
this subroutine to perform testing of input data,
transformation of data, and so on.

Operating Instructions

The sample program for multiple linear regression
is a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Error Messages

The following error conditions will result in
messages:

1. The number of selection cards is not speci-
fied on the control card: NUMBER OF SELECTIONS
NOT SPECIFIED. JOB TERMINATED.

2. The matrix of correlation coefficients is
singular: THE MATRIX IS SINGULAR. THIS SE-
LECTION IS SKIPPED.

Error condition 2 allows the computer run to con-
tinue; however, error condition 1 terminates execu-
tion of the job.

Sample Main Program for Multiple
Regression - REGRE

Purpose:
(1) Read the problem parameter card for a
multiple regression, (2) Read subset selection
cards, (3) Call the subroutines to calculate
means, standard deviations, simple and multiple
correlation coefficients, regression coefficients.
T-values, and analysis of variance for multiple
regression, and (4) Print the results.

Remarks:
The number of observations, N, must be greater
than M+1, where M is the number of variables.
If subset selection cards are not present, the
program can not perform multiple after return-
ing from subroutine MINV, the value of deter-
minant (DET) is tested to check whether the
correlation matrix is singular. If DET is com~
pared against a small constant, this test may
also be used to check near-singularity.
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I/0 specifications transmitted to subroutines by
COMMON.

Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

Subroutines and function subprograms required:
CORRE (which, in turn, calls the subroutine
named DATA)
ORDER
MINV
MULTR

Method:
Refer to B. Ostle, 'Statistics in Research!’,
The Iowa State College Press', 1954, Chapter 8.

+/ FOR
+10CSICARDSTYPEWRITER1132 PRINTER)
*ONE WORD INTEGERS

< SAMPLE MAIN PROGRAM FOR MULTIPLE REGRESSION = REGRE REGRE 1
C THE FOLLOWING DIMENSIONS MUST BE GREATER THAN UR EQUAL TU THE REGRE 2
4 NUMBER OF VARIABLES»™e REGRE 3
DIMENSION XBAR(211sSTD(21)eDI21)9RY{21191SAVE(2114B121)s REGREMO1
15Bt21)sT(210ewi21) REGREMO2

< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE REGRE &
PRODUCT OF MaM. REGRE 7
DIMENSION RX{4al) REGREMO3

4 THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO REGRE 9
4 tM+1)8M/2,4 . REGRL 10
DIMENSION R(231) REGREMO&

C THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 10 REGRE 12
DIMENSION ANS(10} REGRE 13
COMMON MXsMY REGRE 14
READ(29 151 MXsMY REGRE 15

15 FORMAT{212) REGRE 16

1 FORMAT{A4sA2¢154212) REGRE 17

2 FORMAT{////25H MULTIPLE REGRESSIONeseseAL1A2//6Xs 14HSELECTIONsses sREGRE 18
112/ REGRE 19

3 FORMAY(//9H VARIABLE s5Xs4HMEANs6X+8HSTANDARD 16X+ 1 1HCORRELATIONs&X9REGRE 20
110HREGRESSIONs4Xs10HSTDe ERROR»SX s BHCOMPUTED/ 6H NCGos18X99HDEVIATREGRE 21

210N TX96HX VS Yo7Xs11HCOEFFICIENT 93X+ 12HOF REGeCOEFe93Xe7HT VALUEIREGR: 22

& FORMAT(/s[4s6F1%e5) REGRE 23

5 FORMAT{//+10H DEPENDENT} REGRE 24

6 FORMATU///10H INTERCEPT+13XsF1l345//23H MULTIPLE CORRELATION #FLl3+REGRE 25
15//23H 5TDs ERROR OF ESTIMATE*Fl345//) REGRE 26

7 FORMAT{(//221X+39HANALYSIS OF VARIANCE FOR THE REGRESSION//5X9s19HSOREGRE 27
IURCE OF VARIATIONs7XsTHDEGREES+7Xe6HSUM OF s 10X s4MMEAN 13X+ 7THF VALUREGRE 28
2E/30X+10HOF FREEDOMs&X s THSQUARES s 9X» THSQUARES | REGRE 29

8 FORMAT(/30M ATTRIBUTABLE TO REGRESSION #1693F1645/30n DEVIATION REGRE 30
1FROM REGRESSION 2 1692F16a5) REGRE 31

9 FORMAT!{/5X¢SHTOTAL+19Xe169F1645) REGRE 32

10 FORMAT(3612) REGRt 33

11 FORMATI/915Xs18HTABLE OF RESIDUALS//9H CASE NOss5Xe7HY VALUESX+10REGRE 34
1HY ESTIMATE.6X+BHRESIDUAL) REGRE 3%

12 FORMATII6+F154532F1445) REGRE 3%

13 FORMAT{////53H4 NUMBER OF SELECTIONS NOT SPECIFIEDs JOB TERMINATEDREGRL 37

. REGRE 38

14 FORMAT(//52H THE MATHIX 1S SINGULARe THIS StLECTION 15 SKIPPEDe) REGRE 39

< READ PROBLEM PARAMETER CARD REGRE 40
100 READ (MYsl) PRsPRIsNIMeNS REGRE &1

< . ++PROBLEM NUMBER (MAY BE ALPHAMERIC) REGRE &2
C PROBLEM NUMBER (CONTINUED) REGRt 43
< NUMBER OF OBSERVATIONS REGRE 4¢
< NUMBER OF VARJABLES REGRE &5
C NUMBER OF SELRCTIONS REGRL 64&
10=0 REGRE 47

X=0e0 REGRE &8

CALL CORRE {NsMsIO»XsXBARISTDIRXIR9DsBsT) REGRE &3

C TEST NUMBER OF SELECTIONS REGRE 54
IFENS] 108e 108y 109 REGRL 51

108 WRITE (MX+13) REGRe 52
GO TO 300 REGRE 53

109 DO 200 I=1sNS REGRE S«
WRITE (MX92) PRePR1sI REGRZ 5%

9 READ SUBSET SELECTION CARD RESRL 3o
READ (MY»1QINRESIsNDERPIK o { ISAVEIJ) el oK} REGRE 57

< NRESlseessOPTION CODE FOR TAHLE OF RESIDUALS REGRE 52
< 0 IF IT IS NOUT DESIRED. REGRE 5%
< 1 IF IT IS DESIRED. REGKE ol
C NOEPeaoas s DEPENDENT VARIAHBLE REGKRE 61
< +NUMBER OF [NDEPENDENT VARIABLES INCLUDED REGRE 62
C 1SAVEsssnasA VECTOR CONTAINING THE INDEPENDENT VARIABLES REGRE 63
< INCLUDED REGRE 64
CALL ORDER (MsReNDEP+K»]SAVERXIRY} REGRE 65

CALL MINV (RXsKsDET4BsT) REGRE 66

< TEST SINGULARITY OF THE MATRIX INVERTED REGRE 67
IFIDET) 112+ 110s 112 REGRE 68

110 WRITE (MXsl&) REGRE 69
G0 TO 200 REGRE 70

112 CALL MULTR (NsKeXBAR+STDsD*RXsRY s [SAVE+BsSBeTs+ANS) REGRE 71

< PRINT MEANSs STANDARD DEVIAT]OMSs INTERCORRELATIUNS BETwEEN REGRE 72
< X AND Y» REGRESSION COEFFICIENTSs STANDARD DEV]ATICNS OF REGRE 73
< REGRESSION COEFFICIENTSs AND COMPUTED ToVALUES NEGRE T4
MMEK+] REGRE 75

WRITE (MXs3) REGRL 76

DO 115 JwlsK REGRL 77
L=1SAVEtJ) RIGRL 73

115 WRITE (MXs&) LoXBARIL)9STOIL)oRY(JIeBIJIeSBLIIT(I} REGRL 79
WRITE (MXe5) REGRE 89
L=ISAVE (MM} REGRE 81

WRITE (MXe&) LeXBAR(L)sSTO(L) ReGRE 82

[4 PRINT INTERCEPTs MULTIPLE CORRELATION COEFFICIENT. AND RELGRE @83
4 STANDARD ERROR OF ESTIMATE REGRE d&
WRITE (MXs6) ANS(I1sANSL2)9ANSI3) REGRE 85

~




-

4 PRINT ANALYSIS OF VARIANCE FOR THE REGRESSION KEGRE 86
WRITE (MXs7) REGRE 87
LeANSI8) REGRE 88
WRITE [MX4B) KrANS{4) oANSI6) sANSIL0) sL s ANSET) vANSI9) REGRt B89
LeN-1 REGRE 90
SUMEANS L& Y+ARS(T) REGKE 91
WRITE (MXe+9) LeSUM ReGRL 92
IFINRES]) 200+ 200+ 12C REGRE 93

c PRINT TABLE OF RESIDUALS REGKE §4

120 WRITE(MXe2}PRIPRINT RECRE 95
WRITE (MKeil) REGRE 96
MMs [ SAVE (K+1]) REGRe 97
00 160 lizleN REGR: 98
CALL DATA(Msa) REGRE 99
SUM=ANS (1) REGRz 138
90 130 J=leX REGRz 131
L=lSAVE(J) REGRELO2

130 SUM=SUMsW(L)*B1J) REGREL 23
REST=w{MM)-SUM REGRe 104

160 WRITE (MXe12! IlewiMWigSUVRES] REGR210S

200 CONTINUE REORELDS
G0 Yo 100 HEGHE LS

306 STOP REGRL1SY
END REGRZIGY

12 .
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29 289 216 as 1% 1 3
30 391 248 92 16 2 “
30 424 246 90 18 2 5
30 313 239 91 10 [ 6
35 243 27 98 20 2 7
35 368 219 98 21 2 8
43 396 267 100 39 3 9
43 3%6 274 79 19 2 10
A4 346 258 126 56 3 11
Ah 186 298 95 28 [ 12
a6 2718 249 110 42 4 13
46 349 282 88 21 1 14
a6 141 2386 129 56 1 15
A4 248 226 97 24 1 16
45 297 286 111 48 3 17

45 310 262 94 20 2 18

a8 151 339 96 18 El 19

45 370 387 88 15 3 20

45 379 198 147 64 o 21
48 463 206 108 n k] 22
45 316 245 132 60 4 23
45 280 225 108 26 ) 26
44 395 218 101 27 1 25

49 139 220 136 89 (] 26

49 245 208 113 27 I3 21

49 3713 218 88 28 1 28

s1 224 218 118 54 3 29
51 77 210 lls 33 o 20
51 426 210 140 59 4 31
s1 150 210 108 30 0 32
0106050102030405 33
29 289 216 85 14 1 34
30 291 244 92 1s 2 35
20 a25 236 90 18 2 36
30 313 239 91 10 0 37
25 283 218 95 30 2 28
38 2% 219 98 21 2 39
43 396 267 100 38 3 40
a3 356 214 79 19 2 3
a4 346 288 126 56 3 42
44 186 2% 9% 28 [ 43
a6 278 289 110 a2 4 44
44 3a9 282 88 21 1 45
46 1al 236 129 56 1 46
a4 248 236 97 26 1 47
5 207 286 111 45 ] 48
48 310 262 9 20 2 49
45 151 339 96 35 3 50
43 370 387 88 15 4 51
4% 379 198 147 64 4 52
4% 463 206 108 31 3 53
48 316 258 132 60 4 54
45 280 22% 108 36 4 83
48 395 218 101 27 1 56
49 139 220 136 59 0 57
49 245 208 113 37 4 28
49 373 218 88 28 1 59
51 224 21% 118 54 3 60
51 677 210 16 33 4 61
51 424 210 140 59 4 62
51 150 210 108 30 0 63
010603020308 64
29 289 218 (1] 14 1 )
30 391 244 92 16 2 &6
30 426 246 90 18 2 61
30 313 239 91 10 [ 68
35 243 278 95 20 2 69
35 368 219 98 21 2 70
43 396 267 100 39 3 7
43 3% 274 79 19 2 72
a4 346 288 126 56 3 73
a6 186 258 95 28 [ 74
as 278 249 110 42 4 7%
sk 339 282 08 21 1 76
4 141 236 129 56 1 71
a6 248 236 97 24 1 78
4% 297 286 111 a8 3 %
48 310 262 94 20 2 80
48 151 339 96 35 3 81
45 370 3%7 [T 15 4 82
a8 379 198 147 64 o 03
45 463 206 105 31 3 84
a5 316 268 132 60 4 85
45 280 22% 108 26 4 86
46 398 215 101 21 1 a7
49 139 220 136 59 0 a8
49 2608 205 113 27 4 89
49 373 21% 88 25 1 90
81 224 21 18 54 3 91
51 &77 210 11s 33 &4 92
51 424 210 140 59 4 93
51 1% 210 105 30 [ 94

SAWNPLE INPUT SUBROUTINE ~ DATA

PURPOSE
READ An UBSERVATION (N DATA VALUES) FROM INPUT DEVICE.
THIS SUBROUTINE IS CALLED BY THE SUBROUTINE CORRE AND WUST
BE PROVIDED BY THE USER. IF SIZE AND LOCATION GF DATA
FIELDS ARE DIFFERENT FROM PROBLEM TO PROBLEM, THIS SUB—
ROUTINE MUST BE RECOMPILED MITH A PROPER FORMAT STATEMENT.

USAGE
CALL DATA {K,D)

DESCRIPTION OF PARANETERS
M -~ THE NUMBER OF VARIABLES IN AN OBSERVATION.
o -~DU|’:UT VECTOR OF LENGTH M CONTAINING THE OBSERVATION
DATA.

THE TYPE OF CONVERSION SPECIFIED IN THE FORMAT KUST BE
EITHER F DR E.

Sumllﬁs AND FUKCTION SUBPROGRAMS REQUIRED

SUBROUT INE DATA {M,0) DATA 1
OIMENSION D{1} DATA ?
COMMON MX, MY DATA 3
1 FORMAT(12F6.01 DAYA 4
c READ AN OBSERVATION FROM INPUT DEVICE, DATA 5
READ (MY,1) (O(I),I=1,M) DATA [
RETURN DATA T
END DATA A
POLYNOMIAL REGRESSION
Problem Description

Powers of an independent variable are generated to
calculate polynomials of successively increasing
degrees. If there is no reduction in the residual
sum of squares between two successive degrees of
polynomials, the program terminates the problem
before completing the analysis for the highest degree
polynomial specified.

The sample problem for polynomial regression
consists of 15 observations, as presented in Table 3.
The highest degree polynomial specified for this

problem is 4.

Table 3. Sample Data for Polynomial Regression

NVONOUTREWN
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Program
Description

The polynomial regression sample program consists
of a main routine, POLRG, and five subroutines:

GDATA
ORDE
R are from the Scientific Subroutine
MINV Package
MULTR
PLOT is a special plot subroutine
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 50 observations

2. Up to 6th degree polynomials

3. (2F 6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 60 ob-
servations or if greater than 7th degree polynomial
is desired, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de-
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, POLRG. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE
7 - 11 Number of observations 00015
12 - 13 Highest degree polynomial
to be fitted 04

152

For Sample
Columns Contents Problem
14 Option code for plotting Y
values and Y estimates: 1

0 if it is not desired
1 if it is desired

Leading zeros are not required to be keypunched;
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each pair of X and Y data in
Table 3 is keypunched in that order on a separate
card using the format (2F 6. 0).

Plot Option Card

A card containing b12...9 (blank followed by num-
bers 1 through 9) in columns 1 to 10 is necessary
after each set of data if plotting is required (option
1). If plotting is not required (option 0), this card
must be omitted.

Deck Setup

Deck setup is shown in Figure 14.

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The output of the sample program for polynomial
regression includes:

1. Regression coefficients for successive degree
polynomial

2. Analysis-of-variance table for successive
degree polynomial

3. Table of residuals for the final degree poly-
nomial (included with plot)

4. Plot of Y values and Y estimates (optional)

Sample

The output listing for the sample problem is shown
in Figure 15.



Plot option

card
/[
Control
card Last
° problem
[ ]

Plot option
card

Data
Cards

Control

card
Second problem

Plot Option
Card

Data
Cards

Control
Card

First problem

1/0 Specification
card

MULTR

( MINV

ORDER

Subroutines and main program

GDATA (including system control cards)

PLOT

POLRG

Figure 14. Deck setup (polynomial regression)
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Program Modification

Noting that storage problems may result, as previ-
ously discussed in "Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the follow-
ing general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, POLRG:

a. The dimension of array X must be greater
than or equal to the product of n (m + 1),
where n is the number of observations and
m is the highest degree polynomial to be
fitted. Since there are 15 observations
and the highest degree polynomial speci-
fied is 4, the product is 75 = 15 (¢ + 1).

b. The dimension of array DI must be greater
than or equal to the product of m x m.

For the sample problem this product is
16 =4 x 4.

c. The dimension of array D must be greater
than or equal to (m + 2) (m + 1)/2. For
the sample problem this number is
15 = (4 +2) 4 +1)/2.

d. The dimension of arrays B, E, SB, and T
must be greater than or equal to the high-
est degree polynomial to be fitted, m.

For the sample problem the value of m is
4.

e. The dimension of arrays XBAR, STD,
COE, SUMSQ and ISAVE must be greater
than or equal to (m + 1). For the sample
problem this value is 5 = (4 +1).

f. The dimension of array P must be greater
than or equal to 3n. For the sample prob-
lem this value is 45 = 3(15). The array P
is used when a plot of Y values and Y
estimates is desired.

2. Changes in the input format statement of the
main program, POLRG:

Only the format statement for input data may

be changed. Since sample data are either

one-, two-, or three-digit numbers, rather

than using six-column fields as in the sample

problem, each row of data may be keypunched

in two 3-column fields, and if so the format

is changed to (2F 3. 0).
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Operating Instructions

The sample program for polynomial regression is a
standard FORTRAN program. Special operating in-
structions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Sample Main Program for Polynomial Regression -
POLRG

» Purpose:
(1) Read the problem parameter card for a
polynomial regression, (2) Call subroutines to

. perform the analysis, (3) Print the regression
coefficients and analysis of variance table for
polynomials of successively increasing degrees,
and (4) Optionally print the table of residuals
and a plot of Y values and Y estimates.

Remarks:

1/0 specifications transmitted to subroutines
by COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for

. input.

W ) The number of observations, N, must be

- greater than M+1, where M is the highest de-
gree polynomial specified. If there is no re-
duction in the residual sum of squares between

two successive degrees of the polynomials, the

program terminates the problem before com-

pleting the analysis for the highest degree poly-
nomial specified.

Subroutines and function subprograms required:
GDATA

ORDER

MINV

MULTR

PLOT (A special PLOT subroutine provided
for the sample program.)

Y Method:

Refer to B, Ostle, 'Statistics in Research!,

The Jowa State College Press, 1954, chapter
6.

t1 FOR
2 JOCSICARDe TYPEWRITER 1132 PRINTER)
#ONE WORD INTEGERS

< SAMPLE MAIN PROGRAM FOR POLYNOMIAL REGRESSION = POLRG POLRG 1
< THE FOLLUWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE POLRG 2
< PRODUCT OF N®(M+1ls WHERE N 15 THE NUMBER OF OBSERVATIONS AND POLRG 3
< M 1S THE MIGHEST DEGREE POLYNOMIAL SPECIFIEDe POLRGL &
DIMENSION X(3501 POGLRGMOL

C THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE POLRG 6
C PRODUCT OF MeMe POLRG 7
DIMENSION DI{36) POLRGMO2

[ THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO POLRG 9
C (M&214(Me1) /24 POLRG 1C
DIMENSION D(281) POLRGMU3

(4 THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO M. POLRG 12
DIMENSION BI6)s5BL6)sTIOeE(S] POLRGMU%

4 THE FOLLUWING DIMENSIONS MUST BE GREATER THAN OR EQUAL Tu POLRG l&
[4 (Mel)s POLRG 15
DIMENSION XBAR{7)oSTD{7)2COEIT) o SUMSCIT) s 1SAVELT) PULRGMOS

C THE FOLLOWIN DIMENSION MUST BE GREATER THAN OR ECUAL TO 10. POLRG 17
DIMENSION ANS(10} POLRG 18

< THE FOLLOWING DIMENSION wlLL BE USED IF THE PLOT OF OBSERVED PULRG 19
< DATA ANU ESTIMATES 1S DESIREDe THE SI1ZE OF THE DIMENSIONs IN FOLRG 20
< THIS CASEs MUST BE GREATER THAN OR EQUAL TO N#3, OTHERWISEs’ POLRG 21
< THE SIZE OF DIMENSION MAY BE SET TO 1. POLRG 22
DIMENSION P{150} POLRGMOS
COMMON MXsMY POLRG 24

1 FORMAT{A4sA2e]15412011} POULRG 2%

2 FORMAT(2F640} POLRG 26

3 FORMATU(//77/2TH POLYNOMIAL REGRESSIONssssssAbsA2/) PULRG 27

4 FURMATL//23H NUMBER OF OBSERVATIONs16//) PULRG 28

5 FORMAT(//32n POLYNOMIAL REGRESSION OF DEGREEsI3) POLRG 29

6 FORMATI//12H INTERCEPT #F 1505} POLRG 30C

7 FORMATI//26H REGRESSION COEFFICIENTS/(10F12e51) POLRG 31

8 FORMAT(///26Ks24HANALYSIS CF VARIANCE FURsI4#19H DEGREE POLYNUMIAPULRG 32
1Lz PULRG 33

9 FORMATL///+5Xs19HSOURCE OF VARIATIUNs7X99HDEGREE UFs7Xe6HSUM OF s PULRG 34

19X s 4HMEAN 10K 4 IHF 99X s 20 IMPROVEMERT IN TERMS/ 33X THFRELCOMeEX Pulnryu 35
2THSQUARES s TX e 6MSULARE s TX s SHVALUL » 68X s 1 THOF SUM UF SQUARES!? POLRG 30

10 FORMATI//20M DUE Tu REGRESSIJNleX.lthl7.b-F1b-5-Fl3-5tFZu.5) PULRC 37

11 FORMAT(32M CEVIATIUN A30UT HEGRESSIUN s1€9F1T759F 14050 PULRG 38

12 FORMAT{BXs5HTOTAL19xs160F17ad//7) PuLra 39

13 FORMAT(//1H NG [VPRCOVEMENT) POLRG &0

16 FORMAT(Z///27Xs18HTABL: JF RESIDUALS//iSk OBaErVATION NDes5Xa7wx VPULRG &l
JALUETXsTHY VALUZ o 7X920MY ZSTIMATL#7XsBHKESIDUALS Y PULRG @2

15 FORMAT(//33Ke16+F1Ba5e¢FlaebeF1T7454F1565) FULRG 3

16 FORMATI(Z2]12}) PULRS 44
READ{2¢16)IMX sty PULRG &5

4 READ PRUBLEM PARAMLTER CARD POLRS 46
100 READ (MYel) FRaPRLeNSMeNPLOT Pulica &7

4 PRasssPROELEV NUMBER {MAY HE ALPHAMERIC! PULKG 4B
C PR1eeePROBLEM NUMBER [CONTINUED!} PRy Gy
4 «NUMBER OF OBSERVATIONS PILRG 5o
< +HIGHEST DEGREE POLYNOMIAL SPECIFIED PLLRG 51
C +OPTION CODE FOR PLOTTING POLRG 52
< 0 If PLOT 15 NOT DESIREDa PULRG 53
C 1 IF PLOT IS DESIREDe PCOLRG 54
C PRINT PROBLEM NUMBER AND Ns POLRG 55
WRITE (MXe3) PRePR1 PULRG 56

WRITE [MXe#) N OILRG 57

4 READ INPUT DATA POLRG 5%
LaN*M FCOLRG 59

DO 110 I=1sN POLRG 60

Jul+l POLRG &1

< XtI) IS THE INDEPENDENT VARIABLEe AND X{J) IS THE DEPENDENT POLRG 62
< VARIABLE. POLRG 63
110 READ "{MYs2) X{I)eXtJ) POLRG 64
CALL GDATA (NeMsXsXBARSTD#D»SUMSQ) POLRG 65
MMeM+] POLRG 66
S5UM=040 POLRG 67
NTsN=1 POLRG 68

00 200 IelsM POLRG 69
ISAVE(I)=] POLRG 70

FORM SUBSET OF CORRELATION COEFFICIENT MATRIX PULRG 71

.CALL ORDER {MM+DsMMol2ISAVESIDLE) POLRG 72

< INVERT THE SUBMATRIX OF CORRELATION COEFFICIENTS POLRG 73
CALL MINV (DI+I1sDET9BsT} POLRG T4

CALL MULTR (NoIsXBAR+STDsSUMSQsDI+ErISAVEIBeSBeTANS) POLRG 75

(4 PRINT THE RESULT OF CALCULATION PULRG 76
WRITE (MXe5) 1 PULRG 77
IFLANS(T7) 3146041304130 POLRGMG?

130 SUMIP®ANS(&1=SUM PULRGMOB
IF{SUMIP) 1405 140+ 150 PULRG 79

140 WRITE(MXs13) PJLRG 82
GO TO 210 POLRG 81

150 WRITE{MXs6)ANS(1]} PULRG 82
WRITE (MKeT) (BlJ}eJ=1s]) POLRG 83
WRITE (Mxe8) [ PULRG 84
WRITE (MXs9} FOLRG B85
SUMSANS L&) POLRG 86
WRITE (MX910)} I+ANS(4}9ANSI6) +ANSIL0) s SUMIP PULRG 87
NI=ANS(B) PULRG 88
WRITE (MXs11) NIsANS(TIeANSLS) PULRG 89
WRITE (MX912) NTsSUMSQIMM] PULRG 90

< SAVE COEFFICIENTS FOR CALCULATION OF Y ESTIMATES PULRG 91
COE(1)=ANS(1) BOLRG 92

D0 160 J=1sl HOLRG 93

160 COE(J+1)=B(J} PULRG 9a
LA=] PCLRG 95

200 CONTINUE POLRG 96

< TEST WHETHER PLOT 1S DESIRED POLRG 97
210 IFU(NPLOT) 100, 100s 220 POLRG 98

< CALCULATE ESTIVATES PULRG 99
220 NP3=N+N POLRG100
DO 230 I=1.N PULRG1O1
NP3=NP3+] POLRG102
PINP3I=COE(L) POLRGLO3

Lal PULROLO&

DO 230 JelsLA PCLRLIOS
PINP3I=P(NP3)exXILI*COEIJ+]} PULRL1G

230 L=LeN PULRGLOT

C COPY OBSERVED DATA PULRGLOE
N2=N PULRGLO9
LENEM POLRG11D

DO 260 Ix1sN POLRGL1}

PRI I=Xt1) POULROL112
N2aN2+) PULRG113
LsL+l POLRG114

240 PIN2)=XIL) POLRGL1S

4 PRINT TABLE OF RESIDUALS PULKGL1G
WRITE (MXe3) PRsPR] PULRGLL7
WRITE (MX95) LA POLRGLLS
WRITE {MXsl&) POLRG119
NP2=N POLRG120
NPIsNeN POLRGL2L

DO 250 I=1eN POLKGL22
NP2sNP2+1 POLRG123
NP3IxNP3+l POLRGL24
RESIDaP{NP2)=P(NP3) P0LRG12%5
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250 WRITE IMXs15) [oP([)sPINP2)sPINP3IIRESID

t POLRG1IZ6 80 I=I+t PLOT 70
gsu;oom (LASPsNe32001) POLRG127 EFL1-NLL 14558485 eLOT 71
END POLRGI2¢ 84 XPH=AIN) PLOT 72
POLRG129 G TN S0 ANt 73
4 PRINT CROSS-VARIABLES NUMBERS PLOT T4
86 WRITEIMX,7) PLOT 75 AT
YPRULI=YMIN PLOT 75 N
DN 90 KN=1,9 pLOY 77
12 . 90 YPR(KN+1)=YPRIKNI +YSCAL*10,0 PLOT 78
YPRUL1)=YMAX eLOT 79
SAMPLE00015041 2 WRITE{MX,BYCYPRIIP)IP=1,11} PLOT 80
,‘1’ {2 2 RETURN PLOT 91
2 2 . END PLOT 82
4 23 6
s 28 7
6 26 []
7 20 9
[] 26 10
9 48 11
10 62 12
11 78 13
12 94 14
13 107 18
14 118 16
15 127 17
123456789 18
3
SUBROUTINE PLOT
PURPOSE LA
PLOT SEVERAL CROSS-VARIABLES VERSUS A BASE VARLABLE CANONICAL CORRE TION
-

USAGE
CALL PLOT (MOoAyNyMsNLyNS)

DESCRIPTION OF PARAMEVERS
NO - CHART MUMBER (3 DIGITS RAXINUN)
A - MATRIX OF DATA YO BE PLOTTED. FIRST COLUMN REPRESENTS

Problem Description

T A Tnun JCCESSIVE COLURNS ARE THE CROSS- An analysis of the interrelations between two sets of
R 1 NUMER OF COLUKNS IN WATRIX A (EQUAL TO THE TOTAL variables measured on the same subjects is per-
ML - WRSER OF LINES IN THE PLOT+ IF 0'15 SPECIFIED, 50 formed by this program. These variables are pre-
NS - t&:ﬁ’;ﬁ:‘sgﬁ?x’is THE BASE VARIABLE DATA IN ASCENDING dictors in one set and criteria in the other set, but
mfn::;;,"',“ IS NOT NECESSARY (ALREADY IN ASCENDING it is irrelevant whether the variables in the first set

1 SORTING IS NECESSARY. or in the second set are considered as the prediction

variables. The canonical correlation, which gives
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED the maximum correlation between linear functions of
o the two sets of variables, is calculated. x2 is also

REMARKS
NONE

;‘lj::gg:é;fOS#?;;:?::;::T;'&;:;:Ql.All) :tg; ; computed to test the Significance of canonical corre~
COMNMON X, MY - :tg: Z )
3 Fonaar (tlx;:;??fﬂ:xc.':gﬂl;l v pLot s lation.
3 FoRMAF(1oaLs o 7 The sample problemni for canonical correlation
’ . . . . . PLO’ 8 R . R .
A enba . . . PLOT - 9 consists of four variables in the first set (left-hand
B FORMAT (//,9X,11F10.4) pLOT 10 . N
e e 16 D e 1 side) and three variables in the second set (right-
C 1o on 13 Tepen VARIAGLE DATA LN ASCENDING ORDER soT 14 hand side) as presented in Table 4. These two sets
DD 14 J=I,N PLOT 15 h b d 23 b‘ tS
TFCALTI-AT4)) L4y B4y L1 :tg; :{" of measurements have been made on supjects.
" t:i;ﬁln ’ pLOT 18
g e ne k
iy ne 8
A;::‘;;H.Ll pLOT 23 .
12 COn e L Table 4, Sample Data for Canonical Correlation
¢ e ior 27 First set Second set
18 nipesg Cortov 2l i
o wRITELALING. o o Observation Xy X2 X3 Xs Y1 Y2 Ys
4 READ BLANK ANO DIGITS Fglll :’:INYING :tg; ;g
¢ LR aELELS R 191 155 65 19 179 145 70
e SN R R na 2 195 s 10 20zl 2 4
“;,ST}(.“ pioT 39 3 183 153 82 18 188 149 86
20 an et wor ot 5 176 144 67 18 171 142 71
1;(Au):‘v’:im 28,26,26 pLor 42 6 208 157 81 22 192 152 ;;
i mEoop Womopom mowoz
T
19 vamcat oLor 47 g 188 152 76 19 197 159 84
YSCAL=( YMAX-YMIN) /10N.0 :tg; :g 10 192 150 78 20 . 187 151 72
C (E:i{';? BASE VARI ABLF PRINT POSITION pLoT e 11 179 158 99 18 186 148 89
wex = -1 aor 37 12 183 147 65 18 174 147 70
Fol pLaT 53 13 174 150 71 19 185 152 65 =
“ Fx;:lz;iaonxscuo . pLOT 55 14 13(8) igg gé :zlg ig; igg 33
IFI:(L)-XPRI E 150, T 15 1
“ soon anaenaror L AnLEs :t%i Eé i 163 137 59 18 161 130 63
%2 50 80 yet s wvx fLor en 17 195 155 85 20 183 158 81
e NI YSCALYS 1.0 ‘ PLoT 61 18 196 153 80 21 173 148 74
Rt or &3 19 181 145 77 ig izg }gg 'é(i
60 CONTINJE ] 20 175 140 70 P /%7
¢ unl::::;r(.;;:su?:‘;u?if:::lrz):x?:rl)‘l,) Etﬁi E; 21 192 154 69 20 185 152 63 h
I&:Jl;rll s ,,'I:m b4 22 174 143 79 20 178 147 73
TN WRITE(MX, 3} PLOT 69 23 176 139 70 20 176 143 69 .
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Program
Description

The canonical correlation sample program consists
of a main routine, MCANO, and six subroutines:

CORRE

CANOR

are from the Scientific Subroutine

MINV Package

NROOT
EIGEN

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 9 variables, including both the first set
of variables (that is, left-hand variables) and the
second set of variables (that is, right-hand varia-
bles). The number of variables in the first set must
be greater than or equal to the number of variables
in the second set.

2. Up to 99, 999 observations.

3. (12F 8.0) format for input data cards.

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample pro-
gram. However, if there are more than 9 variables,
dimension statements in the sample main program
must be modified to handle the particular problem.
Similarly, if input data cards are prepared using a
different format, the input format in the input sub-
routine, DATA, must be modified. The general
rules for program modification are described later.

Input

1/0 Specification Card
One control card is required for each problem and
is read by the main program, MCANO. This card is

prepared as follows:

For Sample

Columns Contents Problem
1-6 Problem number (may be
alphameric) SAMPLE

For Sample

Columns Contents Problem
7 - 11 Number of observations 00023
12 - 13 Number of variables in the
first set (that is, left-hand
variables)* , 04
14 - 15 Number of variables in the
second set (that is, right-
hand variables) 03

*The number of variables in the first set must be
greater than or equal to the number of variables
in the second set.

Leading zeros are not required to be keypunched;
but must be right-justified within fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 4 is
keypunched on a separate card using the format
(12F 6.0). This format assumes twelve 6-column
fields per card.

Deck Setup

Deck setup is shown in Figure 16.

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The output of the sample program for canonical
correlation includes:

1. Means

2. Standard deviations

3. Correlation coefficients

4. Eigenvalues and corresponding canonical
correlation

5. Lambda

6. Chi-square and degrees of freedom

7. Coefficients for left- and right-hand variables

Sample

The output listing for the sample problem is shown
in Figure 17 of this sample program.
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Data

cards
Control
card
/
/
/
Data
cards
Control
card
‘ Second problem
/
Data
cards
Control
Card .
First problem

1I/O Specification
card

EIGEN

Subroutines and main program
(including system control cards)

Figure 16. Deck setup (canonical correlation)

Program Modification

Noting that storage problems may result, as previ-
ously described in "Sample Program Descriptions',
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also behandled by providing
a specific format statement. In order to familiarize

158
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Figure 17. Output listing

the user with the program modification, the following
general rules are supplied in terms of the sample

problem:

1.

Changes in the dimension statements of the
main program, MCANO:

a.

The dimension of arrays XBAR, STD,
CANR, CHISQ, and NDF must be greater
than or equal to the total number of vari-
ables m (m = p +q, where p is the num-
ber of left-hand variables and q is the
number of right-hand variables). Since
there are seven variables, four on left
and three on right, the value of m is 7.
The dimension of array RX must be
greater than or equal to the product of

m X m. For the sample problem this
product is 49 =7 x 7.

The dimension of array R must be greater
than or equal to (m + 1)m/2. For the
sample problem this number is

28 = (7T + 1)7/2.

The dimension of array COEFL must be
greater than or equal to the product of

p xq. For the sample problem this
product is 12 =4 x 3.

The dimension of array COEFR must be
greater than or equal to the product of

q xq. For the sample problem this
product is 9 =3 x 3.

2. Changes in the input format statement of the
special input subroutine, DATA:

Only the format statement for input data may
be changed. For example, since sample data
are either two- or three-digit numbers, rath-
er than using six-column fields as in the
sample problem, each row of data may be
keypunched in seven 3-column fields, and if
so, the format would be changed to (7F 3.0).
Note that the current input format statement
will allow a maximum of twelve variables
per card. The special input subroutine,
DATA, is normally written by the user to
handle different formats for different prob-
lems. The user may modify this subroutine
to perform testing of input data, transforma-
tion of data, and so on.

Operating Instructions

The sample program for canonical correlation is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is used
for input, and logical unit 1 is used for output.

Sample Main Program for Canonical Correlation -
MCANO

Purpose:
(1) Read the problem parameter card for a
canonical correlation, (2) Call two subroutines
to calculate simple correlations, canonical cor-
relations, chi-squares, degrees of freedom for
chi-squares, and coefficients for left and right
hand variables, namely canonical variates, and
(3) Print the results.

Remarks:
1/0 specifications transmitted to subroutines by
COMMON.
Input card:
Column 2 MX - Logical unit number for
output.
Column 4 MY - Logical unit number for
input.

The number of left-hand variables must be
greater than or equal to the number of right-
hand variables.

Subroutines and function subprograms required:
CORRE (which, in turn, calls the input
subroutine named DATA.)
CANOR (which, in turn, calls the subrou-
tines MINV and NROOT. NROOT,
in turn, calls the subroutine EIGEN.)
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Method: 163 137 59 18 161 130 63 18

195 185 85 20 183 158 81 19
196 153 80 21 173 148 T4 20
Refer to W. W. Cooley and P. R. Lohnes, 196 1%y B 2L 1 s T8 2
. - . 178 140 70 19 165 137 a1l 22
'Multivariate Procedures for the Behavioral 192 134 &5 20 188 152 63 23
. . 174 143 79 20 178 147 73 24
Sciences', John Wiley and Sons, 1962, chapter 176 139 70 20 176 143 69 25
3.
SAKPLE INPUT SUBROUTINE - DATA
{/ FOR PURPOSE
*[OCS{CARDyTYPEWRITER,1132 PRINTER) READ AN UBSERVATION (R DATA YALUES) FROM INPUT DEVICE.
*#GNE WORD INTEGERS R THIS SUBROUTINE IS CALLED BY THE SUBRODUTINE CORRE AND MUST
[+ SAMPLE MAIN PRUGRAM FUR CANDWICAL CORRELATION — MCAND MCANO 1 BE PROVIDED BY THE USER. IF SIZE AND LOCATION OF DATA
[4 THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE MCANG: 2 FIELDS ARE DIFFERENT FROM PROBLEM TO PROUBLEM, THIS SUB~
[4 TOTAL NUMBER OF VARTASLES M {McMP+MQ: WHERE MP IS THE NUNBER MCANU 3 ROUTINE MUST BE RECOMPILED WITH A PROPER FORMAT STATERENT.
c OF LEFT HAND VARIABLES, ANU MQ IS THE NUMBEK UF RIGHT HAND MCANU 4
[4 VaKEABLES) . MCANU 5 USAGE
LIMENSTION XBAR{9)+STDIS)CANRIY) +LHISQLI) 4NOF{9) NCAND 6 CALL DATA (M.D)
c THE FOLLOWING OIMENSION MUST BE GREATER THAN OR EQUAL TO THE MCAND 7
c PRODUCT GF M*M. MCANU 8 DESCRIPTION OF PARAMRETERS
DIMENSION RX{d1) MCANG 9 M - THE NUMBER OF VARIABLES IN AN OBSERVATION.
[+ THE FULLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO MCANO 10 D - OQUTPUT VECTGR OF LENGTH M CONTAINING THE OBSERVATION
4 {Me1)=Ms2. MCAND 11 DATA.
UIMENSION R{45) MCAND 12 N N
[4 THE FOLLOWING GIMENSIOUN MUST dE GREATER THAN OR EQUAL TO THE MCANG 13 REMARKS 3
[ PROGUCT UF MP*MQ. MCANO 14 THE TYPE OF CONVERSICN SPECIFIED IN THE FORMAT MUSY BGE
UIMENSICON CCEFL{BL) MCANG 15 EITHER F OR E.
4 THE FOLLOWING DIMENSION MUST BE GLREATER THAN OR EQUAL TO THE MCAND 16
[ PRODUCT GF MQ¥Ma. MCAND 17 SUBROUTIKES AND FUNCTION SUBPROGRAMS REGUIRED
DXHENSKCN COEFRL25) MCANO 18 NONE
COMMON MX,MY HCAND 19
1 FORMAT{A«,A2,15,212) MCANU 20
2 FORMATI///7/27H CANONICAL CORRELATION«essssA4rA2//22H . NO. OF OBSEMCANG 21 3
LRVATIONS,8Xy14/729H NO. OF LEFT HAND VARIABLES.IS5/30H NG. OF RIMCLANG 22 DATA 1
2GHT HAND VARIABLES,14/) MCAND 23 3‘,’5:&2{&:%??;“ e ES TR
3 FORMAT(//6H MEANS/{8F15,5)) MCAND 24 COMMON MX s MY DATA 3
4 FORMAT(//20H STANDARD DEVIATIONS/{BF15.5}) MCANU 25 L FORMAT{12F6.01 0aTA 4
5 FORMAT{//25H CORRELATION COEFFICIENTS) MCAND 26 ¢ READ AN OBSFRVATION FROM INPUT DEVICE. Jara s
6 FORMAT{//4H ROWs13/(10F12.5)} MCAND 27 READ [MYs11 (DCL} o I=1eM) nata &
T FORMATL///7/12H NUMBER OF s 7Xy THLARGEST 9 TX 9 L3IHCORRESPUNDING 9 31X ¢ THMCAND 2B RE TURN DATA 7
1DEGREES/13H EIGENVALUES,5X,10HEIGENVALUE ¢ 7X s FHCANUNICAL s 7X,6HLAMBMCANG 25 END NATA 3
20A 95Ky LOHCHI—SQUARE ¢ 7X 4 2HOF 74X s THREMOVED s TX s SHREMAINENGy 7X o L LHCURRMCAND 30
3ELATEUN y32X, THFREEUEM/ Y MCAND 51
8 FORMAT(/I74F19.59F16.552FLl4.5,5X415) MCANO 32
9 FURMAT(//722H CANONICAL CDRRELA]ION.F[Z.E) MCANO 33
10 FORMAT(//39H COEFFICIENTS FOR LEFT HAND VARIABLES/(8FL15.5)) MCANG 34
11 FORMAT{/740H COEFFICIENTS FOR RIGHT HaND VARIABLES/{8F15,.5}) MCANG 35
12 FORMATizIZ2) MCANU 30
READ(2, 12} MXsHY HCaNG 37 ANALYSIS OF VARIANCE
C REAU PROBLEM PARAMETER CARD MCANUD 38
100 REAU (MY4LIPR,PR1N,MP,MQ MCAND 39
[ » s PRIBLEM NUMBER (MAY BE ALPHAMERIC) MLANU 40 P bl D . t_
c «PROBLEM NUMBER (CONTINUED) MCAND 41 iption
Cc +NUMBER OF ObSERVATIUNS MCANG 42 ro em escr p
[ UMBER GF LEFT hAND VARIASLES MCANU 43
C M +NUNBER OF RIGHT HAND VARIABLES MCANG 44
WRITE (MX92)PRyPRLy NoMP MY MCAND 45 . . . .
wempema MCANU- 4 An analysis of variance is performed for a factorial
10=0 MCAND 47 . .
X0 e aeALs HCAND 48 design by use of three special operators suggested
+My LGy Xa XBARySTOsRX ¢y Ry CANRyCHISQCOEFL) MCAND 49 b H O H 1 % Th 1 . f th d
4 PRINT MEANS, STANDARD OEVIATIONS, AND CORRELATION HCANU 50 —
[ COEFFICIENTS OF ALL VARIABLES MCANO 51 y * * art ey. e ana ySIS o many 0 er e
WRITE (MX,3) [XBAR{I)sI=L4M) MCAND 52 3 1 i i -
T e it hcano 32 signs can be derived by reducing them first to fac
WRITE {MX,5) MCANU 54 0 3 i 3
D 160 feioh weAND 22 torial designs, and then pooling certain components
DO 150 J=14M MCAND 56 . >
1FU1=43 120, 130, 130 MCAND 57 of the analysis-of-variance table.
120 lé;l;[l]J:J;J)IZ MCAND 58 C id th fact factorial . ti
4 MCANG 59 -
130 810 150 HCAND 59 onsider a three-factor factorial experiment in
140 CANRUJ)=REL) MCANG 61 3 3 i
150 CoNTINUE . NeANS o a randomized complete block design as present in
160 WRITE (MX,631y{CANRES}sd=1+M) MCANO 63 : )
CALL CANOR (N,MPoMQ¢R)XBARsSTDyCANRy CHESQs NOF y COEFR s COEFL 4 RX) MCANG 64 Table 5. In this experlment factor A has four levels,
[ PRINT EIGENVALUES, CANONICAL CORRELATIONS: LAMBDA, CHI-SQUARES MCAND 65 .
C  p EOREES OF FREEDOAS ACAND 6 factors B and C have three levels, and the entire
,
DO 170 Is1,MQ MCANO 68 i i i i i
. M heang o2 experiment is replicated twice. The replicates are
TESY WHEVHER EIGENVALUE IS GREATER THAN ZERO MCANO 70 3
IF(XBARLIY) 165, 165, 170 MCAND 71 completely unrelated and do not constitute a factor.
165 MM=N1 MCAND 72
60 TO 175 MCANO T3
170 WRITE (MXy8INL XBARCI)»CANRCI} STO{1),CHISQUI) NDF( I} MCANO T¢
MH=MQ MCAND 75
€ 175 yyaRRINT CANONICAL COEFEICIENTS HCAND 76 Table 5. Sample Data for Analysis of Variance
= MCAND 77
N2=0 MCANO 78
D3 200 I=14MM ) MCANO 79
WRITE (MX,9)CANR(I) KCANO 80
00 180 J=1,MP MCANO 81 b b b
. Nlnu:o,l MCANOD 82 Replicate 1 2 3
180 XBAR(J)=COEFL(N1) MCANO 83
WRITE (MX,10 (XBARLJ)¢J=1,HP) MCANG 86 (Block) 31 a3 33 A4) 8 8 a8 )8 3 33 34
DO 190 J=1.MQ MCANO 85
N2=N2+1 MCAND 86 < 3 10 9 824 8 8 3|2 8
190 XBAR{J)=COEFRINZ) MCAND 87
WRITE (MX411)(XBAR(J)yJ=1,NQ) MCANO 88 212 2
200 CONTENUE HCANG 89 | SN c, 4 12 3 922 7 16 2 7
GO FO 100 MCANDO 90 =
' DWEND MCAND 91 ¢, 5 10 5 823 9 17 312 8 6 3
*STORE WS UA  HCANO
7/ XEQ NCANO 1
#LDCALMCANO, CORRE, CANGR e 2 14 9 13}29 16 11 3| 2 7 5 3
12 1 | JA c 7 11 S5 828 18 10 6}6 6 5 9
SAMPLE0CO0230403 N 1 L 70 ; 2 2 B3
191 185 63 9 79 45
195 1a9 70 20 201 152 69 + c, 9 10 27 8128 16 11 7|8 9 815
181 148 71 19 185 149 ki ] 5
183 193 a2 18 188 149 86 6
176 144 67 18 171 142 71 T
208 187 81 22 192 }52 7 :
189 150 735 21 190 149 72 . . .
197 159 90 20 189 152 62 10 *H, O. Hartley, "Analysis of Variance" in Mathe-
188 152 76 19 197 }5: 84 }é -_—
192 150 78 20 187 5 72 3 joi i
192 1o 78 20 1moBLR 13 matical Methods for Digital Computers, edited by
183 147 63 18 174 147 70 & ) :
174 130 71 19 185 152 68 is A. Ralston and H. Wilf, John Wiley and Sons, 1962,
190 189 9 19 19% 187 99 16
188 151 98 20 187 158 @7 17 Chapter 20.



Nevertheless, for the purpose of this program, a
four-factor experiment (with factors A, B, C, and
R) is assumed. Thus, each element of the data in
Table 5 may be represented in the form:

Xaber where a=1,2,3,4
b=1,2,3
c=1,2,3
r=1,2

The general principle of the analysis-of-variance
procedure used in the program is to perform first a
formal factorial analysis and then pool certain com-
ponents in accordance with summary instructions
that specifically apply to the particular design. The
summary instructions for four differert designs are
presented in the output section.

Program
Description

The analysis-oi-variance sample program consists
of a main routine, ANOVA, and three subroutines:

AVDAT
are from the Scientific
AVCAL Subroutine Package
MEANQ
Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
1. Up to six-factor factorial experiment
2. Up fo a total of 1600 data points. The total
number of core locations for data points in a pro-
blem is calculated as follows:

k
T= 11

(LEVEL, + 1)
i=1 !

number of levels of ith factor
number of factors

notation for repeated
products

3. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than six

where LEVELi
k

n

factors or if the total number of data points is more
than 1800, dimension statements in the sample main
program must be modified. Similarly, if input data
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modifications are described later.

Input

I/0 Specification Card

One control card is required for each problem and
is read by the main program, ANOVA. This card
is prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7-8 Number of factors 04
9 -15 Blank
{ 16 Label for the first factor A
17 - 20 Number of levels of the 0004
first factor
{21 Label for the second factor B
22 - 25 Number of levels of the 0003
second factor
{ 26 Label for the ;chird factor C
27 - 30  Number of levels of the 0003
third factor
{ 31 Label for the fourth factor R
32 - 35 Number of levels of the 0002
fourth factor
66 Label for the eleventh
factor (if present)
67 - 70 Number of levels of the

eleventh factor

If there are more than eleven factors, continue
to the second card in the same manner.
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Columns Contents
{ 1 Label for the twelfth factor
2-5 Number of levels for the twelfth factor
etc.

Leading zeros are not required to be keypunched.
Data Cards

Data are keypunched in the following order: X;., 10
X2111, X3111, X4111, X12115 X2211» X3211s4-+,

X4332. In other words, the innermost subscript is
changed first; namely, the first factor, and then
second, third, and fourth subscripts. In the sample
problem, the first subscript corresponds to factor A
and the second, third, and fourth subscripts to fac-
tors B, C, and R. Since the number of data fields
per cards is twelve, implied by the format (12F6, 0),
eachrow inTable5 is keypunched on a separate card.

Deck Setup
Deck setup is shown in Figure 18.
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Data
cards

Control
card

Last
problem

Data
cards

Control
card

Data
cards

Control
card

1/0 Specification
card

MEANQ

AVCAL

AVDAT
Subroutines and main program
(including system control cards)

ANOVA

Figure 18. Deck setup (analysis of variance)
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Output
Description

The output of the sample analysis-of-variance pro-
gram includes the numbers of levels of factors as
input, the mean of all data, and the table of analysis
of variance, In order to complete the analysis of
variance properly, however, certain components in
the table may need to be pocled. This is accom-
plished by means of summary instructions that
specifically apply to the particular experiment as
presented in Table 6.

Table 6. Instructions to Summarize Components
of Analysis of Variance

Randomized
Single Classificati Two-way ificatiog Complete Block Split Plot
with Replicates with Cell Replicates | with Two Factors
g:::z No, 1 Groups. = A Rows =A Factor 1 = A Main treatmest = A
"2 |Replicates = R |Columns =8  |Facter2 = B |Subtreatment = B
3 Replicates = R Blocks =R Blocks =R
{Qutput)
Sums of squares A A A A
R ] B B
AR AB AB AB
R R R
AR AR AR
BR BR BR
ABR ABR ABR
Emor =R + (AR) Error =R + (AR} Error = (ARM-(BR) | Error = (BR)+(ABR)
s‘i’rl;“h;lil'cytion +HBRI+(ABR} +(ABR) )
i A
Analysis of Groups A Rows A Factor 1 A Main treatment
Columms B Factor 2 B Blocks R
veranee e AB AB Ervor (2 AR
Error Blocks R Subtreatment B
Error Interaction AB
Error ()

As mentioned earlier, the sample problem is a
randomized complete block design with three factors
replicated twice. Therefore, it is necessary to pool
certain components in the table of analysis of vari-
ance shown in Figure 19. Specifically, the compo-
nents AR, BR, ABR, CR, ACR, BCR, and ABCR
are combined into one value called the error term.
The result is indicated in Figure 19. Since these
data are purely hypothetical, interpretations of the
various effects are not made.

Sample

The output listing for the sample problem is shown
in Figure 19.

ANALYSIS OF VARIANCEeesss SAMPLE

LEVELS OF FACTORS
A “

B 3
c 3
R 2
GRAND MEAN 9440277

DEGREES OF MEAN

MS OF
eTaTion & FREEDOM SQUARES

VARIATION SQUARES

76434722
361434722
230434722

27455555

7400000
326472

1172916

161468057
6027314
3401388

29449536

20438888

Be42592
1565972
12458564

A 229404168
8 T22469445
AB 138208349
4 55411111

42200000
gg 13.13888
A8C 140475003
3 141.68057
AR 18,81944
B8R 6402777
ABR 176497222
<] 40477717
ACR 5055555
B8CR 62463889
ABCR 151,02780

NeonoNWRNSENO NG

TOTAL 3233431601 71

Figure 19, OQutput listing

Program Modification

Noting that storage problems may result, as pre-
viously described in "Sample Program Description',
program capacity can be increased or decreased by
making changes in dimension statements. Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification the following
general rules are supplied in terms of the sample
problem:

1. Changes in the dimension statements of the
main program, ANOVA:

a. The dimension of array X must be greater
than or equal to the total number of data
points as calculated by the formula in the
program capacity section above. For the
sample problem the total number of data
points is 240 = (4+1)(3+1)(3+1)(2+1).

b. The dimension of arrays HEAD, LEVEL,
ISTEP, KOUNT, and LASTS must be
greater than or equal to the number of
factors, k. Since there are four factors in
the sample problem (4 = 3 original factors
+ 1 pseudo factor) the value of k is 4.

c. The dimension of arrays SUMSQ, NDF,
and SMEAN must be greater than or equal
ton = 2k—1, where k is the number of
factors. For the sample problem the
value of n is 15 = 24-1,

2. Change in the input format statement of the
main program, ANOVA:

Only the format statement for input data may

be changed. Since sample data are either

one- or two-digit numbers, rather than using
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six-column fields as in the sample problem,
each data may be keypunched in a two-column
field, and, if so, the format is changed to
(12F2.0). This format assumes twelve 2-
column fields per card, beginning in column 1.

Operating Instructions

The sample analysis-of-variance program is a
standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Sample Main Program for Analysis of
Variance - ANOVA

Purpose:
(1) Read the problem parameter card for analy-
sis of variance, (2) Call the subroutines for the
calculation of sums of squares, degrees of free-
dom and mean square, and (3) Print factor
levels, grand mean, and analysis of variance
table.

Remarks: _
The program handles only complete factorial de-
signs. Therefore, other experimental design
must be reduced to this form prior to the use of
the program.

I/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
AVDAT
AVCAL
MEANQ

Method:
The method is based on the technique discussed

by H.O. Hartley in "Mathematical Methods for
Digital Computers', edited by A. Ralston and
H. Wilf, John Wiley and Sons, 1962, Chapter 20.

1/ FOR
#10CS (CARD S TYPEWRITER #1132 PRINTER)

#ONE WORD INTEGERS
SAMPLE MAIN PROGRAM FOR ANALYSIS OF VARIANCE = ANOVA ANOVA 1

<
< THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE ANOVA 2
[ CUMULATIVE PRODUCT OF EACH FACTUR LEVEL PLUS ONE (LEVEL(I)+1l) ANOVA 3
[4 FOR I=) TO K» WHERE K .]S THE NUMBER OF FACTORSs. ANOVA &
DIMENSION X{1600). ANOVAMO2
[ THE FOLLOWING DIMENSEONS MUST BE GREATER THAN OR EQUAL TO THE ANOVA &
< NUMBER OF FACTORSes ANOVA 7
DIMENSION HEADUG) sLEVELIG )+ ISTEPIS6) sKOUNTI6) sLASTS 6]} ANOVA 8
(4 THE FOLLOWING OIMENSIONS MuST BE GREATER THAN OR EQUAL TU 2 TO ANOVA ¢
[ THE K=TH POWER MINUS 1ls ((2¢%K)=llee ANOVA 10
DIMENSION SUMSQ(631¢NOFI631¢SMEANLG3) ANOVAMG 1
4 THE FOLLOWING DIMENSION IS USED TQ PRINT FACTOR LABELS IN ANOVA 12
[ ANALYSIS OF VARIANCE TABLE AND IS FIXED ANOVA 13
OIMENSIGON FMT{15} ANOVA 14
1 FORMAT(A4yAZ2y 129449 3Xe120AL,14)/7LAL 14 0AL 4144400149 A00140AL014)) ANOVA 15
2 FORMAV{///726H ANALYSIS OF VARJANCE.«s«<R%1A2/7) ANDVA 16
3 FORMAT{//18H LEVELS OF FACTORS/(3XeAly7Xel4}) . ANOVA L7
4 FORMAT(/7//11H GRAND MEAN:F20.5////) ANQVA 18
5 FORMAT{ //1GH SOURCE OF 418X THSUMS OF s 10Xy LOHDEGREES OF 19X +4HMEAN/ ANOVA 19
LLOH VARIATION, 18X THSQUARESy11X, THFREEDOM, 10Xy THSQUARES/ )} ANUVA 20
6 FORMAT(2X¢15A1+F20,5+10%416,F20,5) ANOVA 21
T FORMATI/TH TUTAL+10X2F2C<5410Xs16) ANOVA 22
8 FORMAT{12F6.0} ANGVA 23
9 FORMAT(212) ANOVA 24
ANOVA 25
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READ( 2+ 9) MX MY
4 READ PRUBLEM PARAMETER CARD ﬁﬁgﬁ %‘;
100 READ {MYo1iPRsPR1L+K+BLANK, EHEAD( L), LEVEL(1),E=1,K) ANOVA 28
[ PR PROBLEM NUMBER (MAY BE ALPHAMERIC) ANOVA 29
[ PR1l....PROBLEM NUMBER (CONTINUED) aANOVA 30
[ Koooass NUMBER OF FACTORS ANOVA 31
4 BLANK..BLANK FIELD ANOVA 32
c HEAD. . FACTOR LABELS ANOVA 33
c LEVEL..LEVELS OF FACTORS ANGVA 34
[ PRINT PROBLEM NUMBER AND LEVELS OF FACTORS ANOVA 35
WRETE {MX,2)PR,PRI ANOVA 36
WRITE (MXs3) (HEADCE )4 LEVELET)o121,K) ANOVA 37
[+ CALCULATE TOTAL NUMBER OF DATA ELEMENTS ANDVA 38
NaLEVEL{1) ANOVA 39
00 102 I=2,K ANOVA 40
102 N=N®LEVEL(I) ANOVA 41
c READ ALL INPUT DATA ANOVA 42
READ {MY,8){X{1)y121,N) ANOVA 43
CALL AVDAT (KyLEVEL ¢NsXsL, ISTEP,KOUNT) ANOVA 44
CALL AVCAL (KyLEVELyX+L+ISTEPyLASTS) ANOVA 45
CALL MEANQ (KyLEVEL ¢XyGMEANSSUMS Qs NDFy SHEAN, I STEP ,KOUNT, LASTS) ANDVA 46
c PRINT GRAND MEAN ANOVA 47
WRITE {MX1+4)GMEAN ANDVA 48
[ PRINT ANALYSIS OF VARIANCE TABLE ANOVA 49
WRITE (MXy5) ANDVA 50
LL=(2%#K)~1 ANOVA 51
ISTEP(1)=1 ANOVA 52
00 105 I=2,K
ANDVA 53
105 ISTEPII)=G ANUVA D4
00 110 I=4,15 ANOVA 55
110 FMT{[)=BLANK ANOVA 50
NN=0 ANGVA 57
_ SUM=U.0 ANuvA 53
120 NN=NN+1 ANLVA 59
L=0 ANOVA a0
DO 14C I=l,K ANDVA ol
FMT(1)=BLANK ANUVA 62
IFLISTEPLE)) 13U, 140, 130 ANCVA o3
130 =L+l ANOVa 04
FMT(LY=nEAUL D) ANGVA o3
140 CONTINUE ailva o6
WRITE (MX o) (FMTLi}y051,15) 4 SUNSUINND WNUF{NND ¢+ SMEANTAN) ANLVA o7
SUM= SUM+SUMS Q1 i) ANQVA 58
IFINN-LL) 1454 170, 170 ANGVA 69
L43 30 16D =1,k ANGVA 70
EFCISTEPCIN) 147, 150, la7 ANGVA T1
147 ISTEP(I)=0 ANGVa 72
GO TO 160 ANDVA 73
150 [STEP(1)=) ANGVA T4
G0 TO 120 ANGVA 75
160 CONTINUE AaNLYA 75
170 N=N-1 ANGYA 77
WRITE (MX,7)SUAsi ANLVA T8
GO TO 1Co ANLVA T3
ZNU ANLVA 8D
/¢ DUP
*STORE A4S UA  ANOVA
/7 XEQ ANOVA
12 !
SAMPLEOA A0004B0003CO003R0002 2
3 10 9 a 24 8 a 2 8 9 [ 3
s 12 3 9 22 7 16 2 2 2 7 2 &
5 10 5 (] 23 9 17 3 2 8 6 3 3
2 14 9 13 29 16 1 3 2 7 5 3 6
7 1 s [ 28 18 10 6 6 [ 5 9 7
9 10 27 8 28 16 11 7 ] 9 L] 13 a

DISCRIMINANT ANALYSIS

Problem Description

A set of linear functions is calculated from data on
many groups for the purpose of classifying new
individuals into one of several groups. The classifi-
cation of an individual into a group is performed by
evaluating each of the calculated linear functions,
then finding the group for which the value is the
largest.

The sample problem for discriminant analysis
consists of four groups of observations as presented
in Table 7. The number of observations in the first
group is eight; the second group, seven; the third
group, seven; and the fourth group eight. The num-
ber of variables is six in all groups.

Program
Description

The discriminant analysis sample program consists
of a main routine, MDISC, and three subroutines:

DMATX

are from the Scientific
MINV Subroutine Package
DISCR

L

o



-

Table 7. Sample Data for Discriminant Analysis

Observation X, X, X, X, X, X

Group 1 1 3 10 9 8| 24 8
2 4 12 3 8 22 7

3 9 3 2 8 9 8

4 16 2 2 2 7 2

5 5 10 5 8 23 9

6 17 3 2 8 6 3

7 2 10 9 8 29 16

8 7 10 5 8 28 18

Group 2 1 9 10 27 8 28 16
2 11 7 8 9 8 15

3 8 10 2 8 27 16

4 1 6 8 14 14 13

5 7 8 9 6 18 2

6 7 9 8 2 19 9

7 7 10 5 8 27 17

Group 3 1 3 11 9 15 20 10
2 9 4 10 7 9 9

3 4 13 10 7 21 15

4 8 5 16 16 16 7

5 6 9 10 5 23 11

6 8 10 5 8 27 16

7 17 3 2 7 6 3

Group 4 1 3 10 8 8 23 8
2 4 12 3 8 23 7

3 9 3 2 8 21 7

4 15 2 2 2 7 2

5 9 10 26 8 27 16

6 8 9 2 8 26 16

7 7 8 6 9 18 2

8 7 10 5 8 26 16

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to four groups

2. Up to ten variables

3. Up to a total number of 100 observations in
all groups combined.

4. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than four
groups, more than ten variables, or more than 100
observations, dimension statements in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
statement in the sample main program must be
modified. The general rules for program modifica-
tion are described later.

Input

I/0 Specification Card

One control card is required for each problem and is
read by the main program, MDISC. This card is
prepared as follows:

For Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7-8 Number of groups 04
9~ 10 Number of variables 06
11 - 15 Number of observations 00008
in first group
16 - 20 Number of observations 00007
in second group
21 - 25 Number of observations 00007
in third group
26 - 30 Number of observations 00008
in fourth group
65 - 70  Number of observations

in twelfth group (if
present)

If there are more than twelve groups in the prob-
lem, continue to the second card in the same
manner.

Columns Contents
1-5 Number of observations in thirteenth
group
6 -10 Number of observations in fourteenth
group

Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.

Data Cards

Since input data are read into the computer one ob-
servation at a time, each row of data in Table 7 is
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keypunched on a separate card using the format
(12F6.0). This format assumes twelve 6-column
fields per card.

Deck Setup

Deck setup is shown in Figure 20,

Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program,

Output
Description

The output of the sample program for discriminant
analysis includes:

1. Means of variables in each group

2. Pooled dispersion matrix

3. Common means

4. Generalized Mahalanobis D-square

5. Constant and coefficients of each discriminant
function

Data
cards
Control
card Last
problem
)
°
°
Data
cards
Control
card
Second problem
Data
cards
Control
card
1/0 Specification First problem
card
DISCR
MINV
DMATX Subroutines and main program

MDISC

Figure 20. Deck setup (discriminant analysis)
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6. Probability associated with the largest dis-
criminant function evaluated for each observation.

Sample

The output listing for the sample problem is shown
in Figure 21,

Program Modification

Noting that storage problems may result, as pre-
viously discussed in "Sample Program Description',
program capacity can be increased or decreased by
making changes in dimension statements. Input
data in a different format can also be handled by
providing a specific format statement. In order to
familiarize the user with the program modification,
the following general rules are supplied in terms of
the sample problem:

1. Changes in the dimension statements of the
main program, MDISC:

a. The dimension of array N must be greater

than or equal to the number of groups, k.
Since there are four groups in the sample
problem the value of k is 4.

The dimension of array CMEAN must be
greater than or equal to the number of
variables, m. Since there are six vari-
ables in the sample problem the value of
m is 6.

The dimension of array XBAR must be
greater than or equal to the product of m
times k. For the sample problem this
product is 24 = 6 x 4.

The dimension of array C must be greater
than or equal to the product of (m+1)k.
For the sample problem this product is

28 = (6+1)4.

The dimension of array D must be greater
than or equal to the product of m times m.
For the sample problem this product is
36=6x6.

The dimension of arrays P and LG must be
greater than or equal to the total number
of observations in all groups combined, t.
For the sample problem this total is
30=8+T7+17+8.

The dimension of array X must be greater
than or equal to the total number of data
points that is equal to the product of t

DISCRIMINANT ANALYSISesoessSAMPLE

KUMBER OF GROUPS .
KUMBER OF VARIABLES &

SAMPLE S1ZESe
GROUP

1
2
3
'

GROUP 1 MEAN!

7487500

GROUP 2 MEANS

Ta10285

GROUP 3 MEANS

7485718

GROUP & MEANS
7475000

8

7

7

[
7450000 462500
Ba37243 9457143
7485724 8285714
8¢00000 6475000

POOLED DISPERSION MATRIX

ROW 1

19451880 =11416208 5521496
ROW 2

11416208 11494504 5461812
ROW 3

~5.21496 5.61812 39.48965
ROW &

“6409829 1491758 3493681
ROW 5

~22474861 22460987 16523487
ROW 6

9454051 10466757 9434545
CONMON MEANS

768668 7296666 7433333
GENERALIZED MAHALANOSIS D=SQUARE 12,78067

DISCRIMINANT FURCTION 1

CONSTANT

=2844942%

*  COEFFICIENTS

. 2463868 2012202

DISCRIMINANT FUMCTION 2

CONSTANT
~29421008

®  COEFFICIENTS
. 2,61928 2.25227

DISCRIMINANT FUNCTION 3

CONSTANT
=314B86024

*  COEFFICIENTS
. 2474048 2,39383

DISCRIMINANT FUNCTION 4

CONSTANT
~30,82023

*  COEFFICIENTS
. 2471888 2403934

EVALUATION OF CLASSIFICATION FUNCTIONS FOR EACH OBSERVATION

GROUP 1
OBSERVATION
1

2
3

PRI

GROUP 2

ORSERVATION

“rarwne

GRouP 3
OBSERVATION
1

—wouweun

GRUUP &

NBSERVATION

oW s W

Figure 21,

PROBABILITY ASSOCIATED WITH
LARGEST DISCRIMINANT FUNCTION
0438085

0437043
0436250

Ouas189
0434853
) Debb218
0431736
0.29272

PROBABILITY ASSOCIATED wITH
LARGEST DISCRIMINANT FUNCTION

0450081
0434760
0443131
0,44281
0436506
0428514

PROBABILITY ASSOCIATED wITH

LARGEST DISCRIMINANT FUNCTION
0439006

PROBASILITY ASSOCIATED WITH

LARGEST DISCRIMINANT FUNCTION
0433727

043133
0027848

Output listing

7425000 18450000
7285716 20414206
9420571 17442657
1437500 21437500
~5409889 =2274861
1091758 22060907
3493681 16423487
9483309 462156
6462156 52478635
3,43790 30,18268
1489999 19439999
~0e17167 1e91198
~0.04816 1488318
=0.08456 2013259
~0e13351 1.94538
LARGEST
FUNCTION 8O«
4
1
1
1
1
3
2
2
LARGEST
FUNCTION KOs
2
3
4
3
3
2
2
LARGEST
FURCTION KOs
3
2
2
3
2
o
3
LARGEST
FUNCTION NOw
s
1
3
1
H
&
Iy
1

8487500

12457143

10414285

9423000

~Pa34051

10466757

Fe3b508

3.83790

30418268

29487484

10413333

0458476

0e43732

0.42619

0.71677

=0s400T8

=0,21783

~0s32718

0448760
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/7o , section ysis", J ction to M and St e moIScics
tatflsmony HA N on fo Muva st
C D N eonns * 0. Yy a riat SToRE D15C1 3
C SANTE"ERSTE“"lz nd S e “ XEQ M us MDISC 06
< SAHPLE wal 2 PRINT ons oCALNOTSCr ua WoISC108
NUHBFDLLQHN PROG ER} ’ I MDISC ""‘Sclos
C ot 13 I R M ]
< n?“sloz gF Ggguolnéstun ots 1z XoMINV 0T :g‘5£11:
szEq FJLL“;" PSy K 10H “Usgu"lNAN SAMPLEO4O SCR HD{SC“I
BER DFHING o1 b 82 GRET ANAL 3 600008 "'Oxsclli
vAniancess RTER FhAN 0% FQuA : s it 0900700007 :“‘52“3
SION HUST BE GREAT R EQuaL Ta 16 3 3 o 700008 bisciis &
T 3 2 2 8 4
ER THAN OR hE ) S0 2 e 2z 8
EQUAL T. MDISC 2 2 E] s 2 9 7
3 THE lesg 3 7 10 2 8 7 8
HDISC 4 o io 9 : 2 2
MaLsc 5 1 SO s s 9
s 8 7 27 8 29 E] 1
1 10 L) PO 16 2 2
7 6 2 9 28 18 H
8 s 8 8 16 4
9 14 27 15 5
[3 14 16 s
18 1: 7
. 8
9
10
11
12
13
14
13
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7 2 17
7 10 s .8 27 17 e
3 1 9 15 20 10 1
5 4 10 1 9 9 ¥4
4 13 10 7 21 18 31
8 s 16 16 18 7 4
6 9 10 s 23 11 2
8 10 s 8 27 16 2“
17 3 2 ki 6 3 25
3 10 8 8 23 8 .
4 12 3 8 23 7 2
9 3 2 8 21 7 27
15 2 2 2 7 2 2
9 10 26 8 21 18 2
s 9 2 8 26 16 3
7 8 6 9 18 2 Y
7 10 5 s 26 18 32

FACTOR ANALYSIS

Problem Description

A principal component solution and the varimax
rotation of the factor matrix are performed. Prin-
cipal component analysis is used to determine the
minimum number of independent dimensions needed
to account for most of the variance in the original
set of variables. The varimax rotation is used to
simplify columns (factors) rather than rows
(variables) of the factor matrix.

The sample problem for factor analysis consists
of 23 observations with nine variables as presented
in Table 8. In order to keep the number of inde-
pendent dimensions as small as possible, only those
eigenvalues (of correlation coefficients) greater than
or equal to 1,0 are retained in the analysis.

Observation X, X3 X3 X4 Xs X X, Xg Xo
1 7 7 9 7 15 36 60 15 24
2 13 18 25 15 13 35 61 18 30
3 9 18 24 23 12 43 62 14 31
4 7 13 25 36 11 12 63 26 32
5 6 8 20 7 15 46 18 28 15
6 10 12 30 11 10 42 27 12 17
7 7 6 11 7 15 35 60 20 25
8 16 19 25 16 13 30 64 20 30
9 9 22 26 24 13 40 66 15 32

10 8 15 26 30 13 10 66 25 34
11 8 10 20 8 17 40 20 30 18
12 9 12 28 11 8 45 30 15 19
13 11 17 21 30 10 45 60 17 30
14 9 16 26 27 14 31 59 19 17
15 10 15 24 18 12 29 48 18 26
16 11 11 30 19 19 26 57 20 30
17 16 9 16 20 18 31 60 21 17
18 9 8 19 14 16 33 67 9 19
19 7 18 22 9 15 37 62 11 20
20 8 11 23 18 9 36 61 22 24
21 6 6 27 23 7 40 55 24 31
22 10 9 26 26 10 37 57 27 29
23 8 10 26 15 11 42 59 20 28

Program
Description

The factor analysis sample program consists of a
main routine, FACTO, and six subroutines:

CORRE

EIGEN are from the Scientific Subroutine

TRACE Package

LOAD
VARMX

DATA is a special input subroutine

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:
| 1. Upto 29 variables

2. Up to 99,999 observations

3. (12F6, 0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program, However, if there are more than 30
variables, dimension statements in the sample main
program must be modified to handle this particular
problem. Similarly, if input data cards are pre-
pared using a different format, the input format
statement in the input subroutine, DATA, must be
modified. The general rules for program modifica-
tion are described later.

Input

I/0 Specification Card

One control card is required for each problem and
is read by the main program, FACTO. This card
is prepared as follows:

For
Sample

Columns Contents Problem

1-6 Problem number (may be SAMPLE

alphameric)

7 -11 Number of observations 00023
12 - 13 Number of variables 09
14 - 19 Value used to limit the 0001.0

number of eigenvalues of
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For Sample Data Cards

Columns Contents Problem Since input data are read into the computer one -
observation at a time, each row of data in Table 8 /‘N
is keypunched on a separate card using the format :

14 - 19 correlation coefficients. (12F6.0). This format assumes twelve 6-column

(cont) Only those eigenvalues fields per card.

greater than or equal to If there are more than twelve variables in a

this value are retained in problem, each row of data is continued on the second
the analysis, (A decimal and third cards until the last data point is key-

point must be specified.) punched. However, each row of data must begin on

a new card.
Leading zeros are not required to be keypunched, Deck Setup °
but numbers must be right-justified in fields. Deck setup is shown in Figure 22.
2
Data
cards
Control
card Last
problem
[ ]
[ J
Data
cards
Control
card Second problem
Data
cards
Control
card First problem

1/0 Specification
card

VARMX

LOAD

TRACE

EIGEN Subroutines and main program

(including system control cards) =

CORRE

©

DATA

FACTO

Figure 22, Deck setup (factor analysis)
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PACTOR ANYSH80ven BOLE
Sample o or cases 23
A

HEANS
9.30834 12.50889 23.00000 18200000 12.86956 24.82608 sas00000 wasslze

The listing of input cards for the sample problem is S

STANDARD DEVIATIONS
2470011

presented at the end of the sample main program.

CORRELATION COEFFLCIENTS

Output
s
Description o

The output of the sample program for factor analysis "
includes: wov_s

“0.09343  ~0.09100  =D.GB3E3  =0,50364  =0.22999 14000UD  0s443Z0  =0.2548T  =0.3T4S6

. Means w1

. Standard deviations .
. s

. Correlation coefficients
. Eigenvalues

. Cumulative percentage of eigenvalues - ‘

" Eigenvectors
. Factor matrix

. Variance of the factor matrix for each

iteration cycle ——

vector 1

9. Rotated factor matrix Cieksr  cuenss 020191 wamese  -ouissos  w0a3afat 0e2993s 0eiad?  GeeTI
10. Check on communalities VT D e omses  ouiien bwenor  -ouestt bt <haeses  -veecis

vector 3
20029899 -0.a8825  =0.23533  0,17377  041s4b7  =0.03%43  G.01880  Uasl3s? 0.12470

Sample vecron «

EIGENVALUES
2:94908 1564370 1439838 108381

0o =3O U W=

CUMULATIVE PERCENTAGE OF EIGENVALUES
0.32776 0481099 068319 08018l

FACTOR MATRIX ¢ 4 FACTORS)

The output listing for the sample problem is shown
in Figure 23.

VAALABLE 1
Program Modification

VARIABLE 5
~0.2886

Noting that storage problems may result, as pre- Poemen o o

viously described in '"Sample Program Description",
program capacity can be increased or decreased by
making changes in dimension statements, Input data
in a different format can also be handled by providing
a specific format statement. In order to familiarize
the user with the program modification, the following
general rules are supplied in terms of the sample noon  vavsces
problem:
1. Changes in the dimension statements of the ggzg:g;g
main program, FACTO:
a, The dimension of arrays B, D, S, T, and "
XBAR must be greater than or equal to ROTATED Factan MuTRIA 1« FACToRs

VARBABLE 7
D.oBS89  0.40821  0.0234A  =0,ae816
VARIABLE @
0402211 ~0.31852  0.76802  O.e1587

VARIABLE 9
081613 =0.0T710  0.18350  -0.24359

the number of variables, m. Since there TS eones et ousen

are nine variables in the sample problem
the value of m is 9.

b. The dimension of array V must be
greater than or equal to the product of m WAL ez s e
times m. For the sample problem this VLS s v <ousosas
product is 81 = 9x 9. Wl camee ewsio osomsno

¢. The dimension of array R must be WSE 8 e o outseer

m+1)m s o
greater than {10

CHECK ON COMMUNALITIES

VARIABLE 3
0.08113  -0.82691  0.13088  0.32964
. VARIABLE &
0278080 -0.e1401  0.Z4379 013971

VARIABLE ARIGINAL FinaL DIFFERENCE
1 0473409 9473609 9460300
2 0473848 0.73667 0,00000
3 Danisge 0.81683 0.00908
. 0.79954 0.79953 0400000
s 0:83109 0.02108 0060001
6 0.78725 0.75720 0290000
7 0452006 0,92008 0400001
] 0.36476 0406078 0400001
7 0078851 0-73850 0200000

Figure 23. Output listing
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For the sample problem, this number is Subroutines and function subprograms required:

45 = (9+1)9 (which, in turn, calls the subroutine named DATA.)
T2
2. Changes in the input format statement of the CORRE
special input subroutine, DATA: EIGEN
a. Only the format statement for input data TRACE
may be changed. Since sample data are LOAD
either one~ or two-digit numbers, rather VARMX
than using six-column fields as in the
sample problem, each row of data may Method:
be keypunched in two-column fields, Refer to "BMD Computer Programs Manual',
and, if so, the format is changed to edited by W. J. Dixon, UCLA, 1964.
(9F2.0). This format assumes nine 2-
column fields per card, beginning in 11 FoR
:I:ESLEQSD}L;EEHRITER.1132 PRINTER)
column 1. &u LE MAIN PROGRAM FOR FACTOR ANALYSIS = FACYOD FACTO 1
b. The Special input Subroutine, DATA’ 2 '::fm;:L;gu‘ll'::l:é:ngl:‘:f MUST BE GREATER THAN OR EQUAL TO THE ::g:g ;
. . DIMENSION BU291eD(29)05(2919T125) sXBARI29? FACTOMO)
is normally written by the user to ¢ ;MED:gI;Lg:lzﬁ,‘DIMENSION MUST BE GREATER THAN OR EQUAL TO THE :_:2;3 H
[4 RO LU TS
. s o FACTOM
handle dlﬂerent formats for dl?ferer}t 4 ol”i::’Fngé:;;é DIMENSION MUST BE GREATER THAN OR EQUAL TO FACTO 0:
problems, The user may modify this C it iamize. FacTouas
Subroutine to perfOrm testing of in_ C ;?'E‘E:glx.(l;:w#c?s(l):MEnleN MUST BL GREATER THAN QR EQUAL TO S5lese Esgig ;:
® L Q0 13
put data, transformation of data, 1 ig;:gr;u’/‘;'/‘;m FACTOR ANALYSISesesehtsA2//3X+12HNOs OF CASESsaXs FACTG 16
e 8 e o s 32
and S0 on. g :g:::I:IIgSM g:::DARU DEVIATIONS/(BF!S.EH FACTC 17
4 FORMAT(//25W CORRE';‘I{I)(FJ;‘ZC:E:FXClENTSI ::g;g ::
) t .
3 3 : ﬁgz::u:x?zzogxégnvnusw(IOFLZ.SD) FACTO 22
Operating Instructions 7 FORMAT(//37W CUMULATIVE PERCENTAGE OF EIGENVALUES/(10F124519 FACTO 2
5 FORMAT(//713n EIGENVECTORS)
10 8 EORNATE 11 TE SO MARTIA 203 om eacTarsys E‘:Eion 52
- ! ,
Th’e sample program for faCtor analvs:l's is a Standard 1; ﬁgzs:;:/’;l’:oxﬂ‘:’g:k?l;z{"l;?FésVi;:ANCESIEH CYCLE) ’F::fc‘;:é gg
. s - s fo F20.
FORTRAN program. Special operating instructions :2 ;gs::::/jnig :Srneo FACTOR MATRIX (,13,9H FACTORS}) FACTO 28
p 15 FORMAT{//9H VARIABLESI3/{10F12.5)}) FaCTu 29
are not requir.ed. ) Logical unit 2 is used for input, L6 FORMAT(///23H CHECK U CORMUNALITIES//SH VARIABLE,7X,BHORIGINALy  FACTO 30
and logical unit 1 is used for output. B 182 o) . Eggg §§
N N T TA 0 ROTATION )
ég ;gﬁ::::g{;r’i ONLYy12 BOH FACTOR RETAINED. N fasTo 3;
E M S Rewﬁ:zg’)‘géiq; PARAMETER CARD E:gg 3(;
Iror essage ¢ 100 o ta ;.Pk!pN'M.CDN FACTQ 38
4 PROBL EM NUMBER (MAY BE ALPHAMERIC} FACTO 39
. [4 P&OBI:EH NUHBER} CONTENUED} ::i;g :g
If the number of factors to be rotated is one or zero, c Nees N O A ks T
the f°110wing message Wﬂl be printed_ E CONvevovaee CU:"STQQ;A‘;:ED TO DECIDE HOW MANY E1GENVALUES ::g;g Zz
N WRITE (MXy1IPRyPRLsNsM FACTO 45
ONLY FACTOR RETAINED, NO ROTATION. lo=o FaCTo 4o
The prog‘ram SkipS rotation and goes tO the next CALL CORRE (NyMeIDeXyXBARyS,VyRrDs0sT) iﬁgg :g
T MEANS
Y Py . ¢ le?:l?Mth(XBAK(JJ.J=1.H) FACTU 50
problem if it is present. ¢ PRINT STANUARD UEVIATIONS FACTO 51
WRITE (M 34LSU4)9J=1.M) FACTD 5?
c PRINT COF;RELATKDN COEFFICIENTS l;:(cl;g gi
WRIT. MX 44
Dg igo‘l=l.ﬂ :ACTD 55
Di 0 J=leM C 5
1FL1-J} 102y 104, 10% F:C{’g ;?l
b Gl e s
Sample Main Program for Factor Analysis - FACTO 108 Lyritai-tys2 FACTO 60
DlJ)=RI( FA
120 WRITE I:X'Blly(JlJ)vJ=hN) FAE;S :;
MV=0 FACTO o3
Purpose: CALL TRACE (niRsCOnaKeD) FACTO o5
(1) Read the problem parameter card, (2) Call Rt T FACTS 67
s e s L=l+(1+1-1)72 FACTO
five subroutines to perform a principal com- po sty Facro gg
ponent solution and the varimax rotation of a © T SoMLATIE rEaceace o crsomaues e
factor matrix, and (8) Print the results. LRI EISENVECTORS e
L=0 FACTO 75
DO 150 J=1+K FACTO 76
DO 140 I=l.M FALTO 77
Remarks: LsL+l FACTO Ty
14C DUIY=viL) FACTU 79
1/0 specifications transmitted to subroutines by 136 WRLTE ks 0013 1211 Facts
PRINT FACTOR MATRIX F
COMMON. © O amte i FACTO 83
0D 180 I=1+M FACTO 84
Input card: 00 170 Jsl.K FACTO 85
i i ber fi 170 Dehravil) FACTO 57
Column 2 MX - Logical unit number for 13G WRITE (s 11114 €01411 0100 FACTD a8
{K-1) 185, ] FACT
OUtput' 185 HEIIT’E Iﬂgvlg)K ! FAEIg g(qi
s s > a Lo F
Column 4 MY - Loglcal unit number for L83 CALL vARMX (My K VoNCeTV, 84T, 0} F:?rg 3

input.
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)

-

PRINT VARIANCES FACTO 93
¢ NV=NC+1 FACTO 96

WRITE {MX,12) FAC'{D 95

00 190 I=1eNV FACTU 96

NC=1-1 FACTO 397

L90 WRITE {MXs13INC,TVLI) N ::g:: ‘;g
TATED FACTUR MATRIX

¢ s FACTO100

WRITE {1MXs140K

DO 220 =1, FactoLol
00 21C J=1+K FALTO102
L=MelJ-1)+] FACTO103
210 S{Jy=viL) FACTOLO4
220 WRITE(MXe15)140503)9d=14K} FALTUL05
c PRINT CJIMMUNALITIES FACTOLO6
WRITE (Hx,16] FACTO107
00 230 E=1,M FACTOLUB
230 WRITE (MA,LTHE,3010,TL1)4D(1) Fﬂgg:‘:z
Fa
?:?wm 100 FACTOLLL
74 oup
#STORE WS UA FACTO
7/ XEQ FACTD
'LHCALFACI’D.COKRE.:lGEN.IRACE'LnAD.VARHX
12 1
SAMPLE00023090001 40 2
7 7 9 7 1% 36 60 1s 24 3
12 18 25 15 12 35 81 18 30 4
9 18 24 23 12 43 62 16 31 5
7 13 25 36 11 12 63 26 32 6
6 8 20 7 15 46 18 28 15 7
10 12 30 11 10 42 27 12 17 8
7 6 11 7 15 35 60 20 25 9
16 19 25 16 13 30 &4 20 30 10
g 22 26 24 13 40 66 15 32 11
8 15 26 20 13 10 66 25 34 12
8 10 20 ] 17 40 20 30 18 13
9 12 28 11 8 48 30 15 19 14
1 17 21 20 10 a5 60 17 30 15
9 16 26 27 14 31 39 15 17 16
10 15 24 18 12 29 48 18 26 17
11 11 30 19 19 26 57 20 30 18
16 9 16 20 18 31 60 21 17 1%
9 8 1% 14 16 33 87 9 19 20
7 18 22 9 15 37 62 11 20 21
a 1 23 18 9 36 61 22 24 22
6 6 27 23 7 40 55 24 31 23
10 9 26 26 10 37 57 27 29 2
8 10 26 15 11 a2 59 20 28 28
SANPLE INPUT SUBROUTINE — DATA
PURPOSE
READ AM USSERVATIDN (M DATA VALUES) FROM INPUT DEVICE.
THIS SUBROUTINE IS CALLED BY THE SUBROUTINE CORRE AND MUST
BE PROVIDED BY THE USER. IF SIZE AMD LOCATION OF DATA
FIELDS ARE DIFFERENT FROM PROBLEM TO PROBLEM, THIS SUS—
ROUTINE MUST BE RECONPILED NITH A PROPER FORMAT STATERENT.
USAGE
CALL DATA {M,D)
nescnwnnu OF PARANETERS
M - THE NUMBER OF VARIABLES IN AN OBSERVATION
0 - ourwn VECTOR OF LENGTH M CONTAIMING "(E CASERVAT ION
DATA.
REMARK S
THE TYPE OF CONVERSION SPECAFIED IN THE FGRMAT MUST BE
EITHER F OR E.
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
NONE
SUBROUTINE DATA { 4,0} DATA 1
DIMENSION DI1} aATA 2
COMMON MX, MY DATA 3
FORMAT(12F 6,01 DATA 4
READ AN OBSFRVATION FROM INPUT DEVICE. RIS P
READ (MY, 1) (DUI} I=1,M) DATA 6
RE TURN oata 7
END nAta &

TRIPLE EXPONENTIAL SMOOTHING

Problem Description

Given a time series X, a smoothing constant, and
three coefficients of the prediction equation, this
sample program finds the triple exponentially
smoothed series S of the time series X,

Program

Description

The sample program for triple exponential smoothing
consists of a main routine, EXPON, and one sub-

routine, EXSMO, from the Scientific Subroutine
Package.

Capacity

The capacity of the sample program and the format
required for data input have been set up as follows:

1. Up to 1000 data points in a given time series

2. (12F6.0) format for input data cards

Therefore, if a problem satisfies the above con-
ditions it is not necessary to modify the sample
program. However, if there are more than 1000
data points, the dimension statement in the sample
main program must be modified to handle this par-
ticular problem. Similarly, if input data cards are
prepared using a different format, the input format
in the sample main program must be modified. The
general rules for program modification are de~
scribed later.

Input

1/0 Specification Card

One control card is required for each problem and
is read by the main program, EXPON, This card
is prepared as follows:

For
Sample
Columns Contents Problem
1-6 Problem number (may be SAMPLE
alphameric)
7 - 10 Number of data points in 0038
a given time series
11 - 15 Smoothing constant, 0.1
(0.0 < @ <1.0)
16 - 25  First coefficient (A) of 0.0
the prediction equation
26 - 35 Second coefficient (B) of 0.0
the prediction equation
36-45 Third coefficient (C) of 0.0

the prediction equation
Leading zeros are not required to be keypunched,
but numbers must be right-justified in fields.
Data Cards
Time series data are keypunched using the format
(12F6.0). This format assumes that each data point

is keypunched in a six-column field and twelve fields
per card.
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Deck Setup
Deck setup is shown in Figure 24,
Sample

The listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description
The output of the sample program for triple exponen-
tial smoothing includes:

1, Original and updated coefficients

2. Time series as input and triple exponentially
smoothed time series,

Sample

The output listing for the sample problem is shown
in Figure 25.

Program Modification

Noting that storage problems may result, as pre-
viously discussed in '"Sample Program Descrfption" s
program capacity can be increased or decreased by
making changes in the dimension statement. Input
data in a different format can also be handled by
providing a specific format statement. In order to
familiarize the user with the program modification,
the following general rules are supplied in terms of
the sample problem;

1. Changes in the dimension statement of the
main program, EXPON:

The dimension of arrays X and S must be
greater than or equal to the number of data points in
time series, NX, Since there are 38 data points in
the sample problem, the value of NX is 38,

2. Changes in the input format statement of the
main program, EXPON:

Only the format statement for input data may be
changed. Since sample data are three-digit num-
bers, rather than using six-column fields as in the
sample program, each data point may be keypunched
in a three~column field and 24 fields per card. If
so, the format is changed to (24F3.0).

Data
cards
Control Last problem
card
)
o
)
Data
cards
Control
card Second problem
Data
cards
Control
card First problem
1/0 Specification

card

EXSMO

EXPON Subroutine and main program

(including system control cards)

Figure 24. Deck setup (triple exponential smoothing)

174

-]

L]



TRIPLE EXPONENTIAL SMOOTHINGeeseeSAMPLE

Sample Main Program for Triple Exponential

NUMBER OF DATA POINTS 38

SMOOTHING CONSTANT 0e100 Smoothing - EXPON
COEFFICIENTS A B 4

Purpose:
ORIGINAL 0400000 0400000 0400000 (1) Read the problem parameter card and a time

series, (2) Call the subroutine EXSMO to smooth

UPDATED 484480169 1.71278 0+04165
the time series, and (3) Print the result.

SMOOTHED DATA

INPUT DATA (FORECAST} .
430400006 430400006 Rema‘rks‘ f h bl
426400006 426400006 0 ifi i e problem
Zea00008 300000 A smoothing constant specified in the p .
419400006 41800006
414400006 414429998 parameter card must be greater than zero but
413400006 410423993 . .
41200006 407408990 less than one in order to obtain reasonable
409400006 404466839
411400006 402422606 : results.
417400006 401425134 . . =
422400006 402464642 1/0 logical units determined by MX and MY,
430400006 405461694 .
438,00006 410471417 respectively.
441400006 417447027
44700006 423499908
455400006 431418335 N . .
461400006 439443420 Subroutines and function subprograms required:
453400006 447487902
448400006 452421600 EXSMO.
449,00006 454410571
454400006 455480731
463600006 458454632
470400006 463430535 .
472400006 469406439 Method: ng thi F ti
476400006 474409521 moothin orecastin
481,00006 479411016 Refer to R. G. Brown, Sg’ - g
483400006 484438598 icti i ries
83400006 s and Prediction of Discrete Time Series',
491400006 493450836 3 a”
492400006 498405432 Prentice-Hall, N. J., 1963, pp. 140 to 144.
485200006 501466992
486400006 502412536
482,00006 50244427 77 EOR
47900006 501e16723 *10CS{CARD, TYPEWRITER,1132 PRINTER}
*0ONE WORD [NTEGERS
Cc SAMPLZ MAIN PROGRAM FOR TRIPLE EXPUNENTIAL SMGOTHING - EXPON EXPUN 1
C THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL YO THE EXPON 2
4 NUMBER OF DATA POINTS IN A GIVEN TIME SERIES. EXPON 3
DIMENSION X{1000),+5(1000) EXPON &
1 FORMATUA4:A2:14¢F5.0,3F1040) EXPON 5
2 FORMAT{ 12F6.0) EXPON &
3 FORMATI///734H TRIPLE EXPONENTIAL SMOOTHINGeeasasA43A2/722H NUMBEREXPON 7
Z;’z:ggggg Zzg:gﬂgg 1 OF DATA PGINTS,16/19H SMCOTHING CONSTANT(F9.371 8
472400006 494400787 4 FORMAT(//13H (QEFFICIENTSySXy1HA¢L4Xs1HBy 14X, LHC) EXPON 9
470400006 490430613 5 FORMAT(//9H URIGINAL,F19.542F15.5) EXPON 10
. Oe30: © FORMAT{//8H UPDATED+F20.5,2F15 .57} EXPUN 11
7 FORMAT{//27X+13HSMOOTHED DATA/TX, LOHINPUT DATA+12X,20H(FORECAST)) EXPON 12
8 :gRHAHFl?.S.BK,Flﬁ-S) EXPON 13
" L. 9 RMAT{ 212} EXPON 14
Figure 25. Output listing READL 20 91 HX 4 NY EXPON 15
c READ PROBLEM PARAMETER CARD EXPON 16
100 READ (MYs1) Pk+PRLeNXyALsA9B,C EXPON 17
[4 PRososeoPRUBLEM NUMBER (MAY BE ALPHAMERIC) EXPON 18
C EXPGN 19
4 EXPON 20
[+ EXPON 21
[ +B89Ce s s COEFFICIENTS OF THE PREDICTION EQUATION EXPON 22
NRH‘E (MXy3) PRyPRLINX,AL EXPON 23
. [4 PRINTY URIGINAL COEFFICIENTS EXPON 24
Operating Instructions E ferd EXPON 25
HRITE (MX45) A¢ByC EXPON 26
[ READ TIME SERIES DATA EXPON 27
READ ENZ'Z) EXE1}ol=1eNX) EXPON 28
. . CALL EXSMO {XoNX¢AL vAsByCySH Py
The sample program for triple exponential smooth- c |PRINT UPDATED'CaERF ICIENTS Expon 30
. . . WRITE (MXy6) AsB,C EXPON 31
ing is a standard FORTRAN program. Special © LA TRINT INPUT AND SHOOTHED DATA EXPON 32
v EXPON 33
- . 2 3 : DO 200 I=1,NX
operating instructions are not required. Logical 200 WRITE (Mx,8) X(12,541) EXPON 35
. - s s . Iy 60 TO lco
unit 2 is used for input, and logical unit 1 is used Enp ron 3¢
/7 oup
for output. *STORE NS UA  EXPON
7/ XEQ EXPON
12 1
SANPLE 38 0Ol 0.0 0s0 Ce0 2
430 426 422 419 4ls 418 412 409 411 417 622 430 3
438 a8l L34 45% 461 483 488 449 [31Y 463 470 472 L3
476 481 483 487 491 492 485 486 482 479 479 476 s
472 AT0 [

MATRIX ADDITION

Problem Description

An input matrix is added to another input matrix to
form a resultant matrix. Each set of input matrices
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and the corresponding output matrix is printed. The
procedure is repeated until all sets of input matrices
have been processed.

Program

Description

The matrix addition sample program consists of a
main routine, ADSAM, and four subroutines:

MADD } are from the Scientific
LOC Subroutine Package
MATIN are sample subroutines
} for matrix input and
MXOUT output
Capacity

Matrix size has arbitrarily been set at 650 data
elements. Therefore, if a problem satisfies the
above condition, no modification in the sample
program is necessary. However, if there are more
than 650 elements, the dimension statement in the
sample main program must be modified to handle
this particular problem. The general rules for
program modification are described later.

Input
I/0 Specification Card

Each input matrix must be preceded by a control
card with the following format:

For
Sample
Columns Contents Problem
1-2 Blank
3-6 Up to four-digit identifi- 0001
cation code
7«10 Number of rows in 0008
matrix
11 - 14 Number of columns in 0011
matrix
15 ~ 16  Storage mode of matrix 0

0 for general matrix
1 for symmetric matrix
2 for diagonal matrix
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Each input matrix must be followed by a card
with a 9-punch in column 1.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or may be omitted; however, all
numbers must be right-justified. The number in
each field may be preceded by blanks. Data ele-
ments must be punched by row. A row may continue
from card to card, However, each new row must
start in the first field of the next card. Only the
upper triangular portion of a symmetric or the
diagonal elements of a diagonal matrix are con-
tained on data cards. The first element of each new
row will be the diagonal element for a matrix with
symmetric or diagonal storage mode. Columns 71-
80 of data cards may be used for identification, se~
quence numbering, etc.

A blank card after the last pair of input matrices
terminates the run.

Deck Setup
The deck setup is shown in Figure 26.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output
Description

Both sets of input matrices and the output matrix are
printed. The resultant matrix is printed for any
sized array as a general matrix regardless of the
storage mode. Each seven-column grouping is
headed with the matrix code number, dimensions,
and storage mode. Columns and rows are headed
with their respective number. The code number for
the output matrix is derived by adding the code
numbers for the input matrices.

Sample

The output listing for the sample problem is shown
in Figure 27.

Program Modification

Noting that storage problems may result, as pre-
viously described in ""Sample Program Description,
the maximum matrix size acceptable to the sample

©
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Run termination Blank Card

Control
Card for B

Card with 9

Card with 9
in col. 1
Data Cards
for B
Control
Last probl,
Card for b problem
/
/
/
/
Card with 9
in col. 1
Data Cards
for B

in col, 1

Data Cards
for A

Control
Card for A

1/O Specification
card

LoC
MATIN
MXouT
—
Subroutines and main program
MADD (including system control cards)

ADSAM

Figure 26. Deck setup (matrix addition)

program may be increased or decreased by making
the following changes in ADSAM:

1. Modify the DIMENSION statement to reflect
the number of elements for A, B, and R.

2. Insert the same number in the third param-
eter of the two CALL MATIN statements (20 and 45).
The output listing is set for 120 print positions

across the page and double spacing. This can be

First problem

changed by means of the last two arguments in the
three CALL MXOUT statements in ADSAM (state-
ments 40, 80, 90).

Operating Instructions

The matrix addition sample program is a standard
FORTRAN program. Special operating instructions
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are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

nATRIX 1 8 Rows 31 COLUKNS STORAGE MODE 0
coLunn 1 2 s . s s
ROM 1 0.780100E 00  0.627180F G0  0.100000F 01  OsTUSGAE 00  O.aD3831E G0  OeJh4260E~02

Error Messages wox

0.864400E 00 0.10000DE O3  Q.627180E OO 0,619465E 00 0.3S6TSTE 00  0.27470DE-02

0100000 O1  U.664408E G0  O.760100E 00  Qe7307S0E 00 Oa4Z9942E 00  0a332910Ew02
048983268 00 D.3TASISE Q0 D.6STII0E Q0 Dabe§226E 00 OL3TIBO0E 00 0.2ZB7090E~0Z

:

The following error conditions will result in mes- IR e

sages: L Ao oumaLm Ao s oo b
1. Reserved storage area is too small for '

matrix: DIMENSIONED AREA TOO SMALL FOR IR enou b cawns sTouE e 0

INPUT MATRIX (matrix code no.). GO ON TO S : ’ » :

NEXT CASE, o 3 emmmos  owms oo omimemt oot oo o

0332910602 Ds274700£=02  0e3142606=02  0.310390E~02  0+177760E~02  0+1UUOJE UL
06299475 00 0.354757F 00 O.403851E 00 - 04AG0SS9E 00  0.100000E 0L  0.177760E=02

Q.687080E OO D.875176E 00  0a663391€ 0O U.TAGSH4E QD 0.698325E 00

2. Input matrices do not have the same dimen- v
sions: MATRIX DIMENSIONS NOT CONSISTENT, O o s
GO ON TO NEXT CASE. -

3. Number of data cards does not correspond to w1 mews  ncowws  stous sk o
that required by parameter card: INCORRECT o : ’ ) ’ *

NUMBER OF DATA CARDS FOR MATRIX (matrix N
code no.). EXECUTION TERMINATED, R

Error conditions 1 and 2 allow the computer run 3 ot s o o ss  osere so ovsennt s0 ovvmsoras
to continue, Error condition 3, however, termi- o s oumites  oasmiont s ot o1 et 50 oo o0 soamisoer
nates execution and requires another run to process 7 ommme s ommmie ot osmme s oe s oo

0.629960E 00 0.82950AF 00  O.805174E 00  Du69A3ICE 00 0a6e92Z6E 00
Q.8TITIIE 00 0.360307E 00 0,461109E 00 043976208 0O 0.371800E 00

0.410829€ 00

043889676 00 0.100000F 01  Q.72121E UC  Ds626443E 90 04303070 00

0.750750E 00 De619485E 06 0,708834E 0O 0a1C0GOOE 01  OABGOSIE 00  0.310390L~0Z

Bu87S176E 00  0.357106E 00  0,63T366E 00 0.629304E 00 D.D60507E 00  0.279150Ee02

RON 7 0.863801E 00  Oa7TIZITIE GO D.815202€ U0 O.BUSITAE 0O  V.eS1109E 00  0.357030E~02

succeedj_ng cases. ROM 8 OvI6OI00E 0 0u627I00E 00 0.1000GGE O]  DaTO06OAE 09 G.AD3IBIE 00 G.316290-07
MATRIX 2 2 ROWS 11 COLUNNS STQRAGE WODE 0
COLUMN. T s 9 10 1L

ROW 1 0,67T9201E 00  0.720321€ 00 0.100000E 01  0.790488E OO  DeTaSBOBE DO
2 OuSTITISE 00 0.6ZMM1BE 00 0,798668E 00  ©0.100000F O}  UesA3VTSE GO
3 0.7012078 00 D.383070F OO  O.746803E 00 Quea39T8E 00 U.100000E OF
4 D.829966€ 00 0,100000f O1  D.568408£ 00  0»760100E 00 0.730750E 00
ROW 3 0.810829E 00  O.720A76E 00  0.60L0BTE 00  D.83Te8O 00  0.879201E 00
6 0.67ITI3E 00 0.429226 00 0.354757E DO 0.403831E 00 0.4DDUSYE 00
7 0.781207E 00  OJ7601GOE 00 0.627I80E 00  0.10U000E 01  D.70BSB4E 00
8 O.607HO0E GO0 04696326 U0 O.BTABS8E 00  O0.63TIIOE 00 0s64V224E 00

MATR[X 3 3 ROWS 11 COLUKNS STORAGE KODE O
coLuKn 1 2 3 “ s s
01 0.ATONSBE 0L 0.OUSTILE D0 Us82M630E~0Z

ROW 1 O.1310B5E Ol  0.120684E O3  0Q.170388€

04140909 01 0.161443E Q1 Q.1330I3E ©1  0e1313TTE O 047523776 00 0.387890E~uz -

Q4188359E 01 O0137698E 0} 0.1STA30E O}  0u133392E O 04891052E 00 0.629959E-02

2
3

ROW 4 04139263E 01  0e11A911E 01  0.131462E 01  Oe12984AE O
5
s

04TA3OO00E 00 0u375T8QE-02

041419088 01 0.117036E O3  0.134D30E © 0.132301€ 01 0a7581276 00 0s5070WDE=uZ

0.141985E 01 0.117186E OF  0.138030E U1  0s132301€ O1.  0.738127€ 00 0.30704VE-02

ROW 7 0.065920F 00  O.TISBIOE 00  OuBI834AE 0D De300277E 60 0.,682887E 90 Qs1V0IBTE 01

ROM 8 0.1)900AE 01  O,981937E 00 0.1a0503E 01  0u1L09SAE O 01605858 01 0.492020E-02

MATRIX 3 2 Rows. 11 coLunnS STORAGE MOOE 0
coLunn T ] 9 10 1
Row D41IL68BE 01 0.139929€ 01  0.186359€ 01 O.158335E 01 0e144313E 01

0u127830E 01  Oal)S132E 01  0.151126E 01  De161645E 01 D0.121833E 01
0,150976€ 01 04122321€ O1  0,156200E 01  0.138693E OF  DsJ6373IE 01

0.128434E 01 0.100898E 01  0.100219E 01  0.103326E 01 0+135100€ 01

1
2
3

ROM 4 Q1239926 0L  0,262930€ OF  OlAS9SSE Ol  QulaSsslf 01 0.139997E O1
5
8 0s120834E O1  O.e327I4E 00  0.3838327€ 00  Ose0OVIVE 00  0oaO3TIOE GO
7

O.T88299E 00 OJ)370FSE OF  O.IA08ASE 01 0u18TINIZ 0 04133868E 01

ROW 0 0.10782E O}  0.69832E O1  0,129088E O1  0v123172E O 0s123309E 01

END OF CASE

Figure 27. Output listing
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Purpose:

Matrix addition sample program.

Remarks:

Sample Main Program for Matrix Addition - ADSAM

I/0 specifications transmitted to subroutines by

COMMON,
Input card:

Column 2 MX - Logical unit number for

Column 4 MY - Logical unit number for

output.

input.

Subroutines and function subprograms required:

MADD
MATIN
MXOUT
LOC

Method:

Two input matrices are read from the standard
input device. They are added and the resultant
matrix is listed on the standard output device.
This can be repeated for any number of pairs
of matrices until a blank card is encountered.

/7 FOR

*10CS{CARDeTYPEWRITERs1132 PRINTER)

*ONE WORD INTEGERS

C SAMPLE MAIN PROGRAM FUK MATHIX ADDITIUN = ADSAM ADSAM 1
4 MATRICES ARE DIMENSIONED FUR 1000 ELEMENTSe THEREFOREs PRUDUCT ADSAM 2
4 OF NUMBER OF ROWS BY NUMBER OF COLUMNS CANNOT EXCEED 1000s ADSAM 3
DIMENSTON A{6501+816501sR1650) ADSAM 4
COMMON MX sMY ADSAM 5
10 FORMAT(////16H MATRIX ADDITION) ADSAM &
11 FORMAT(//45H DIMENSIONED AREA TOO SMALL FOR INPUT MATRIX sl6) ADSAM 7
12 FORMATI//21H EXECUTION TERVINATED) ADSAM 8
13 FORMAT(//334 MATRIX OIMEASIONS NOT CUNSISTENT) AUSAH 9
14 FORMAT{//763M INCORRECT NUMBEK OF DATA CARDS FUR MATRIX sla) ADSAM 10
15 FORMAT{//19H GO ON TU NEXT CASE) ADSAM 11
16 FORMAT(//12H END OF CASE) AUSAM 12
17 FORMAT(212) ADSAM 13
READ(2417)MXsMY ADSAM 14
WRITEIMX$10) ADSAM 15
20 CALL MATINUICODAsAs 100sKAsMAIMSASIER) ADSAM 16
IFC NA ) 25495425 AuSAM 17
25 IFCIER=1) 4043Cs35 :gg:: tg
30 :gl;g(:;.xxn 1coDA N
35 WRITE(MXelal ICODA ADSAM 21
37 WRITE(MX»12) ADSAH 22
GO TO 95 ADSAM 23
40 CALL MXOUT[ICODAsASNASMAIMSAS60112002) ADSAH 24
©5 CALL MATIN{ICODHBsBs 1009NBoMBIMSE s IER) ADSAN 25
IFLIER=1) 60150455 ADSAM 26
50 WRITE(MXs1111CO08 ADSAM 27
WRITE(MXs15) ADSAM 28
G0 TO 20 ADSAM 29
ADSAM 30
55 ;Rl;El:u-lhl 1CGDB ADean 29
60 P (RadNpy 75,70,75 ADSAM 32
70 IF(MA-MB) 75+80,75 ADSAM 33
75 WRITE(MX413) ADSAM 34
WRITE(MX415) ADSAM 35
GO TO 20 . ADSAM 36
80 CALL MXBUT{ICODB, By NBsMBsMSB,60,120,2) ADSAM 37
ICODR=1CODA+ICODB ADSAM 38
CALL MADOUAs8:RyNAyMAMSAyMSB) AUSAM 39
MSR=NSA ADSAM 40
IF(MSA-MSB) 90,90,85 ADSAM &l
85 MSR=MSB ADSAM 42
90 CALL MXCUT{ICQUR,R,NAyMAyMSR,60Q, 120,2) ADSAM 43
WRITE(MX, Lo} ADSAM 44
60 TO 20 ADSAM 45
95 STOP ADSAM 46
END ADSAM 47
/¢ DUP
*STORE WS UA  ADSAM
/7 XEQ ADSAM
12 1
00010008001100 2
047601008 046271802 1,0000000 007086843 044038519 040031426 046876602 3
046751766 048635910 047446845 046963269 IS
0e6644085 1,0000000 046271802 046194650 043547574 0.0027470 046010878 5
0.5571068 0+7125728 046144557 0.5745585 6
1,0000000 046644085 007601008 047507505 0+4299425 00033291 047284766 7
046373449 0,8152021 047029582 0.6573101 8
006963269 045765585 046573101 006492243 003718001 00028789 046299642 9
046295047 048051740 006943108 0.64692243 10
0476466845 046144597 047029582 06943108 003976204 040030789 046737132 11
043605070 0.4611099 043976204 043718001 12
046751766 025571068 046373449 0056295047 003605070 0.0027915 046108296 13
0,002791% 0,0035705 0,0030789 040028789 1%

040033291 00027470 040031426 040031039 00017776 120000000 00030119 15
046108296 047812874 0486737132 046299642 16
044299425 03547574 044058519 0440083593 10000000 040017776 043889672 17
91-0000000 007241215 046244183 045838704 18
19
00020008001100 . 20
047507505 046194650 047086842 1,0000000 044008593 040031039 046792011 21
0s7241215 140000000 07986682 07468050 22
007446845 056164597 047029382 046943108 043976204 040030789 0+6737132 23
046264183 047986632 1.0000000 046439786 24
08635910 047125728 048152021 08051740 0:4611099 040035705 0«7812074 25
05838704 047468050 046439785 140000000 26
006963269 05745585 046573101 006492243 043718001 000028789 046299642 27
1.0000000 046644085 0.7601008 0+7507505 06299425 040033291 007284786 28
0.6751766 043571068 0:637344% 046295047 0,3605070 0,0027915 006108296 29
047284786 046010878 046876602 046792011 043889673 040020119 1.0000000 30
0+7446845 046144597 047029582 046943108 043976204 00030789 046737132 31
064299429 003547574 004058519 044008593 1.0000000 040017776 043089673 32
008635910 047125728 048152021 048051740 044611099 040035708 0¢7812874 33
047601008 0,6271802 1,0000000 07086843 004058519 040031426 046876502 34
047601008 0,6271802 1,0000000 0.7086843 044058519 0.0031426 0.6876602 35
90-6963269 05745585 046573101 046492243 043718001 0.0028789 046299642 36
37
38
SUBROUTINE MATIN
PURPOSE
READS CONTROL CASD AND MATRIX DATA ELEMENTS FROM LOGICAL
UNIT 5
USAGE
CALL MATIM(TCODE.AoISIZEs IROMNsICOL, IS¢ TERD
DESCRIPTION OF PARARETERS
TCODE-UPON RETURN, ICODE WIiL CONTAIN FOUR DIGIT
IDENTIFICATION CODE FROM KMATRIX PARANETER CARD
A —DATA AREA FOR INPUT MATRIX
1STIZE—NUMBER OF ELENENYTS DIMENSIONED BY USER FOR AREA A
TIRCW -UPON RETURN, IRCW WILL CONTAIN RON DIMENSION FROM
MATRIX PARARETER CARD
1COL -UPON RETURN, ICOL WILL CONTAIN COLUMN DIMENSION FROM
MATRIX PARAMETER CARD
1S —UPON RETURN, IS WILL CONTAIN STORAGE MGDE CODE FROM
MATRIX PARAMETER CARD WHERE
15=0 GENERAL MATRIX
ISel SYNMETRIC NATRIX
1S=2 DIAGONAL MATRIX
1ER -UPON RETURN, IER WELL CONTAIN AN ERROR CODE WHERE
EER=0  NO ERROR
IER=1 ISIZE IS LESS THAN NUMBER OF ELEMENTS IN
INPUT MATRIX
1ER=2 INCORRECT NUNBER OF DATA CARDS
REMARKS
NONE
SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
R: 4
METHOD
SUBROUT INE ASSUMES THAT INPUT MATRIX CONSISTS OF PARAMETER
CARD FOLLOWED BY DATA CARDS
PARAMETER CARD HAS YHE FOLLONING FORMAT
€OL. 1- 2 BLANK
COL. 3- 6 UP TO FOUR DIGIT IDENTIFICATION CODE
COL. 7-10 NUMBER OF ROWS IN MATRIX
COL.11~14 NUMBER OF COLUMNS IN MATRIX
COL.15-16 STORAGE MODE OF NATRIX WKHERE
0 - GENERAL MATRIX
1 — SYMMETRIC MATRIX
2 — DIAGONAL MATRIX
DATA CARDS ARE ASSUMED YO HAVE SEVEN FIELDS OF TEN COLUMNS
EACH. = DECIMAL POINT MAY APPEAR ANYRHERE IN A FIELD. IF NO
DECIMAL POINT IS INCLUDED, IT IS ASSUMED THAT THE DECIMAL
POINT IS AT THE END OF THE 10 COLUMN FIELD. NUMBER IN EACH
FIELD MAY BE PRECEDED BY BLANKS. DATA ELEMENTS MUST BE
PUNCHED BY ROW. A ROW MAY CONTINUE FROM CARD TO CARD.
HOMEVER EACH NEW ROW MUST START IN THE FIRSY FIELD OF THE
NEXT CARD. ONLY THE UPPER TRIANGULAR PORTION OF A SYMMETRIC
OR THE DIAGONAL ELEMENTS OF A DIAGUNAL MATRIX ARE CONTAINED
ON DATA CARDS. THE FIRSY ELEMENT OF EACH NEW ROW WILL BE
THE DIAGONAL ELEMENT FOR A MATRIX WITH SYMMETRIC OR
DIAGONAL STORAGE MODE. COLUMNS T1-80 OF DATA CARDS MAY BE
USED FOR IDENTIFICATION, SEQUENCE NUMBERINGs ETCe.
THE LAST DATA CARD FOR ANY MATRIX MUST BE FOLLGWED BY A CARD
WITH A 9 PUNCH IN COLUMN 1.
SUHROUTINE MATIN( ICODE, AyISIZE,IROW4ICOL4 1S, TER) MATIN 1
OIMENSIGN Af1l} MATIN 2
DIMENSTON CARD{B) MATIN 3
COMMON MXy MY MATIN &
1 FORMAT{7F10.0) MATIN 5
2 FURMAT(16,214,12) MATIN &
3 FORMAT(IL} MATIN T
1e=7 MATIN A
LER=O MATIN 9
READ{ MY,2)ICODE, IROW, ICOL, IS MATIN 17
CALL LOCU{IROW,ICIL,ICNTIROW,1COL#1S) MATIN 11
IFLISIZE-TCNT)6,7,7 MATIN 12
6 lER=1 MATIN 13
7 IF LICNT)38,38,8 MATIN 14
8 ICOoLT=]coL MATIN 15
[ROCR=1 MATIN 16
COMPUTE NUMBER OF CARDS FOR FHIS ROW MATIN 17
11 IRCOS=(ICOLT-13/10C#1 MATVIN 19
IFLIS-1)15,15,12 MATIN 19
12 IRCDS=1 MATIN 27
: SET UP LOCP FIR NUMBER OF CARDS iN RMW MATIN 21
15 B0 31 K=1,IRCOS MATIN 22
READ(MY, 1} LCARD{T }41=1,1DC) MATIN 23
4 SKIP THROUGH DATA CARDS IF INPUT 4REA TDO SMALL MATIN 24
IF(IERY 16416431 MATIN 25
16 L=0 MATIN 26
c COMPYUTE COLUMN NUMBER FOR FIRST FIELD IN CURRENT CARD MATIN 27
! JS={K-112I0C+ICAL-ICOLT+] MATIN 28

SUBROUTINE mMx0OUuT

PURPOSE

PRODUCES AN CUTPUT LISTVING OF ANY SIZED ARRAY ON
LOGICAL UNIT 1
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USAGE
CALL MXOUTITCODEsAeNsMoMSoLINS, IPOS, ISP}

DESCRIPTION OF PARAMNETERS
ICODE- INPUT CODE NUMBER TO BE PRINTED ON EACH OUTPUT PAGE
A~NAME OF OUTPUT MATRIX
N-NUMBER OF ROWS IN A
M-NUMBER OF COLUMNS IN A
MS-STORAGE MODE OF A WHERE MS=
O—-GENERAL
1-SYKMETRIC
2-DIAGONAL
LINS~NUMBER OF PRINT LINES ON THE PAGE (USUALLY &0)
1POS~-NUMBER OF PRINT POSITIONS ACROSS THE PAGE (USUALLY 132)
ISP-LINE SPACING CODE, 1 FOR SINGLE SPACE, 2 FOR DOUBLE
SPACE

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Loc

METHOD

THIS SUBROUTINE CREATES A STANDARD DUTPUT LISTING OF ANY
S1ZED ARRAY WITH ANY STORAGE MODE. EACH PAGE IS HEADED WITH
THE CODE NUMBER,DIMENSIUNS AND STORAGE MODE OF THE ARRAY.
EACH COLUMN AND ROMW IS ALSO HEADED WITH ITS RESPECTIVE

NUMBER,
SUBROUT INE MXOUT (JCODEAsNyMeMS,LINS,[POS,15P) MXnur ot
DIMENSION Al1),B(8) MXOUT 2
COMMON  MX 4 MY MXMOT 3
1 FORMAT(///7/5Xs TAMATRIX +1596Xs[345H ROWS,6Xe 13, 8H COLUMKS, ¥X0oUuT %
18X 1IHSTORAGE MODE ,11,/) MXQUT S
2 FORMAT(12XeBHCOLJMN ,7(3X,13,10X}//) MXOUT &
4 FORMAT{7X,4HROW +1347(EL6.6)) uxnurt 7
S FORMAT(/47X+4HROA o13,7{EL16.6)) MXDUT 8
J=1 “4X0UF 9
c WRITE HEADING MXOUT 10
NEND=IPOS/16-1 MXOUT 11
LEND = {LINS/ISP}-10 MXO0UT 12
10 LSTRT=1 MXOUT 13
20 WRITE{MXs 1) ICODE, NsMyHS “xXOUT 14
JNT=J+NEND-1 MX0UT 15
TFIINT-M133,33,32 MXOUT 16
32 JUNT=M MXOUT 17
33 CONTINUE MXOUT 18
WRITE(4Xs2) [ JCURy JCUR=J 4 INT} MXOUT 19
LTEND = LSTRT4LEND-1 MXOuT 20
DO 30 L=LSTRY,LTEND MXOUT 2t
4 FORM OUTPUT RIW LINE Mxour 22
DO 55 K=1,NFND MXOUT 23
KK=K MXDUT 24
JT = Jek-1 MXOUT 25
CALL LOCIL ¢+ JTyTINT NoM MS) MXOUT 26
B{K1=0.0 wxnur 27
{FLIJNT}50,50,45 MXQUT 28
45 BIK}=A{JJNT) MXouT 29
50 CONTINUE uxour 39
c CHECK 1F LASY COLUMN. IF YES GO TN 60 “X0UT 31
IFLIT-M) 55,460,600 MXQUT 32
55 CONTINUE “XOUT 33
c END OF LINE, NOW WRITE MXOUT 34
60 IFLISP=1165965:T70 uxouUT 35
65 WRITE(MX,4)Le{BIIW)IW=14KK] MXOUT 36
G0 10 75 Mxaur 37
70 WRITE(MXS Ly (BLIW) g IW=14KK) “XOUT 38
[ 1F END OF ROWS,GI CHECK COLUMNS MXOUT 39
75 IFU(N-L)B85,85,R0 MXOYT 40
80 CONTINUE MXOUT 41
C WRITE NEW HEA)ING MXOUT 42
LSTRT=LSTRY+LEND MXOUT 43
G6U To 20 MXOUT 44
4 END OF COLUMNS, THEN RETURN MXOUT 45
85 [F{JT-4190,95,95 MXOUT 46
90 J=JF+l MXOUT o7
60 10 10 MXNUT 48
95 RFTURN MXNUT 49
END uXOUT S0

NUMERICAL QUADRATURE INTEGRATION

Problem Description

The tabulated values of a function for a given spacing
are integrated. Multiple sets of tabulated values
may be processed.

Program

Description

The numerical quadrature integration program con-

sists of a main routine QDINT, and one subroutine,
QSF, from the Scientific Subroutine Package.
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Capacity

The capacity of the sample program and the format
for data input have been set up as follows:

1. Up to 500 tabulated values of a function

2, (7F10,0) format for input data cards

Therefore, if the problem satisfies the above
conditions, no modification to the sample program
is necessary. However, if there are more than 500
values to be integrated the dimension statement in
the sample main program must be modified to handle
this particular problem. Similarly, if input data
cards are prepared using a different format, the
input format statement in the sample main program
must be modified. The general rules for program
modification are described later.

Input

1/0 Specification Card

Each integration requires a parameter card with the
following format:

For
Sample
Columns Contents Problem
1-5 Up to 5-digit numeric 12345
identification code
6 - 10 Number of tabulated 0020
values for this function
11 - 20 Interval between tabu- 1.0

lated values

The first two parameters consist of up to five
digits with no decimal point (FORMAT (215)), Note
that the second parameter may not exceed 500, The
third parameter consists of up to ten digits (FORMAT)
(F10.0).

Data Cards

Data cards are assumed to be seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks. Columns 71 through 80
of the data cards may be used for identification, se-
quence numbering, etc. If there are more than
seven tabulated values, the values should continue
from card to card with seven values per card, until
the number of values specified in the parameter card
has been reached.

®
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A blank card following the last set of data termi-
nates the run.

Deck Setup
The deck setup is shown in Figure 28.
Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Output

Description

The identification code number, number of tabulated
inputvalues, the interval for the tabulated values, and
the resultant integral values at each step are printed.

Sample

The output listing for the sample problem is shown
in Figure 29.

Program Modification

Noting that storage problems may result, as previ-
ously discussed in ' Sample Program Description',
the maximum number of tabulated values acceptable

Blank card

Data cards

Control
Card

Data cards

Control card First problem

1/0 Specification
card

QSF

QDINT Subroutine and main program

(including system control cards)

Figure 28. Deck setup (numerical quadrature integration)

to the sample program may be increased. Input
data in a different format can also be handled by
providing a specific format statement.

1. Modify the DIMENSION statement in QDINT
so that the size of array Z is equal to the maximum
number of tabulated values.

2. Changes to the format of the parameter cards
and data cards may be made by modifying FORMAT
statements 10 and 32, respectively, in QDINT.

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE QSF
FUNCTION 12348 20 TABULATED VALUES INTERVAL = 0+10000002€ Ol

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS
0+00000000E 00 0¢19999983E 01 0¢39999993€ 01 0+59999981E 01 079999990E 01 0499999981€ 01
0011999998E 02 0+13999996E 02 0415999998E 02 0+17999996E 02 0419999996E 02 0¢21999992E 02
023999992E 02 0¢2599998BE 02 0427999988 02 0429999984E 02 0¢31999984E 02 0e33999984E 02
0+35999984E 02 0437999977E€ 02

INTEGRATION OF TABULATED VALUES FOR DY/DX USING SUBROUTINE GSF
FUNCTION 543 10 TABULATED VALUES INTERVAL = 0.,10000002E 01

RESULTANT VALUE OF INTEGRAL AT EACH STEP IS
0+00000000E 00 00149999598 01 0e39999995E Ol 0e74999952E 01 0+11999998E 02 0e17499996E 02
0023999996E 02 0431499992E 02 0039999992E 02 0449499984E 02

Figure 29. Output listing

Run termination

Last problem
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Operating Instructions

The numerical quadrature integration sample pro-

gram is a standard FORTRAN program.

Special

operating instructions are not required. Logical unit
2 is used for input, and logical unit 1 is used for
output.

Error Messages

The following conditions will result in error mes-
sages:

1, The number of tabulated values specified in

the parameter card is less than or equal to two:
ILLEGAL CONDITION. NUMBER OF TABULATED
VALUES IS LESS THAN THREE,

The program will continue to read data cards

until the next problem is reached.

is zero:

2. The interval specified in the parameter card
ILLEGAL CONDITION, SPECIFIED IN-

TERVAL IS ZERO.

The program will continue to read data cards

until the next problem is reached.

Sample Program for Integration of a Tabulated
Function by Numerical Quadrature - QDINT

Purpose:

Integrates a set of tabulated values for F(X)
given the number of values and their spacing.

Remarks:

The number of values must be more than two
and the spacing greater than zero.

1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:

QSF

Method:

Reads control card containing the code number,
number of values, and the spacing of the func-
tion values contained on the following data
cards, Data cards are then read and integra-
tion is performed. More than one control card
and corresponding data can be integrated in one
run. Execution is terminated by a blank control
card.

// FOR
#IOCSICARV s TYPEWRITER 1132 PRINTER)
#0ONE WORD INTEGERS

[
[+
[
<

SAMPLE PRUGRAM FOR INTEGRATIUN OF A TABULATEQ FUNCTION BY QOINF
NUMERICAL QUAURATURE — QDINT QDINT
THE FOLLOWING DIMENSION MUST BE AS LARGE AS THE MAXIMUM NUMBER QDINT
JF TABULATED VALUES TGO BE INTEGRATED WOINT
YIMENSLCN 21500) QUINT

10 FORMAT (215,F10.0)
20 FORMAT(////77°% INTSGRATION OF TABULATED VALUES FOR DY/uX USENG SUBQDINTMOL

cVvswn—

LROUTINE QSF* /7711 FUNCTION +15+34:15.17H TABULATED VALUES, WDINTMO2
25Xy LOHINTERVAL =,E15.87) QDINTHO3
22 FORMAT{/18r ILLESAL CGNDITEGN/) QCINT 10
23 FORMAT{/46H NUMSER OF TABULATED VALUES £S LESS THAN THREE} QUINTMO4
24 FUORMAT(/27H SPcCIFIED INTERVAL IS ZEROD) QDINT 12
3G FORMAT{/7Xy, T'RESULTANT VALUE OF INTEGRAL AT EACH STEP IS8,/ QUINTHOS5
LElH 46EL15.8)) QOINTMO6
31 FORMAT(2I2} QUINT 14
32 FORMAT{7F10.C) QDINT 15
READ( 2, 31IMX MY QUINT 16
35 REAUIMY .10} 1Cu0,NUMBR,SPALE QDINT 17
IFTICOO+NUMBR) 70+70,38 QADINT 18
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6 STOP . QUINT (9
38 WRITE(MX,20)1C00,NUMBR,SPACE QDENT 20
IF{NUMBR~311CC,50,50 QDINTMOT
50 READIMY 323 (L£41)41=1,NUMBR) QUINT 22
CALL QSF {SPACEZ,ZNUMBR) QOINTMOB
1F{SPACEI60+ 233460 QUINTMO9
6C WRITE(MX,30)1211),1=1,NUNBR) QDINTM1O
63 TO 35 QDINT 26
10C WRITE(MX,22} QDINT 27
WRITE(MX,23) QUINT 28
READIMY ,32)(ZE1)¢1=1,NUMBR) QDINFMLL
GO Ty 35 QRINT 29
200 WRITE{MX,22) QINT 30
WRITELHAX,24) QDINT 31
GO Ty 35 QDINT 32
END QDINT 33
/7 Due
*«STORE WS UA  QDINT
/7 XEQ QDINT
12 1
12345 20 1.0 2
2.0 2,0 240 2.0 240 240 240 3
240 240 2.0 2.0 240 240 240 4
2.0 240 240 2.0 2.0 240 5
543 10 1.0 &
140 2.0 3,0 4e0 5.0 640 740 7
8.0 9.0 1040 8
b4

RUNGE-KUTTA INTEGRATION

Problem Description

A differential equation of the form:

Tty

is integrated with initial conditions as specified in a
parameter card. The differential equation is de-
fined in the form of a function subprogram that is
provided by the user.

Program

Description

The Runge-Kutta integration program consists of a
main routine, RKINT, one subroutine, RK2, from
the Scientific Subroutine Package, and one user-

supplied function subprogram, FUN, which defines
the differential equation to be integrated.

Capacity
Up to 500 values of the integral may be tabulated.

Input

I/0 Specification Card

Each integration requires a control card with the
following format:

For Sample

Columns Contents Problem
1-10 Initial value of X = XO 1.0
11 - 20 Initial value of Y = Y(XO) 0.0



For

Sample
Columns Contents Problem
21 - 30 Step size 0.01
31-35 Number of steps required
between tabulated values 10
36 - 40 Total number of tabulated
values required 30

The first three parameters consist of up to ten
digits.

(FORMAT (F10. 0))

The last two parameters consist of up to four digits
plus a blank.

(FORMAT (15))
Multiple parameter cards may be used.

A blank card terminates the run.

Data Cards

None.

Blank Card

Run termination.

Deck Setup

The deck setup is shown in Figure 30.

Blank card

Control card

l Control card

1/0 Specification
Card

FUN

RK2

Main program, subroutine
and function subprogram

RKINT (including system control cards)

Figure 30. Deck setup (Runge-Kutta integration)

Sample

A listing of the input cards for the sample problem
is presented at the end of the sample main program.

Output

Description

The values for the initial conditions and the tabulated
values of the integral are printed.

Sample

The output listing for the sample problem is shown
in Figure 31,

Program Modification

Noting that storage problems may result, as previ-
ously described in "Sample Program Description',
the maximum number of tabulated values acceptable
to the sample program may be increased. Input data
in a different format can also be handled by provid-
ing a specific format statement.

1. Modify the DIMENSION statement in RKINT
so that array A is as large as the number of tabu-
lated values.

Run termination

One parameter card
per integration
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SOLUTION OF DY/DX=FUNI[XsY} BY RK2 SUBROUTINE

Hs 04010 Xx0= 14000 Y0= 0.000

X Yix)
1e10 0495310136E-01
120 02182321396 00
le30 0426236397 00
le4Q 0e33647167€ 00
le50 D240546423E 00
1460 0e4T7000247E 0O
1.70 0+53062677E 00
1.80 De58778464E 00
190 0e64185142E 00
2400 0469314432 00
2.10 0s74193394E 00
2420 0s78B45346E 00
2430 0+83290457€ 00
2440 0e87546372E 00
2450 0¢91628539E 00
2460 0495550584€ 00
2470 0+99324584E 00
24R0 0e10296125E 01
2490 0e10647029E 01
3.00 Uel0986037E 01
3.10 0411313924E 01
3.20 0411631403€ 01
3230 0¢11939110€ 01
3440 0e12237627E 01
3450 0+12527496E 01
3460 0e12809195€ 0L
3470 0413083176 01
3.80 0#13349850E 01
3490 0s13609600E 01
400 0413862772 01

Figure 31. Output listing

2. Changes to the format of the parameter card
may be made by modifying FORMAT statement 1.

The user-supplied function subprogram FUN may
be replaced by any function subprogram having the
same name and parameter list. In this way, the
user may define any desired first-order differential
equation.

Operating Instructions

The sample program for Runge-Kutta integration is
a standard FORTRAN program. Special operating
instructions are not required. Logical unit 2 is
used for input, and logical unit 1 is used for output.

Error Messages

None.
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Sample Program for Runge-Kutta Integration of a
Given Function with Tabulated Output - RKINT

Purpose:
Integrates the function subprogram FUN using
the initial conditions contained in control cards.
Produces tabulated output.

Remarks:
1/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
RK2
FUN - User-supplied function subprogram
giving DY/DX=FUN(X, Y)

Method:
Reads control card containing initial values of
X and Y, step size, number of steps desired
between tabulated values, and number of tabu-
lated values required. Program then enters
RK2 to perform integration. Multiple control
cards can be used on the same function.

/7 FOR
*{0CS(CARDs TYPCARITER 1132 PRINTER)
*0DNE WORD INTEGERS

c SAMPLE PROGRAM FUR RUNGE-KUTTA INTEGRATIGN OF A SIVEW FUNCTION RKINT 1L
WITA TABULATED DUTPUT - RKINT RKENT 2
EXTERNAL FUN REINT 3
[ THE FOLLOWING DIMENSION MUST GE AS LARGE AS THE MAXIMUM RKINT
< NUMBER OF TABJLATED VALUES D:=SIRE0 RKINT 5
GIMENSION A(500% RKINT o
1 FORMAT {3F10.0,215) RKINT 7
2 FORMATI{////7Xs44HSALUTION OF DY/UX=FUN(X,Y) BY RK2 SUBROUTINE///s RRINT 3
LIOX92HHZFTe392&s3HXC=4FT0392Ke 3HYO=,FTo3///12X9LrAXy 1BXy4HYIXI//) RRINT &
3 FORMAT{/10X+F3.2+104+E15.8} RKRINT 19
4 FORMAT{212) RKINF 11
READ( 244 )MX ¢ MY RKINT 12
[ READ CINTROL CARD CONTAINING FVEAS LISTED UNUER HeT40D. KRINT 13
LG READIMY 41340, YOoHyJNT 4 IENT RKINT L4
4 CHECK [F CaRD I3 BLANK. {F SJy RETURN. RKINT 13
IFLIENT 22440420 RKENT Lo
c WRITE HEAUING INFORMATICN. KNINT 17
20 WREITE(MX,2)H,X0,Y0 RKINT 18
c PERFORM INTEGRAT ION RKINT L9
CALL RK2{FUN,HsXUsYU, JNT+ EENT,AD RRINT 20
[ WRITZ JUTPUT REINT 21
STEP=FLOAT{JNT I =H RRINT 22
X=X0 KKINT 23
2D 30 {=l,IENT RKINT 2%
X = Xe5¥cPe li-0o RKINT 25
30 WRITE[AX,3}X,A01) AN INT 2o
[ GO 3ACK ANJ CHECK FUR ADDITIONAL CONTROL CARD. RRINT 27
GU TO to RKINT 28
40 STOP RKINT 29
END RKENT 30
// Qup
*STORE WS UA  RKINTY
/7 XEd RKINT
12 1
1,0 0.0 01 10 30 2
3
FUNCTION FUN{X.Y} FUN 1
FUN=1.7X FUN 2
RETURN FuN 3
€ND FUN 4

POLYNOMIAL ROOTS

Problem Description

The real and complex roots are computed for a real
polynomial with given coefficients. Multiple sets of
coefficients may be processed.

&
&
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Program

Description

The polynomial roots sample program consists of a
main routine, SMPRT, and one subroutine, POLRT,
from the Scientific Subroutine Package.

Capacity

Roots for polynomials of order 36 or less may be
computed.

Input

1/0 Specification Card

Each set of data requires a control card with the
following format:

For Sample
Columns Contents Problem
1 Blank
2-5 Up to four-digit identifi-
cation code 360
6 -8 Blank
9-10 Order of polynomial 9

The first parameter consists of up to four digits
without decimal point (14).

The second parameter consists of up to two digits
with no decimal point (I2). The order of the poly-
nomial must be less than or equal to 36.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in the field, or be omitted, but the number
must be right-justified. The number in each field
may be preceded by blanks., Columns 71 to 80 of the
data cards may be used for identification, sequence
numbering, etc. If there are more than seven co-
efficients, the values should continue from card to
card with seven values per card until the number of
values has been reached that is one greater than the
order of the polynomial. The first coefficient is for
the constant term of the polynomial and the last co-
efficient for the highest order term. Fields with
zero coefficients may be left blank.

Blank Card

Run termination.

Deck Setup

The deck setup is shown in Figure 32.
Sample

A listing of the input cards for the sample problem
is presented at the end of the sample main program.

Output

Description

The identification code, the polynomial order, the
input coeifficients, and the real and complex roots
are printed.

Sample

The output listing of the sample problem is shown
in Figure 33.

Program Modification

The maximum order of the polynomial acceptable to
the sample program is fixed by the subroutine
POLRT. However, input data in a different format
can be handled by providing a specific format state-
ment.

1. The sample program can accept polynomials
up to the maximum 36th order, which is allowed by
the subroutine.

2. Changes to the format of the parameter card
and data cards can be made by modifying FORMAT
statements 10 and 40, respectively, in main sample
program SMPRT.

Operating Instructions

The polynomial roots sample program is a standard
FORTRAN program. Special operating instructions
are not required. Logical unit 2 is used for input,
and logical unit 1 is used for output.

Error Messages

The following conditions will result in error mes-
sages:

1. The order of the polynomial specified in the
control card is less than one: ORDER OF POLY-
NOMIAL LESS THAN ONE.
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Control
card

Blank card

Data cards

Run termination

/|

Data cards

Control card

1/0O Specification
card

Main program and subroutine
(including system control cards)

Figure 32, Deck setup (polynomial roots)

The program will go on to the next set of data.

2. The order of the polynomial specified in the
control card is greater than 36: ORDER OF POLY-
NOMIAL GREATER THAN 36.

The program will go on to the next set of data.

REAL AND COMPLEX ROOTS OF A POLYNOMIAL USING SUBROUTINE POLRT

FOR POLYNOMIAL 360 OF ORDER 9
THE INPUT COEFFICIENTS ARE

~0,1000000€ 01

0. 6o o 00 00 o0 00
0.1000000E 01  0.0000000E GO  0.00GCOOQE 00 0. 1000000E 01

REAL ROOT COMPLEX ROOY

042986480F 00  0a1004526€ 01
0e2986480F 00 =~D.1004526€ O1
~0s1019270E 01  0.2436272E 00
=041019270E 01 ~0.2436272E 00
04+9105288E 00  0s000000CE 00
007206227 00 «047809007E 00
047206227E 00  047609807E 00
=0+4852629E 00 =0.7885384E 00
=Ds4552629E 00 0 78BS384E 00

Figure 33. Output listing
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First problem

Last problem

3. The subroutine POLRT is unable to determine

a root after 500 iterations on eight different starting
values: UNABLE TO DETERMINE ROOT. THOSE
ALREADY FOUND ARE ...

The program will print all the roots that were
computed and then go to the next set of data.

Sample Program for Real and Complex Roots of a
Real Polynomial - SMPRT

Purpose:
Computes the real and complex roots of a real
polynomial whose coefficients are input.

Remarks:
The order of the polynomial must be greater
than one and less than thirty-seven.
I/0 logical units determined by MX and MY,
respectively.

Subroutines and function subprograms required:
POLRT

‘e
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Method:

Reads a control card containing the identification

code and the order of the polynomial whose co-
efficients are contained on the following data
cards. The coefficients are then read and the
roots are computed.

More than one control card and corresponding

data can be processed. Execution is terminated

by a blank control card.

/7 FOR

SIDCS(CARDsTYPEWNRITER, 1132 PRINTER)
#ONE WORD INTEGERS

[4

SAMPLE: PRUGRAM FUK REAL aND COMPLEX RUOTS OF A KEAL POLY- SMPRT
4 NUMI AL - SMPRT SMPRT
OQIMENSIUN al37Lewi37),RIOTRIITI,ROMTI(3TY SMPRT
10 FORMATL LXy14¢3X,12) SMPRT
30 FORMATI////62H REAL AND COMPLEX RUOTS UF A PULYNOMLIAL USING SUBRUUSMPRT
LTINE POLKT///17H FOR POLYRIMIAL +1492Xs10HOF ORDER 512//27H THE SWMPRT
2INPUT CUEFFICIENTS ARE//} SMPRT
40 FURKAT(7F10.CY SMPRT
50 FORMAT{6ELl6.7) SMPRT
65 FORMAT{////34H GROER OF POLYNOMIAL LSS THAN ONE) SMPRT
77 FORMATU(//7//36H GRUER OF POLYNOMIAL GREATER THAN 36) SHPRT
T9 FORMAT{////31H HIGH ORDER COEFFICIENT IS ZERO) SMPRT
85 FORMAT(////50H UNASLE TO DETERMINE ROUT. THOSE ALREADY FUUND ARE) SMPKRT
95 FURMAT{////5%¢IHREAL RODT+6X,12HCOMPLEX ROOT//) SMPRT
97 FORMATI2ELb.7) SMPRT
98 FORMAT{212) SMPRT
READ{ 2, SUIMX MY SMPRT
5 REAGI(MY 100 1D, IORD SMPRT
IFUID+I0ORD)1CC, 100,20 SMPRT
20 WRITE{HX,30}1D,10RD SHPRT
J=[URD+1 SMPRT
READ(MY y4C)LALT) o 1=14d) SMPRF
WRITEIMXs50)CALL)s1=1ed) SMPRT
CALL POLRT{A,WyIGRURUDTRRUUTI L IER) SMPRT 2
IF(1ER-1190+60,7C SMPRT
60 WRITE{dXs065]) SMPRT
6D TY 5 SMPRT
76 IFTIER=-3) 75,8078 SMPRT
75 WRITEIAX,77) SMPRT
GO TU 5 SMPRT
78 WRITE(MX,79} SMPRT
G0 10 5 SMPRT
8C WRITE(MX,85) SMPRT
90 WRIT:{MX495) SMPRT 3
00 o I=1,10RD SMPRT
96 WRITE(MX,9TIROBOTRIIILROOTICLY SHPRT
GO TO 5 SMPRT 3
100 STOP SHPRT
eND SHPRT
/7 oup

*STORE WS UA  SMPRT
/7 XEQ SMPRT

o
OV @NT WS N

L2
380 9
=10 1.0
1.0

WrWUN~

SOLUTION OF SIMULTANEOUS EQUATIONS

Problem Description

A solution is obtained for a set of simultaneous
equations by the method of elimination using largest
pivotal divisor. Both the input data and the solution
values are printed. This procedure is repeated un-
til all sets of input data have been processed.

Program
Description

The solution of simultaneous equations sample pro-
gram consists of a main routine, SOLN, and four
subroutines:

SIM
Q are from the Scientific Subroutine

LOC Package

MA
TIN are sample subroutines for matrix
MXOUT input and output
Capacity

The sample program will solve for 40 equations.
The general rules for program modifications are

described later.

Input

I/0 Specification Card

A control card with the following format must pre-

cede each matrix of coefficients:

Columns Contents
1-2 Blank

3-6 Up to four-digit identifi-
cation code (humeric
only)

7T-10 Number of rows in
matrix

11 - 14 Number of columns in
matrix (same as number
of rows)

For Sample
Problem

10

10

Each matrix must be followed by a card with a 9-
punch in column 1. This, in turn, is followed by

the constant vector.

Data Cards

Data cards are assumed to have seven fields of ten
columns each. The decimal point may appear any-
where in a field, or be omitted, but the number must
be right-justified. The number in each field may be
preceded by blanks. Equation coefficients must be
punched by row. A row may continue from card to
card. However, each new row must start in the
first field of the next card. The vector of constants
is punched in continuous data fields following the 9
card. Columns 71 to 80 of data cards may be used
for identification, sequence numbering, etc.

A blank card after the last set of input data ter-

minates the run.
Deck Setup

The deck setup is shown in Figure 34.
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Blank card Run
termination /m
A = Matrix of coefficients Data cards
for B
Card with 9
in col. 1
B = Vector of constants

Data cards

for A Last problem

Control Jl
card for A
/
/ B4
/
~ Data cards
for B

Card with 9
incol, 1

Data cards

for A First problem

Control
card for A

1/0 Specification

Subroutines and main program
(including system control cards)

Figure 34. Deck setup (solution of simultaneous equations)
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Sample

A listing of input cards for the sample problem is
presented at the end of the sample main program.

Qutput
Description

The original matrix is printed for any sized array.
Each six-column grouping is headed with the matrix
code number, dimensions, and storage mode (always
0 in this sample program). Columns and rows are
headed with their respective number. The original
vector of constants is also printed. The solution
values are then listed. This output is given for each
case to be processed.

Sample

The output listing for the sample problem is shown
in Figure 35.

Program Modifications

Noting that storage problems may result, as previ-
ously discussed in "Sample Program Description',
the size of the maximum problem acceptable to the
sample program can be increased. Output of the
solution values in a different format can be handled
by providing a specific format statement.

1. Changes to the DIMENSION statement of the
main program, SOLN. The dimension of array A
must be greater than or equal to the maximum num-
ber of elements in the matrix (N x N). The dimen-
sion of array B must be greater than or equal to N.

2. Insert the same number N in the third argu-
ment of the CALL MATIN statement (statement 25)
in SOLN.,

3. Changes to the format of the solution values
may be made by modifying FORMAT statement 21
in SOLN.

SOLUTION OF SIMULTANEOUS EQUATIONS

wATRIX 1 16 RONS
coLusx 1
80 1 0,100000€ 01

2 0.666400E 0D
3 04760100 0O
& o,730730E 0O
ROW 3 0.4299%2E 00
& 0.3329106=02
7 0.728478E 00
8 0.675176E GO
7 0.863391€ C0

ROW 10 Q.TsesBag 00

waTALE L 10 Rows
coLumn .

Row 1 0.720478E 6O
2 o.e01087€ G0
3 0.687660E GO
o o.e¥e201E-00
3 0.38967€ 00

ROW & 0a301199€-02
7 0.100000€ 01
6 0.s10829€ So
5

2.781267€ 00

Row 10 0.673713€ 00

OIGINAL B VECTOR

0.110000€ 63
~0.120000€° 03
04100000E 02

=0.140000€ 02
0.385000E 02
0.220000E 02
0.165000F 04

Bomuowrunn
H
g
H

SOLUTION VALLES

=0,283123€ 03
=0.5612408 03
~0.815086€ 03
“04299153E 02
=04179352€ 03

Gomurwrrun—

0480974 06

END OF CASE

10 cocumns,
2
04664408E 00
U2 100000E 01
04627180F 00
Va619463E 0U
04336757E 00
0.276700E=02
04601087€ 00
0.8571U6E wU
UeT12572€ VO

04616439E 00

10 COLUYNS
[
0.675176€ 00
9.837106€ 00
04637203€ 00
0.629504€ 00
0.360507¢ 00
04279150€=02
V610829€ U0
941000008 01

0,726121€ 90

04626410€ 00

Figure 35. Output listing

STORAGE WOOE

]
04760108 00
0,627180E 00
0410U00RE 01
0.7U8684€ 00
9,405851E 00
04314260E=02
0.687650€ 00
0.637340E VO
0.815202€ V0
9. 792958€ 00

.
a.130750€ 00
0u619085E 00
04708404E 00
4100000E 01
GesvoasoE 00
0.310390€-02
0.679201€ 00
008293008 00
eg0s2THE 00
046963106 00

STORAGE SODE 0

s
0.853591€ U0
0.712872€ 90
a.815202¢ 00
0.803170€ 00
0.461105€ 00
.3870506-02
0.701267€ 0
00720121 OB

941000u0E 01

0,798668€ 00

10
0eTuabae 00
Oialuas9E 0O
0. 702958¢ 00
04898310E 00
04397620€ 00
02307890£=02
0e6737138 00
01624818€ 00

04798868E 0O

041000008 01

s
040299426 00
0.356737E 00
0.8uB¥S1E 00
C400a59E 00
©4100090E 01
0.177760E~02
01388967€ 00
04360307E 00
04a61105€ 00
043976206 00

s
043329106702
04274700E=02
04314280E-02
04310390E-02
0.1777608w02
0+100000€ 01
0-3011936~02
92279150802
0,35 7UsUE=UZ

0.3078¥9E=a2

The matrix listing is set for 120 print positions
across the page, and double spacing. This can be
changed by means of the last two arguments in the
CALL MXOUT statement in SOLN (statement 65).

Operating Instructions

The sample program for the solution of simultaneous
equations is a standard FORTRAN program. Special
operating instructions are not required. Logical
unit 2 is used for input, and logical unit 1 is used
for output.

Error Messages

The following error conditions will result in mes-
sages:

1. Reserved storage area is too small for
matrix: DIMENSIONED AREA TOO SMALL FOR
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INPUT MATRIX (matrix code no.). GO ON TO NEXT 35 HRITE (4K, 1121600 s 26

CASE 40 MRITE(A, 1421202 siin 2
GOQ TO 95
SULN 29
. . o . 45 EF(N-M) 50,55,50 P
2. Matrix of coefficients is not square: ROW 55 WRITEHxI 15T Te00 san it
G0 TO 90 ;
AND COLUMN DIMENSIONS NOT EQUAL FOR 35 [RUNS) 60163400 S 33
Axyledricou
. SGLN 34
MATRIX (matrix . . ;5 o 10,20
( code no.). GO ON TO NEXT CASE, 5 CALL WEOUT (1600 by 51007 120, 2 soin s
3. Number of data cards does not correspond to WRITE(NG 17y e Sorn e
. DO 70 f[=1sN N
that required by parameter card: INCORRECT 70 WRITE (A 311811 oen 2
L SIMQIAyu+N,KS)
. - SULN &l
NUMBER OF DATA CARDS FOR MATRIX (matrix 15 oRpREL) 40175080 SULN 42
wRiislaRy SOLN 43
code no.). EXECUTION TERMINATED. ot SOLN as
. . . 80 WRITE(HX,18) ot
4. Singular input matrix: MATRIX IS SINGULAR. D0 35 I=1,8 Sotn o
85 WRITE(MA21)14BLL)
GO ON TO NEXT CASE. dRITEX,22) Sk 3
ep e = _ . SOLN 50
Error conditions 1, 2, and 4 allow the computer R e e R SoLn 51
e SOLN 52
. sas GO To 25 =
run to continue. Error condition 3, however, ter- 95 WRITE(NA 120 son a2 n
. s . STOP
minates execution and requires another run to proc- END o = s
. 7/ oup
ess succeeding cases. *STORE WS UA  SaLN
/7 XEQ SOLN
. p)
-Sample Main Program - SOLN =
12 1
600100100010 2
140000000 0:6644085% 0:7601008 047507505 004299423 0.0033291 0.7284786 3
Purpose: 0e6T51766 08635910 0aT446845 &
0-:66:385 1.,0000000 0.6%11302 0456194630 04354757~ 0.0027470 046010878 L]
3 O 2 05571068 07125728 046144597 6
Solution of a set of simultaneous equations. 047601008 046271802 140000000 0+7086853 Us4038519 0,0031426 006876602 1
046373449 0,8152021 0.,7029582 8
07507508 0.6194650 047086843 1,0000000 0,4008593 0,0031039 046792011 9
046295047 048051740 046943108 10
Remarks: 044299425 043547574 004098519 044008593 1.0000000 00017776 03889673 1
03605070 044611099 043976204 12
L 3 3 3 040033291 0,0027470 0,0031426 040031039 040017776 1.0000000 00030119 13
1/0 specifications transmitted to subroutines by 010027918 0.0035709 Seooa072e o
COMMON 0:7284786 06010878 0468765602 046792011 043889673 0.0030119 1.0000000 23
. 046108296 007812874 046737132 16
. 06751766 045871068 046373449 046295047 035605070 0,002791% 046108298 17
Input card: 140000000 047241215 046244183 18
1 0e8633910 g.nzs'rzs 048152021 048051740 0644611099 0.0035705 07812874 19
- i i 047241215 1,0000000 0.7986682 20
Co umn 2 MX Loglca’l unlt number for OeTHAEEAS 05144597 047029582 0456943108 0:3976204 040030789 06737132 21
Output 90-62“1!‘! 047986682 140000000 gg
. . 11040 =120.,0 104 148, «504 44420 ~lb, 24
Column 4 MY - Logical unit number for 38,5 22, 16500 25
{3
input.
SUBROUTIKE MATIN
3 3 i . PURPOSE
Subroutlnes a'nd funCtlon Subprogl‘ams requlred" READS CONTROL CARD AND MATRIX DATA ELEMENTS FRON LOGICAL
SIM e
Q USAGE
MATIN CALL MATIN{ICODEA,ISIZE, IR0y ICOL1Sy1ER)
M)(OUT DESCRIPTION OF PARANRETERS
TCODE-UPON RETURN, ICODE MILL CONTAIN FOUR DIGIT
IBENTIFICATION CODE FROM RATRIX PARAMETER CARD
L.OC A ~DATA AREA FOR INPUT MATRIX
ISTZE-NUMBER OF ELEMENTS DIMENSIONED 8Y USER FOR AREA A
IRON —-UPON RETURNy IROW WILL CONTAIN RON DIMENSION FROM
MATRIX PARANETER CARD
1COL —UPON RETURN, ICOL HH.L CONTAIN COLUMN DIMENSION FROM
Method: MATRIX PARANETER CARD
s -UPCN RE;‘:::;E;:R‘(‘:::DCS"EHN STORAGE MODE CODE FROM
i 1 3 103 MATRIX
A matrix of simultaneous equations coefficients 570" GekERsL maTRIX
IS=1 SYMNETRIC TRIX
and a vector of constants are read from the T5=2 DIAGONAL MATRIX
. . . . . IER —-UPON RETURNy IER WILL CONTAIN AN ERROR CODE WHERE
standard input device. The solution is obtained IER=D MO CRROR & ‘AN KUNBER OF ELEWENTS IN
: > : INPUT MATRIX
and listed on the standard output device. This LER=2  INCORRECY NURSER OF DATA CARDS
procedure is repeated for other sets of equations RewARKS
untl]‘ a bla’nk ca'rd 18 encountered' SUBROUTINES AND FUNCTION SUBPROGRANS REQUIRED
LOC
METHOD
SUBROUT INE ASSUMES THAT INPUT MATRIX CONSI1STS OF PARAMETER
/7 FOR CARD FOLLOWED BY BATA CARDS
*T0CS(CARD, TYPEWRITER s L132 PRINTER) PARANETER CARD LAS THE FaLLOMING FORNAT
*0ONE WORD INTEGERS b
c SAMPLE MAIN PRUGRAM — SULN SULN 1 .. :;';‘;RF';'F’“Rg“,g'}ulaﬂ"‘{;“‘""" Cooe
[ MATRIX IS OLMENSIONED FOR 1600 ELEMENTS, THEREFOREs NUMBER UF SCLN 2 COL.11-14 NUNBER OF COLUNNS IN NATRIX s
c EQUATIUNS TO 3E SOLVED CANNOT LXCEEU 40 UNLESS DIMENSEON SCLN 3 COL.15-16 STORAGE MODE OF RATRIX WKHERE
c STATEMENT IS CHANGED SULN 4 *0 - GENERAL MATRIX
ODIMENSION all60C),s3140) - N
comnoN mcpay ot T 3 2 STAGONAL WATRIX.
10 FDI_KMATIIII/_BE!.l SQLUT(U?‘_‘ OFFS_IAUL_TANM':US EQUATILNS) SuLn 7 DATA CARDS ARE ASSUMED YO HAVE SEVEN FIELDS OF TEN COLUMNS
11 FDRMAT(//45H ulHENSIDN:D AREA TQU SHMALL FOR INPUT MATRIX ,1i4) SCLN 8 EACH. DECIMAL POINT MAY APPEAR ANYWHERE IN A FIELD. 1IF NO
12 FURMATI(//21H EXECUTIDN TERNMINATED) SULM 9 DECIMAL PDINT IS INCLUDED, IT IS ASSUMED THAT THE DECIMAL
13 FORMAT(//48H ARdw ANO CULUMN OIMENSIONS NOT EQUAL FOR MATRIX .14} SOGLN 10 POINT IS AT THE END OF THE 10 COLUNN FIELD. NUMBER IN EACH -
L4 FURMAT{//743n IWCORRECT NUMBER OF UATa CARDS FOR MATKIX ,14) SOLN 11 FIELD MAY BE PRECEDED BY BLANKS. DATA ELENENTS MUST BE
15 FORMAT{//19H GO UN TD NEXT CASE) SGLik 12 PUNCHED BY ROM. A ROW MAY CCNTINUE FROM CARD TO CARD.
16 FORMAT{//39H STRUCTURE CUDE IS NOT ¢eRO FOR MATRIX,14) SULN 13 HOMEVER EACH NEW ROUW MUST START IN THE FIRST FIELD OF THE
17 FORMAT{///7/18H ORISINAL B VECTUR.///7) SGLN 14 NEXY CARD. ONLY THE UPPER TRIANGULAR PORTION UF A SYMMETRIC
18 FORMAT{//7/161 SULJTION VALUES,///7)- SeLiv 15 OR THE DIAGONAL ELEMENTS OF A DIAGONAL MATRIX ARE CONTAINED
19 FORMAT{//1349 MATRIX I3 SINGULAK) SCLN  lo ON DATA CARDS. THE FIRST ELEMENT OF EACH NEW ROW WILL BE
20 FORMATI7FL0.0} SULN 17 THE DIAGONAL ELEMENT FOR A NMATRIX WITH SYKRETRIC OR
21 FURMAT{16+10X,Z16.5) SOLN 18 DIAGONAL STORAGE MODE. COLUMNS 71-80 OF DATYA CARDS MAY BE
22 FORMAT(/712H END OF CASE) SOLN 19 USED FOR IDENTIFICATION, SEOUENCE NUMBERING. ETC.
23 FORMATI 212) SCLN 20 THE LAST DATA CARD FOR ANY MATRIX MUST BE FOLLOWED BY A CARD,
READ(2, 23)MX MY SULN 21 WITH A 9 PUNCH IN COLUMN 1.
WRITE(HX,10) 3 z ! %
25 CALL HAT;N (1CODsAy 1600y Ny MyMS, LER) Szll:: ég
IF(N} 3C,35,3C SOLn 24
30 IF{IER=1} 45,35,4G SULN 23
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SUHROUTINE MATING [CNDF, ApISIZE, RO, TCOL. TS, TER)
OIMENSION atl)
OIMENSINON CARDIA)
CUMMDN MX MY

1 FURMATITF10.0)

? FURMAT{14,214,12)

3 FGR4ATLLLY

READ{ MY, 2} ICODE, TROW, ICOL, IS
CALL LOCTIROW,ICILECNT IRDWLTCIL,TS)
TFUISIZE-TCNT 647,47
h LER=1
7 IF (ICNT)38,38,9
8 ICOLT=TCOL
TROCR=1
COMPUTE NUMBER OF CARDS FNR THIS ROW
L1 {RCOS={ICOLT-13/1DCeL
TFUIS-1115415.12
12 1PCDS=L
SET yP L{}0P FIR NUMSER OF CARDS [N RNW
15 DD 31 K=1,1CaS
REAIIMY 1 H{CARDIT )y I=1,1DC)
SK{P THROUGH DATA CARDS IF INPUT AREA TOOD SHALL
EF(IFR)16,16,31
16 L=C
COMPUTE COLUMY NUMBC® FOR FIRST FIELD [N CURRENT L4aR3
JS=(K-11¢EDC+ICAL-ICALT+]

MATIN
MATIN
MATIN
HATIN
MATIN
MATIN
MATIN
NATIN
MATIN
MAT TN
MATT™
MATIN
MATIN
MATIN
HAYIN
uATTH
MATIN
MATIN
HATIN
MATIN
MATIN
MAT TN
MAT [N
MAT N
MATIN
MATIN
MATIH
MATIN

USAGE
CALL MXOUT[ICGDEsAoNeMeMSoLINS, IPOS, ISP

BESCRIPTION OF PARAMETERS
JCODE— INPUT CCDE NUMBER TO BE PRINTED ON EACH DUTPUT PAGE
A~NAME COF GUTPUT MATRIX
N-NUMBER OF ROWS IN A
M-NUMBER OF COLUMNS IN A
MS-STORAGE KODE OF A WHERE NS=
‘0-GENERAL
1-SYRRETRIC
2-DIAGONAL
LINS—NUMBER OF PRINT LINES ON THE PAGE [USUALLY 60)
IPUS—-NUMBER OF PRINT POSITIONS ACROSS THE PAGE {USUALLY 132}
ISP—LINE SPACING CODE. 1 FOR SINGLE SPACE, 2 FOR DOUBLE
SPACE

REMARKS
NONE

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
Lo¢

KETHGD
THIS SUBROUTINE CREATES A STANDARD OUTPUT LISTING OF ANY
SIZED ARRAY WITH ANY STORAGE KODE. EACH PAGE IS HEADED WITH
THE CODE NUNBER¢DIMENSIONS AND STORAGE MODE OF THE ARRAY.
EACH COLUMN AMD ROW IS ALSO HEABDED WITH ITS RESPECTIVE
KUMBER.

SUBROUTINE MXDUT
PURPOSE

PROBUCES AN OUTPUT LISTING OF ANY SIZED ARRAY ON
LOGICAL UNIT 1

2

LS

10
20

32
33

45
50
55

60
65

75
80

85
90

q

«n

SUBROUT INE MXOUT (ICODEAsNyMsMS,LINS, [POS,15P)

DIMENSION A{1),818)

COMMON  MX , MY

FORMAT(///75%y THAMATRIX 41546Xe13,5H ROWS¢6Xs 134 8H COLUMNS,

18X ¢ 13HSTORAGE MODE 401/

FORMAT( 12X BHCOLJMN o T{3X%,13,10X}//)
FORMAT(TX+4HROW + 13,71E16.61)
FORMAT (/4 TXs4HROA 413, 7({E16.6))
4=l

- WRITE HEADING
NEND=1P0S/16-1
LEND = {LINS/ISPI-1O
LSTRT=1
WRITE(MX, 1) ICODEy Ny MsMS
JNT=J+NEND-1
TF{JNT-M133,33,32
JNTz2M
CONTINUE
WRITE({MXy2) LJCURy ICURSJ 4 INT)
LYEND = LSTRT#LEND-1
00 30 L=LSTRT,LYEND

FORY DUTPUT RIW LINE
DD 55 K=1,NFNO
KK=K
3T 3 JeK-1
CALL LOCILoJToTINT, NoM NS)
A{K) 20,0
IFLLJINT)50,50,45
BIKI=A[TINT)
CONT INUE

CHECK IF LAST COLUMN. [IF YES GO TN 60
IFLJT-¥) 55,60,60
CONTINUE

END OF LINE, NOW WRITE
LF{ISP-1)65465,
WRITEIMX &)L (B{IW)IW=14KK)
GO TN 75
WRETE(MXySIL(B{IW),IW=1,KK}

IF END OF ROWS GO CHECK COLUMNS
IF{N-L}R5,85,R0
CONT INUE

WRITE NEW HEAJING
LSTRT={ STRT+LEND
G0 TO 20

END OF COLUMNS+ THEN RETURN
1F(JT-4)190,95,95
JxJT+]
60 10 L0
RETURN
END

“xnut
MXOUT
MXOUT
uxour
MXOUT
MxonT
uxnuY
MXOUT
MXOUT
“xouyY
Mxnuy
MXOUT
uxnut
uxOUT
4xouT
MXOUT
MxOouT
axouT
MXOUT
MXNUT
MXOUT
“xouUT
MxXOUT
MXOUT
MxXOUT
MXOUT
axout
MxouT
HXOUT
uxouT
MXOUT
“XOUT
MXOUT
MXOUT
uxOUT
“xXouT
“XOUT
HXOUT
MXOUT
MXNUY
Mxnur
Mxour
MxnuY
Mxout
“xoUT
4xX0UT
MXOUT
MXNUT
uxnuY
uxouT
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i

Please comment on the usefulness and readability of this publication, suggest additions and
deletions, and list specific errors and omissions (give page numbers). All comments and sugges-
tions become the property of 1BM. If you wish a reply, be sure to include your name and address.

COMMENTS

fold fold

fold fold

o Thank you for your cooperation. No postage necessary if mailed in the U.S.A.
FOLD ON TWO LINES, STAPLE AND MAIL.
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